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Abstract 
 
Several adaptive order statistic filters (OSF) are developed and compared for channel characterization 

and noise suppression in images and 3-D CT data. Emphasis has been put on the situation when a noise-

free reference image is not available but instead we can have a sequence of two noisy versions of the 

same image (or a 3-D data slice). One of the noisy images is used as the reference in the OSF. The 

adaptive updating formula for the filter coefficients is derived. It is shown theoretically that if noises are 

not correlated, the expected values of the derived filter coefficients will be equal to those coefficients 

derived using a noise-free reference.  Experiments using the noisy reference image yield comparable 

results to those methods using a noise-free reference image and also better results than those of median, 

Gaussian, averaging and Wiener filters. 
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1. INTRODUCTION 
 
 
A combination of adaptive techniques [1][3][4][8] and order statistic filter [2] has been applied for noise 

suppression in images by Kotropoulos and Pitas [5][6]. The original scheme of the optimal order statistic 

filter (OSF) was first introduced by Bovik et al. [2]. In his work, the signal is assumed to be a constant 

and the noise statistics are known. Thus a set of optimal coefficients of the OSF can be derived in terms 

of the correlation matrix of the noise. In [5], instead of calculating the correlation matrix, an adaptive 

algorithm was developed to recursively compute the filter coefficients. But the assumption of a constant 

signal was still there. A later paper by the same authors [6] dropped this assumption for the application in 

image processing upon which order statistics are defined over a two dimensional window. The filters 

developed are either “location-variant” (the filter coefficients determined at each image pixel is to be 

used to filter the noisy image at the corresponding pixel) or “location-invariant” (averaged coefficients 

are used to filter the whole image). However, all of the above methods require at least one clean 

reference image, otherwise the results have been shown to be even worse than a straightforward median 

or Gaussian filter [6]. 

 

In this paper, we propose a solution without the need of a noise-free reference by using another noisy 

image as the reference. In practice this can be accomplished by sending the same input image through the 

channel twice. In Section II, we first derive the adaptive updating formula for the filter coefficients for 

the new scheme. Theoretical justification of the proposed algorithm is provided to show that when noise 

are uncorrelated, the averaged coefficients approximate those coefficients of a location-invariant OSF 

derived by using a clean reference image. Five sets of experiments have been presented in Section III to 

compare the performance of these OSF’s as well as those of the median, Gaussian, averaging and Wiener 

filters. Experimental results on 3-D CT data are also provided. Conclusions are drawn in Section IV. 

 
2. ADAPTIVE OSF ALGORITHM USING NOISY REFERENCE 

 
The output of an OSF of window length N operating on an ordered input sequence {xj} is given by 
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where ai  are the filter coefficients, x i( )  is the ith smallest element in the input sequence window of length 

12 += MN . The mean-square-error (MSE) is defined as J = E y sk k{( ) }− 2 , where sk  is the 

corresponding reference signal of yk . By minimizing the MSE, explicit expressions of the optimal OSF 

coefficients can be derived in terms of correlation matrixes and the mean vector of the ordered input 

sequence [2]. 

 

Without the knowledge of the correlation matrixes and the mean vector, an adaptive scheme for the 

updating of the filter coefficient vector a(k) can be derived as  

)1(~ +ka }  = )(~ ka +µ  (s(k) −  y(k)) xr(k)                      (2) 

Then one can use the constraint eT a(k) = 1, with e being a unitary vector (1, 1,…,1)T, to compute the 

median coefficient a(N+1)/2 .   In here, ~a is the coefficient vector for all the filter coefficients except the 

median one a(N+1)/2, and xr(k) is the difference vector between the ordered sequence x(k) and the median 

value of x(k) [5][6]. 

 

When a noise-free signal s(k) is not available,  we try to make use of another copy of the noisy signal  

x′(k) = s(k) + n′(k), where n′(k) is a different sample of  the process n(k). The MSE between y(k) and 

x′(k), J′, can be written as  

J′= E{[y(k)  − x′(k)]2} 

            = E{[ aT x(k) − (s(k) + n′(k))]2} 

            = aT Rx a − 2 aT E[x(k) s(k)] + E[s2(k)] + σn
2                                             (3) 

where   σn
2 is the noise variance, and Rx is the autocorrelation matrix of input vector x(k). 



Note that  J′ = E{[y(k)  − s(k)]2} + σn
2  = J + σn

2, i.e., the two error surfaces have the same shape with an 

offset σn
2. Therefore, by minimizing J′ instead of J we can also reach the optimal solution for coefficients 

vector a . The corresponding steepest descent algorithm is formulated as  

       
~( )a k + 1 = ~( )a k + 2

1  µ [−∇J′]                               (4) 

where µ is the step size and ∇J′ is the gradient vector of the MSE J′ with respect to ~( )a k . 

In Expression (3), if we partition the vectors a and x to isolate the median element, in the same manner as 

described in [5], we have 

 a = [ a1T| 1 – eTa1 – eTa2| a2T]T , 

where a1, a2 are M by 1 vectors defined as  

 a1 = [ a1, … , aM ]T,   a2 = [ aM+2, … , aN ]T. 

The vector of the ordered input samples is partitioned similarly as 

       x = [ x1T| 1 – eTx1 – eTx2| x2T]T , 

where 

x1 = [ x(1), … , x(M) ]T,   x2 = [ x(M+2), … , x(N) ]T. 

We further partition matrix Rx accordingly as follows: 

where  

 R1 = E [ x1x1T ],   R2 = E [ x1x2T ],    

R3 = E [ x2x1T ],   R4 = E [ x2x2T ], 

r1 = E [ x(M+1) x1 ],   r2 = E [x(M+1) x2 ],   

r = E [x(M+1) x(M+1) ].         
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Note that the difference between these expressions and the corresponding ones in [5] 

is that the noise term n has been replaced by the input sample term x in all those 

expectation expressions.  

Expression (2-3) is now rewritten as: 

J′= E {[y(k)  − x′(k)]2} 

          = aT Rx a − 2 aT E[x(k) x′(k)] + E[x′ 2(k)] 

       = J0 − 2 Ta~ E [ x~ x′(k)] − 2(1− Ta~ e) E [x((N +1)/2) x′(k)]+ E[x′ 2(k)]                (5) 

where   

  J0 = r – 2 Ta~ p + 
Ta~ R, 

and  

a~ = [ a1T| a2T]T, x~ = [ x1T| x2T]T,     

 p = [ reT – r1T| reT – r2T ]T, 

It is also recognized that the first part of the MSE, J0, is similar to the “J” in 

Expression (19) of [5] but with all the correlation matrixes and vectors referring to x 

instead of n.  In other words, the above vector p and matrix R are referring to input 

sample vector instead of the noise vector. 

Take the gradient of J′ with respect to a~ , we have 

 ∇J′ = – 2 p + (R + R T ) a~ − 2 E[ x~ x′ (k)] + 2 e E[x((N +1)/2) x′ (k)]    

       = – 2 p + 2Rs a~ − 2 E[ x~ x′ (k)] + 2 e E[x((N +1)/2) x′ (k)]                (6) 

where Rs denotes the symmetric part of matrix R: 
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Again, Rs here has exactly the same format as the one in (25) of [5], but the meanings 

of the elements are rather different: they are referring to the autocorrelation or 

crosscorrelation of the partitioned input sample vector instead of the noise vector. 

 

To obtain estimation of the gradient ∇J′, we shall use the instantaneous estimates in 

place of p, Rs, and the expected values in ∇J′. ( “(k)” is attached to a variable or vector 

or matrix to denote the corresponding instantaneous value at time k ). 

Here we rewrite p and Rs as follows: 

 P = E [xM+1 (xM+1 eN-1 − x~ ) ], 

 Rs = E [( x~ − xM+1 eN-1)( x~ − xM+1 eN-1)T ], 

Then the estimates of p and Rs  can be obtained as: 

 p(k) = xM+1 (k)(xM+1 (k)eN-1 − )(~ kx ) 

 Rs(k) = ( )(~ kx  − xM+1(k) eN-1)( )(~ kx  − xM+1 (k)eN-1)T , 

After substituting these expressions into (6), the estimated gradient vector is: 

  ∇J′ (k)  = –2 p(k)  + 2Rs(k) )(~ ka  − 2 )(~ kx  x′ (k) + 2 e x((N +1)/2) (k) x′ (k) 

      = –2 ( )(~ kx  − xM+1(k) eN-1)  ( (xM+1 (k)eN-1 − )(~ kx ) T )(~ ka  − xM+1 (k))  

    − 2 )(~ kx  x′ (k) + 2 e x((N +1)/2) (k) x′ (k) 

The difference between this estimated gradient vector and the one in [5] is not only 

that here we have the above mentioned substitution of x for n, but also that here we 

have two extra terms, namely, “−2 )(~ kx x′(k)” and   “2ex((N+1)/2)(k) x′ (k)”. 

 

Now we can substitute the above estimation formula ∇J′ (k) into ∇J′ to obtain an 

adaptive updating formula for the OSF coefficient vector a: 



)1(~ +ka = )(~ ka + 2
1  µ [−∇J′] 

  = )(~ ka + µ ( )(~ kx  − xM+1(k) eN-1) ( (xM+1 (k)eN-1 − ))(~ kx T )(~ ka  − xM+1 (k))  

        + µ ( )(~ kx  − xM+1(k) eN-1) x′ (k) 

  = )(~ ka + µ ( )(~ kx  − xM+1(k) eN-1) ( (xM+1 (k)eN-1 − ~x (k) ) T  )(~ ka − xM+1 (k) + x′ (k))  

  = )(~ ka + µ ( )(~ kx  − xM+1(k) eN-1) (xM+1 (k) (eN-1T )(~ ka –1) − )(~ kx T )(~ ka  + x′ (k)) 

Notice that xM+1 (k) = x((N +1)/2)  (k) is the median element of the input vector since N = 

2M + 1, i.e., M + 1 = (N + 1)/2. Also with careful examination, one can recognize that 

the term inside the last parentheses (the portion with the underscore) is in fact the 

difference between the OSF output and the noisy reference. Be noted that a variable 

with a tilde (~) on top represents the corresponding vector with reduced dimension of 

(N – 1), which has had the median element removed. Indeed 

xM+1 (k) (eN-1T )(~ ka  –1) − )(~ kx T )(~ ka  

  = − (xM+1 (k) (1– eN-1T )(~ ka ) + )(~ kx T )(~ ka ) 

  = − y(k) 

where y(k) is the current output of the OSF at time instant k.  

So the underscored portion can be written as: 

 (xM+1 (k) (eN-1T )(~ ka  –1) − )(~ kx T )(~ ka  + x′ (k)) 

   = − y(k) + x′ (k) 

Therefore the updating formula for the adaptive order statistic filter coefficients using 

a noisy reference signal is 

)1(~ +ka = )(~ ka + µ ( x~ � x((N +1)/2) e )(x′ (k) − y(k)) 

             = )(~ ka  + µ xr(k) (x′ (k) − y(k))                                                              (7) 

and  



 a(N+1)/2(k) = 1 – eN-1T )(~ ka    

where xr(k) = x~ � x((N +1)/2) e .  

 

Notice that Formula (7) is identical to Formula (2) when s(k) is replaced by x′ (k).  

But Formula (7) along can not be used directly as filter coefficients because it will lead to oscillation of 

solutions since we use noisy signal as the reference. In fact we should not expect good 

convergence properties from this scheme since somewhere we have to pay for “the 

lack of information”, i.e., the lack of a clean reference. However, if we adopt the 

strategy of seeking a sub-optimal solution, and apply the averaged coefficients obtained during 

the adaptation process, the results will approach those of the location-invariant OSF derived by using a 

clean reference image. In fact, when taking expectation on both sides of Formula (7), and using the 

Principle of Orthogonality ([4]), we have 

E{ )1(~ +ka }  = E{ )(~ ka }+µ E{ (x′(k) −  y(k)) xr(k)} 

            = E{ )(~ ka }+µ E{ ( s(k) −  y(k)) xr(k) }                                          (8) 

Note that Formula (8) is identical to the result of taking expectation on both sides of Formula (2). 

Therefore, it is expected that Formula (7) will provide a similar solution as that of Formula (2) under an 

averaging operation. 

 
3.  EXPERIMENTS AND RESULTS 

 
The noise considered in this paper is a combination of Gaussian noise (zero mean and 0.04 variance for 

Matlab intensity image whose intensity ranges from 0 to 1) and “salt and pepper”(10%)[6]. Fig. 1 is the 

noise-free Lenna image. Fig. 2 is the noisy Lenna image. Fig. 3 and 4 are the outputs of 3×3 median filter 

and averaging filter, respectively. In the following experiments,  
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is used as the performance criterion. Experiments A, B and C are to establish reference results using 

methods derived in [5] and [6] for comparison purposes. Experiment D is for the new adaptive OSF 

algorithm without a noise-free reference. 3-D cases are tested in Experiment E. 

 

A.  Location-Variant adaptive OSF (with a clean image as reference) 

The first experiment is to construct a location-variant adaptive OSF for a noisy Lenna image. A noise-

free Lenna image is used as the reference image. The filter coefficients determined at each image pixel is 

to be used to filter the noisy image at the corresponding pixel. As shown in Table I, we obtain better 

result than median, Gaussian, averaging and Wiener filters. Fig. 5 shows the resulting image. 

 

B. Location-Invariant Optimal OSF for Noisy Lenna Image (with a clean Lenna image for training) 

In this experiment we use the averaged coefficients along the last image column as an approximation of 

the optimal OSF coefficients. This single optimal OSF is then applied to filter the noisy Lenna image 

which was used previously in the adaptive recursion. A noise-free Lenna image is also used as the 

reference image for the adaptive recursion. Fig. 6 shows the output image. The MSE is listed in Table I. 

TABLE I 
COMPARISON OF THE RESULTS OF EXPERIMENTS A & B AND THOSE OF 

OTHER METHODS ON NOISY LENNA IMAGE (3×3 WINDOW) 
Output 

of… 
Noisy 
Lenna 

Experiment 
A 

Experiment  
B 

Median 
filter 

Gaussian 
filter 

Averaging 
filter 

Wiener 
filter 

MSE 15889 1839.8 1946.0 2334.8 2068.6 2067.8 3283.1 
 

C. Location-Invariant Optimal OSF for Other Noisy Image (with a clean Lenna image for training) 

Experiment C is the same as B except the optimal OSF is applied to a noisy flower image rather than the 

noisy Lenna image. Table II shows the comparison of the MSE’s. Fig. 7~10 are the noise-free Flower, the 

noisy Flower, the output of a Median filter and the output of the OSF, respectively. 

 

D. Location-Invariant Optimal OSF (using another noisy Lenna image for training) 



In experiment D, we use a noisy image instead of a clean one as reference image to recursively update the 

coefficients and then average some of them (e.g. along the last image column) to get an approximation of 

the optimal OSF. This OSF is then applied to filter the noisy Lenna image and the noisy Flower image. 

The results shown in Table III are based on the OSF derived by two noisy Lenna images. The output 

images of this experiment are shown in Fig. 11 (for Lenna) and Fig. 12 (for Flower). To test the 

robustness of the algorithm, we also use two noisy Flower images to derive another OSF and then test it 

on both Lenna and Flower (See Table IV for results).  

Table III and Table IV show the applicability and the robustness of the new algorithm as compared to the 

median, Gaussian, averaging and Wiener filters. Furthermore, the results of Table III and Table IV are 

comparable to the results of Experiment A, B and C in Table I and Table II. 

TABLE II 
COMPARISON OF THE RESULTS OF EXPERIMENTS C AND THOSE OF 

OTHER METHODS ON NOISY FLOWER IMAGE (3×3 WINDOW) 
Output 

of… 
Noisy 

Flower 
Experiment 

C 
Median 

filter 
Gaussian 

filter 
Averaging 

filter 
Wiener 
filter 

MSE 16192 2016.1 2259.5 2387 2382 4037.4 

 
TABLE III 

RESULTS OF EXPERIMENTS D: USE TWO NOISY LENNA FOR TRAINING 
(In parentheses are the best results from the four common methods) 

Input Image Noisy Lenna Noisy Flower 

Output MSE 1967.2(2067.8 by Averaging) 2167.1(2259.5 by Median) 
 

TABLE IV 
RESULTS OF EXPERIMENTS D: USE TWO NOISY FLOWER FOR TRAINING 

(In parentheses are the best from the four common methods) 
Input Image Noisy Lenna Noisy Flower 

Output MSE 2005.7(2067.8 by Averaging) 2098.3(2259.5 by Median) 
 

E. Experiments on 3-D CT data set 

We also test our scheme on 3-D filters. Three adjacent slices of the brain data (Male) from the Visible 

Human Project of NIH (National Institute of Health) are used to test the 3-D adaptive order statistic 

filters (AOSF). All steps are similar except a 3×3×3 cube is applied for the convolution. For the center 



slice, 3-D median or averaging filtering (3×3×3) yields much better results than 2-D median or averaging 

filtering (3×3), respectively. When use the original center slice as the reference, 3-D location variant or 

invariant AOSF can further reduce the MSE by 15% as compared to 3-D median filter. If another noisy 

version of the center slice is used as the reference, the improvement is not as much but still around 10%. 

(See Table V) 

TABLE V 
RESULTS OF EXPERIMENTS E: TESTING ON 3-D DATA (3x3x3 CUBE) 

Output 
of… 

2-D  
Average 

2-D 
Median 

3-D 
Average 

3-D 
Median 

  Noise-free reference  . 
  L_V*             L_INV** 

    Noisy      reference . 
L_V*            L_INV** 

MSE 2816 554 1954 202     169.2             168.5         179.6             186.0 
 *     L_V: Location variant (adaptive OSF); 
 **   L_INV: Location invariant (adaptive OSF). 
 
 
 

4.   CONCLUSIONS 

In this paper we first derived an adaptive order statistic filter without the need of a noise-free reference 

signal, which, after an averaging operation, is then shown to be the same as the one derived using a 

noise-free reference. Tests on images give results comparable to those proposed in [6] and better than 

those of commonly used filters. Experiments also show that this scheme can be applied on 3-D filtering 

for better results. For communication applications, we can easily get a filter corresponding to the real-

time noise characteristics of the channel by sending one image twice or just by using two adjacent (noisy) 

video frames from a single camera shot. Compared with the methods that require noise-free references, 

this one is more realizable. 
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Fig. 1 Original Lenna                                                               Fig. 2 Noisy Lenna(MSE=15889) 

Fig. 3 Output of Median(MSE=2334.8)                                        Fig. 4 Output of Averaging(MSE=2067.8) 

Fig. 5 Output of experiment A(MSE=1839.8)                               Fig. 6 Output of experiment B(MSE= 1946.0) 



Fig. 7 Original Flower                                                                 Fig. 8 Noisy Flower(MSE=16192)  

Fig. 9 Output of Median(MSE=2259.5)                                        Fig. 10 Output of experiment C(MSE=2016.1) 

Fig. 11 Output of experiment D for Lenna(MSE=1967.2)         Fig. 12 Output of experiment D for Flower(MSE=2167.1) 


