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Abstract— We consider the problem of distributed scheduling
in wireless networks subject to simple collision constraints. We
define the efficiency of a distributed scheduling algorithm to be
the largest number (fraction) such that the throughput under the
distributed scheduling policy is at least equal to the efficiency
multiplied by the maximum throughput achievable under a
centralized policy. For a general interference model, we prove
a lower bound on the efficiency of a distributed scheduling
algorithm by first assuming that all the traffic only uses one-
hop of the network. We also prove that the lower bound is
tight in the sense that for any fraction larger than the lower
bound, we can find a topology and an arrival rate vector within
the fraction of the capacity region, such that the network is
unstable under a greedy scheduling policy. We then extend
our results to a more general multi-hop traffic scenario and
show that similar scheduling efficiency results can be established
by introducing prioritization or regulators to the basic greedy
scheduling algorithm.

Index Terms— Multi-hop wireless networks, scheduling, greedy
algorithms, resource allocation

[. INTRODUCTION AND NETWORK MODEL

Designing efficient distributed scheduling algorithms for wire-
less networks has attracted much attention recently. As com-
pared to distributed scheduling algorithms, centralized scheduling
schemes usually lead to a better performance at the cost of
requiring a central authority to allocate the network resources. In
a large-scale multi-hop wireless network, such a central authority
does not always exist. Thus, a distributed scheduling algorithm
would be very appealing even if it can only obtain a certain
fraction of the capacity region of a centralized scheduling scheme.
Throughout this paper, we refer to this fraction as the scheduling
efficiency of a distributed scheduling scheme. We will define this
in a more precise manner in the next section.

In this paper, we study the scheduling efficiency of a certain
type of distributed scheduling policies based on the notion of
greedy scheduling in wireless networks. By a greedy schedul-
ing policy, we mean the following scheduling rule: Each node
attempts to independently schedule transmission over one of
its backlogged links. If there is contention on the link, then it
randomly picks another link and attempts to schedule a trans-
mission on this link, and so on until it either finds a free link
or has failed all possible attempts. Under such a policy, once
all nodes have exhausted their attempts at finding a free link, a
maximal number of links in the network will be scheduled. We
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will describe the algorithm more precisely later. At this point, we
note that such greedy schedules are a natural wireless counterpart
of maximal matching scheduling for high-speed switches, which
were considered in [21], [5]. It was shown there that such a
scheduling policy has a stability region which is at least as large
as half the capacity region achievable by any other scheduling
policy. The main focus of research scheduling in a high-speed
switch is the complexity of the scheduling policy. In the multi-hop
wireless networks considered in this paper, both low complexity
and distributed implementability are important, and the greedy
scheduling scheme has both properties which makes it attractive.

In a recent work, it has been shown that maximal matching
can also be used to achieve at least half the capacity region
in wireless networks where the only constraint is that a node
cannot simultaneously transmit or receive [12]. In other words,
for such an interference model, a greedy scheduling scheme has a
scheduling efficiency of at least % as compared to the centralized
counterpart. Such networks arise in scenarios where the spectrum
is divided such that no collisions occur among neighboring nodes,
such as in Bluetooth networks [15] or as an approximation to
FH-CDMA networks used extensively in military applications for
their anti-jamming and low-intercept properties [7]. Further, it is
assumed in [12] that the load on a user is directly imposed on
all links along its path, rather than packets travelling hop-by-hop
through the network. It is well-known in queueing theory that the
stability of such a model does not guarantee the stability of the
corresponding model where packets traverse the network one link
at a time [11], [13], [16]. In an earlier work [22], we proposed a
scheduling policy called the regulated greedy scheduling policy
which achieves a scheduling efficiency of 1/2 in a multi-hop
wireless network, where the assumption in [12] is removed at
the cost of having to know the arrival rates for every source-
destination pair. More recently, we have also shown that, if the
capacity region is reduced to 1/3 of the maximum capacity region,
then even this knowledge is not required and that one achieves any
point within 1/3 of the capacity region by defining appropriate
notions of fairness [2].

As explained in the previous paragraph, the interference model
studied in [12], [22], [2] is only applicable when different chan-
nels (in frequency, time or code) are available for transmissions
to different neighbors. When this condition is not satisfied, the
interference model and the results derived are not valid anymore.
One example is the 802.11-type of interference model, where
a two-hop interference avoidance is enforced by communicating
RTS/CTS messages within the network.

In this paper, we consider networks with arbitrary topology and
a large class of interference models. Specifically, we consider a
time-slotted wireless network which can be modeled by a graph
G = (V, L) where V is the vertex set and £ is the set of all links.
Further, we assume when link [ is scheduled, it can transfer up
to ¢; packets in one time-slot. In other words, the capacity of



link [ is ¢;. For the interference model, we still assume a simple
collision model, i.e., a transmission over link [ is successful if
and only if there is no other transmission for any links within
its interference set. The only assumption we make is that the
interference relationship is symmetric, i.e., if link [/ interferes with
link k, then k also interferes with [. It can be easily seen that
both the model considered in [12] and the 802.11-type of model
considered in [23], [3] are a special case of this more general
model.
The main results of the paper are summarized below:

(1) We first assume that all the traffic traverse the network in
only one-hop. We provide a sufficient condition on the arrival
rates for the stability of the network under a distributed
greedy scheduling algorithm. Specifically, we show that if
the sum of rates (normalized by the capacity) over all links
in any interference set is less than 1, the network is stable.
This result can be also interpreted as a lower bound of
- L_ on the scheduling efficiency of the maximal-matching-
based distributed greedy scheduling algorithm, where Kmaz
is the maximum number of non-interfering links in any
interference set. This quantity is also called the interference
degree of the graph in [3]. This lower bound is consistent
with results in [12], [23] where specific interference models
were studied. This was first observed in [3] where rate
stability was proved. In this paper, we strengthen this result
by establishing queue-length stability. Specifically, in the
node-exclusive model [12], kmaz = 2 and thus greedy
scheduling efficiency was shown to be % In the 802.11-
type interference model, xnqo can be further bounded by the
maximum number of links (denoted by N¢) in the first-hop
neighborhood of any link and thus the scheduling efficiency
was shown to be N—

(2) We show that the lower bound on the scheduling
efficiency is tight in the sense that glven Kmaz and € > 0,
we can find a network topology which has at least one in-
terference set with xqe non-interfering links, a distributed
greedy algorithm, and an arrival rate vector that lies inside
(1 + €)/Kmaa of the capacity region, such that the network
is unstable under this set of arrival rates.

(3) We extend the above results to a general multi-hop setting
by introducing some modifications to the greedy scheduling
algorithm. Specifically, we propose a prioritized greedy
scheduling algorithm and a regulated greedy scheduling
algorithm and show that the network is stable under both
policies for any arrival rate within M}M of the capacity
region.

The above results improve upon the results presented in the
original version of the paper [23]: A more general interference
model and capacity model are used here, the lower bound on the
scheduling efficiency has been improved, the new lower bound
is shown to be tight in an appropriate sense and the stability of
greedy scheduling in multi-hop networks is proved.

II. DEFINITION OF SCHEDULING EFFICIENCY

In this section, we give a precise definition of the scheduling
efficiency of distributed greedy scheduling policies. To do that, we
first review the definition of capacity region under perfect schedul-
ing. Assume that the route between each source-destination pair
fixed. Let S denote the number of users (source-destination pairs)

in the network. The routing information is captured through a
routing matrix H = [H},l € £;1 < s < S|, where H} is an
indicator function and is determined by

e — 1 ifl € L is on the path of user s; )
L7 0 otherwise.

Each user s generates packets according to a random arrival
process with mean arrival rate As. The arrival processes of
different users are assumed to be independent. A special case of
this traffic model is the single-hop traffic model where all routes
consist of only one link.

A scheduling policy is a rule to identify a set of links to be
scheduled in each time slot which does not violate the interference
constraints described earlier in this section. We let 7;(n) denote
the indicator function of the event that a transmission is scheduled
over link [ € £ at time n.

We define the capacity region to be the set of vectors of arrival
rates [As] for which the queueing system is stable under some
scheduling rule. Note that we use the notation [z;] to denote a
vector whose elements are obtained by varying the index [ over its
possible set of values, i.e., [z;] = (1,2, - ). The stability region
of a general wireless network has been well characterized in [20],
and for the network model we described above, the stability region
is given by

S
) HiAs L€ L] €Co(R)},  (2)

s=1

A:{[AS7S:1727"'7S}

where Co(R) is the convex hull of the set of all feasible link
schedules that are consistent with the interference constraint.

The performance of a given scheduling rule 7 = [m,l € L]
can be measured by the stability region Cr under this scheduling
rule. A throughput-optimal scheduling rule [20] is a rule which
stabilizes the queueing network under any set of user arrival rates
that can be stabilized by another scheduling rule. A throughput-
optimal scheduling rule is usually a centralized rule and requires
a central authority to determine the scheduling for all links. The
computational complexity of a throughput-optimal scheduler is
also non-negligible. Thus it is difficult to implement it in multi-
hop wireless networks.

For scheduling rules that are not throughput optimal, there ex-
ists a set of points inside the stability region (under a throughput-
optimal scheduling) that cannot be supported by the scheduling
rule. Thus, it is important to lower bound the achievable stability
region of such schemes. For example, as mentioned in the
introduction, greedy scheduling in a node exclusive model can
achieve at least half the capacity region for any network topology.
In view of this, we define the scheduling efficiency of a given
scheduling policy as follows:

Definition 1: For a given scheduling rule w, the scheduling
efficiency is the largest number o € [0,1] such that, for all rate
vectors that lie strictly inside arA, the system can be stabilized
under 7. Further, for any given € > 0, there exists an arrival vector
inside (ar +€)A such that the system cannot be stabilized by the
scheduling rule. o

By this definition, throughput-optimal schedules have a
scheduling efficiency of 1. In the rest of this paper, we study
the scheduling efficiency of greedy scheduling policies.



III. A LOWER BOUND ON THE SCHEDULING EFFICIENCY OF
DISTRIBUTED GREEDY SCHEDULING WITH SINGLE-HOP
TRAFFIC

In this section, we first establish a lower bound on the efficiency
of greedy scheduling in a wireless network where only single-
hop traffic exists. The single-hop assumption will be removed
in Section V. There, some modifications to the simple greedy
scheduling algorithm are introduced to accommodate the multi-
hop nature of the traffic.

Now we focus on the case where only single-hop traffic exists
in the network. Let Q; be the queue length on link [, i.e., the
number of packets backlogged on link /. We also use the notation
Q(n) to denote the set of all queues in the system at time slot n.

Then, the greedy scheduling policy is defined as follows:

Algorithm 1: For any link [ € £ with a non-empty queue
exceeding the link capacity, i.e., Q; > c¢;, add the link to the
schedule, if no links in its interference set & are scheduled. In
other words, a schedule is said to be greedy if the following
condition holds: if %’ > 1, then

Z e > 1. 3)

ke&
One of the main results of this paper is stated in the next

theorem.

Theorem 1: Let A;(n) and D;(n) be the number of packet
arrivals and departures in slot n to link [. We assume that the
arrival processes are stationary and let \; = E(A;(n)). Further,
we assume that Cov(Ay(n), Aj(n)) = o3, < oo,k € L.
For any set of distributions P({D;(n)}|Q(n)), the Markov chain
Q(n) is stable-in-the-mean, i.e.,

N L
lim Sw oy ZE(Qz(n)) < 00,
n=1[=1
if \
Z 2k o9, WL )
Ck;
ke&

Further, if P({D;(n)}|Q(n)) is independent of n, then Q(n) is
a time-homogenous Markov chain and it is positive recurrent. ©
Remarks: This theorem directly leads to a lower bound on the
capacity region under greedy scheduling policies. This is because
the sufficient condition (4) for network stability puts a constraint
on the total traffic load on any interference set. However, as
observed in [3], the network cannot be stable in the arrival rate
Ak exceeds the capacity ¢y for any link & € £. Thus, a necessary
condition for network stability under any scheduling policy is

AL
E 2k < Kmazx, Vl,
Ck
ke&

where Kmaqe indicates the maximum number of non-interfering
links in the interference set of any link in the network. The
following corollary is thus immediate from Theorem 1.

Corollary 1: Consider a wireless network model with single-
hop traffic. Under greedy scheduling as defined by (3), the system
is stable for any set of arrival rates [\s] that lies strictly inside
= TQM, where A is the capacity region of the wireless network
under any scheduling policy, as defined in (2). In other words, a
greedy scheduling policy can achieve a stability region of -
o

max

Proof of Theorem 1: The proof below is presented only for
the case where

A(n) :={A1(n), Aa(n),..., Ar(n)}

are i.i.d. across n. However, the arrival process may be dependent
across links. The extension to more general Markovian arrival
processes is straightforward. In the following Lyapunov analysis,
one has to then consider the drift over multiple time slots;
otherwise, the proof is similar.

Define the state of the system to be

Q(n) := (Q1(n), Q2(n),...,QL(n)),

where the dynamics of Q;(n) are given by
Qi(n+1) = Qi(n) + Ai(n) — Dy(n).

Assume that {D;(n)} is chosen according to some probabil-
ity distribution given Q(n), i.e., P({D;(n)}|Q(n)) is given.
Thus, Q(n) is a countable-state-space Markov chain. Note that
P({D;(n)}|Q(n)) can be arbitrary. In particular, {D;(n)} could
be any sequence of schedules consistent with the interference
constraints. In a real-life network, the maximal schedule may by
selected by a random access protocol. In this case, it may be
reasonable to assume that the all the feasible maximal schedules
are equally likely at each time instant. However, our analysis
applies to more general models as well; in fact, it holds for any
rule used to choose the set of active links, as long as the resulting
schedule is a maximal schedule.

Define
Z Qi(n (Z Qr(n ) )

ke&

The above Lyapunov function is very similar to the Lyapunov
function considered in [5] to study maximal matching in high-
speed switches. The Lyapunov function in [5] is of the form

ZQz(n (Qz ZQk )

ke&
It has an additional Q;/¢; term. This would result in a slightly
weaker condition than the one we prove. Now

Vin+1)—
1)—
S (Qu(n+ c)z Qi(n)) (Z ree, szin))

Qu(n) (Z ree M)
Qk(”)))

n+1)— n (n+1)—Qr (2
+ 3, Qunt) =) (Zkee, (Qx(n+1)

Ck

Vi(n) =

+2.

=2y, Qlc(Ln) (Zke e (Qk n+1c)k Qk(n))>

+3, (Ql<n+1c)l—czl<n>> (Z ree, (Qr(n+1)— Qk<n>>)

Ck

=23 Qlc(ln) (Xkee, (ar(n) = 71 (n))
+2 2 (a(n) (Ekes, ax(n) — m(n))),
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where ay(n) := Ap(n)/ck. In the above derivation, we have used
the fact that

(Qi(n+1) —Qi(n)) Qr(n)
Z l . l <Z ]::k )

l ke&

B Qi(n) (Qe(n+1) — Qx(n))
Sy (g e

keé&;

Define Ex(-) = E(-|X). Using the bounded second-moment
assumption and the fact that the number of departures from each
interference set is bounded, we get

EQ(n) (V(n + 1) - V(n))

(Z L:”‘) - mm) +B

Qu(n)
<2y lq
1 ke&g

= C@(ZW_Zwk(n)>+B
1:Qi(n)>0 ! ke& k
Qu(n) Ak(n)
<2 > ” (Z - 1) + By

1:Q(n)>0 ke&

<2 Y AW,
1:Qi(n)>0 !

where B, B > 0 are some constants and ¢ = 1 —max; Zke& 2‘—)?

The result above establishes that the drift of the Lyapunov
function, i.e., the expected change in the value of the Lyapunov
function, decreases when the queue lengths are sufficient far from
the origin. From here, stability-in-the-mean follows from [10] and
positive recurrence follows from Foster’s theorem [1]. S

Next, we comment on prior work on this problem. The policy
that we consider in this paper is a natural extension of the maximal
schedules considered for high-speed switches in [21], [5] and, for
Bluetooth-like wireless networks, in [12]. Assuming ¢; = 1 for
all [, the following results were obtained in [23] and [3]:

o Define the usual graph describing the wireless network as
follows: Each mobile is a node in the graph and there
is an edge between two nodes if the nodes are within
communication range of each other. A special case of the
interference model described earlier whereby a link cannot
transmit if another link its two-hop neighborhood transmits
was considered in [23]. This model is motivated by the
802.11-type protocol where all nodes that hear a RTS or
CTS remain silent to enable transmission between the nodes
which generated the RTS or CTS. Given any link /, let Ng
be the number of links within its first-hop neighborhood. In
[23], it was shown that, under any maximal greedy policy,
the queueing system is stable if the arrival rates lie inside
NLSA. In other words, the stability region under maximal
greedy policies is at least Nig of the stability region under
perfect scheduling policies.

e In [3], it was shown that if Zkesl A, < 1foralll e L,
then the network is rate stable under any maximal greedy
scheduling policy, i.e., the departure rate from each link is
equal to the arrival rate into the link. If only rate stability
is required, the result in [3] is a stronger result than the
one in [23]. Note that rate stability does not imply queue
length stability. To see this, suppose that the number of

arrivals exceeds the number of departures in a time interval
of duration T by an amount proportional to /7', then the
difference between the arrival rate and the departure rate
is proportional to 1/+/T which goes to zero as T — oo.
However, the total queue length at time 7" in the network is
proportional to v/ which grows unbounded as T — oo.
Thus, it is important to establish queue length stability.
In this section, for the case where the link capacities are
in general greater than or equal to 1, we proved that if
> kes, Ak/ck < 1, then the network is queue length stable.
As in [23], we used a Lyapunov technique to prove this
result. However, instead of using the Lyapunov function used
in [23], we used a different function motivated by [5] to
establish the result. This result was first reported in [24] and
it was also obtained independently and simultaneously in [4].

IV. TIGHTNESS OF THE LOWER BOUND

In the previous section, we showed that the network is stable if
the total arrival rate normalized by the link capacity in each inter-
ference set is less than one. This result can also be interpreted as
a lower bound on the scheduling efficiency of greedy scheduling
policies. In this section, we examine how tight this bound is. In
particular, we show the following:

Theorem 2: Given a Kmaz, Which is defined to be the maxi-
mum number of non-interfering links of the interference set of
any link in the network, and any € > 0, there exists a network
G = (V, L) with the given Kmaa, a link I € £ in the network

such that N
> E=iqe ©)
Ck

and a greedy maximal schedule such that the system is unstable
under this scheduling policy. Further, if (1 + €)/kmaz < 1, then
the set of arrival rates {\;} lies in the capacity region A.

Proof: If (1 + €)/Kkmaz > 1, then the result is trivial since this
means that the arrival rates can be chosen to lie outside the
stability region of even centralized schedules. Thus, we assume
(14 €)/Kmaz < 1. Consider a network consisting of N + 1 links
with capacity 1 (i.e., ¢y = 1 for all k£ in (6)): 1 through N + 1
such that &1 = {1,2,3,...,N+1}, & = {1,4} Vi # 1. Thus, it is
assumed that only link 1 interferes with link 4, for any ¢ # 1, while
all other links interfere with link 1. One can visualize this (N+1)-
link network as being arranged such that link 1 is in the middle
of the network and all the other links as surrounding it in such a
manner that they do not interfere with each other but interfere with
link 1. According to the results presented earlier, this network is
stable under maximal greedy scheduling if Zle A < 1. Note
the capacity region of this network is given

MAN <1,Vi# 1

In other words, there exists a schedule that stabilizes the system
if the arrival rates lie within the capacity region.
Suppose that the arrival rates are such that

ZAZZHE.

lel

Clearly this violates the sufficient condition for stability of greedy
maximal schedules. For ease of exposition, we will first show
that, if e is sufficiently small, then there exist arrival rates that
lie within the capacity region, but violate the stability condition



for greedy maximal schedules, and provide a greedy schedule
such that network is unstable. Then, we will establish a similar
result for general values of e. Suppose that the arrival rate to
link 1 is 1 — € and the arrival rate to each of the other links is
2¢/N. Then, this set of arrival rates lies in the capacity region
since 1 — € + 2¢/N < 1. Assume that the link arrival processes
are Bernoulli processes, independent of each other. Due to the
priority given to links 2 through N, the probability that one of
these links is free is given by 1 —2¢/N. Thus, the fraction of time
available to serve link 1 is (1 — 2¢/N)~. Thus, the system will

be unstable if N
2¢
1— 1-=
i ( N> ’

since 1 — ¢ is the arrival rate to link 1. We note that the above
inequality is satisfied for sufficiently small ¢ > 0. To see this

define

f(e)zl—e—(l—%)N.

It is easy to verify that f(0) = 0 and f’(¢) > 0 for sufficiently
small e. Thus, we have demonstrated a set of arrival rates which
lie within the capacity region, but the system is unstable under
these arrival rates for a particular choice of a greedy schedule.

Next, we extend the above argument for any feasible ¢. Note
that ¢ < N — 1 due to the fact that \; + \; < 1 Vi # 1. Let
Ai =z /N Vi # 1 for some z € (0, N). To ensure that the arrival
rates lie in the capacity region and to ensure instability in the
queue at link 1, we require \; to satisfy

X N X
1-x M <12
( N) saslioy

M+ NN =1+e

Using the fact

it follows that

N
(1-%) <1+6—x<1—%.

The above inequalities can be rewritten as

z\ N Ne
g(w).—az—k(l—N) —1—-€e<0; and T>
If we find an = € (0, N) satisfying the above inequalities, then
we will have established the tightness of the capacity loss bound.
We first note that

g(z\fdj1>:<1_ﬁ)N—(l—Nil)<o_

Due to the continuity of g(x), we can choose x larger than, but
arbitrarily close to, eN/(N — 1) such that g(z) < 0, thus proving
the desired result. o

Remark: In [3], it has been shown that the above bound for
throughput loss is tight for certain types of arrival processes
and topologies. However, the argument requires that the arrival
processes to the various links in the network are correlated.
We briefly present the argument in [3] and contrast it with the
argument in our paper. Consider the same N + 1 network. In
[3], it has been shown that one can find arrival rates that satisfy
>, A1 > 1 and lie within the capacity region such that there exists
a greedy schedule that renders the system unstable. Suppose that
one packet arrives once every time slot to link ¢, 4 # 1 such that
no two links ¢ # 1, j # 1 have a packet arrival at the same
time instant. For example, a packet could arrive to link ¢ # 1 at

time slots Nk + (¢ — 1), k = 0,1,2,.... Further, suppose that
a packet arrives in each time slot with probability ¢ (where e
can be an arbitrarily small number) to link 1. Consider a greedy
maximal schedule which gives priority to links 2 through N + 1
whenever they have a packet to transmit. This greedy schedule
would then alternate between all the links other than link 1 and
link 1 would be starved. Thus, the queue length at link 1 would
grow unbounded, leading to instability. On the other hand this
arrival pattern is clearly stabilizable: Consider a policy which
gives priority to link 1 whenever it has a packet to transmit. This
policy stabilizes the system since one has a fraction (1 —¢) of the
time-slots during which 1 is not scheduled. During these time-
slots, the other links can be scheduled simultaneously since they
do not interfere with each other. Since their arrival rates are 1/N,
the queues at these links are stable. Thus, we have demonstrated
a set of arrival rates for which the greedy scheduling policy
results in a throughput reduction of 1/Kmax = 1/N, for any N.
This demonstrates the tightness of the capacity loss bound if the
arrivals to the links are allowed to be correlated.

The key idea in the correlated arrival case is to saturate the
network by picking a schedule and a set of arrival rates such
that the network is continuously working on draining the packet
backlog in links 2 through N + 1 so that there is no time left
over to work on link 1. Thus, even a small arrival rate on link
1 makes the system unstable. On the other hand, we have seen
that in the case of independent link arrival processes, instability is
established by making the arrival rate at link 1 sufficiently large
so that the time left over after serving links 2 through N + 1 is
insufficient to serve link 1.

V. EXTENSION TO MULTI-HOP WIRELESS NETWORKS

In this section, we extend the results in the previous sections
to wireless networks shared by many users, each of whom has a
traffic flow traversing the network through possibly multiple hops.
Specifically, we assume there are S users each of whose traffic
takes a fixed path through the network. The path information is
contained by the routing matrix H = [H,1 <1< L;1 <s < 9],
where Hj is an indicator function and is determined as follows

Hy = 1 ifle E' is on the path of user s; )
0 otherwise,

where £ = {1,2,..., L}. Further to indicate the fact that a path
is a directed route, we define two functions P*(l) and N*(l) to
be the previous and next link, respectively, from link [ on the
route of user s. Of course, the previous link and the next link
are undefined for the first and last link, respectively, on a route.
The arrival process As(n) of each user s is a random process
with mean arrival rate As. Similar to the previous section, we
assume that As(n) is i.i.d. across time slots, but we also make
the additional assumption that the arrival processes of different
users are independent. Let L, denote the maximum number of
hops traversed by any user in the network. We also define ¢ to be
the queue length of user s on link [, and ¢; without the superscript
s denotes the total queue length at [, i.e., ¢ = > ¢ H; .

In the following sections, we will introduce different modifi-
cations to the basic greedy scheduling algorithms to extend the
single hop stability results to the multi-hop scenario.



A. Prioritized greedy scheduling

One way to ensure the stability of greedy scheduling in a
multi hop wireless network is to introduce a priority structure
to the scheduling algorithm. Specifically, we give higher priority
to the traffic which has travelled fewer hops at each node. We will
refer to such scheduling schemes as prioritized greedy scheduling
schemes. The construction of this scheduling scheme is motivated
by the proof techniques in [13].

To describe the extensions to multihop traffic, we introduce the
following notation. For any link [ € £, we let Ql(h) be the queue
length at link [ contributed by those users for whom 1 is the A"
hop (in either direction) on their path. Similarly, Ql(gh) is the
queue length at link [ of the users such that [ is within the first
h hops of their path, i.e.,

h
Ql(Sh) _ Z Ql(h ).
h'=1

Now we propose the prioritized greedy scheduling algorithm.

Algorithm 2: (Prioritized greedy scheduling) At each time slot,
we perform Ly, rounds of greedy schedulings. In the first round,
the greedy scheduling is based on the queues {Ql(l)}. More
specifically, only nodes with first hop traffic which exceeds the
corresponding channel capacity, i.e., source nodes of all traffic,
are eligible to be a part of the greedy scheduling. For the second
round of greedy scheduling, if a node in the first round has any
incident links that are scheduled, then all of its incident links are
removed from the graph. The second round of greedy scheduling
is then implemented on the rest of the graph based on queues
{QI(SQ)}. Similarly, prior to the k' round, if a node has any
incident link that has been used in a greedy scheduling in one of
the prior rounds, then all of its incident links are removed from the
graph. Then, in the k" (k < Ly,) round, the greedy scheduling
is performed on the remaining graph based on {Ql(gk)}. In all,
up to L., rounds of scheduling may have to be performed to
implement prioritized greedy scheduling. o

We prove the following theorem in the appendix. It uses ideas
from [12]; however, the traffic model in [12] is quite different,
since they consider stability of file arrivals (user arrivals) and
departures as opposed to packet arrivals and departures for a
fixed number of users. Further, the idea of using multiple rounds
of matchings in prioritized greedy scheduling is not explicit in
[12] and our proof clarifies the role of these multiple rounds in
ensuring stability.

Theorem 3: For a multi-hop wireless network, if the rate vector
{As;1 < s < S} satisfies

s H

Z 25 AT <1 ®)
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for every link [ in the network, the network is queue length
stable under prioritized greedy scheduling. In other words, a
prioritized greedy scheduling policy can achieve a stability region
of A/kmaz.
Proof: See Appendix. S
Remark: To prove this theorem, we perform an induction
on the number of hops in the network. Such an induction was
originally introduced in [13] and is used in [12] to prove the
stability of the so-called imperfect scheduling algorithms. The
most important property of this prioritized construction of greedy
scheduling is that the traffic due to packets which have travelled

a larger number of hops are transparent to the lower-hop traffic.
Hence, we can prove the stability of the lower-hop traffic queueing
system first and then prove the stability of higher-hop traffic
queues using induction.

There are significant difficulties in implementing the prioritized
greedy scheduling algorithm. In a large random ad hoc network,
the number of hops on a typical user’s route scales approximately
as O(log N), where N denotes the number of nodes in the
network [6]. (In the worst-case, it can be O(N) since every
node in the network can be on the same route between a
source-destination pair.) Hence, as the network size increases, the
overhead of this scheduling algorithm also increases. In addition,
network-wide coordination is required to ensure that nodes whose
backlogged packets have all traversed at least one hop do not
request transmissions on their links before a greedy scheduling is
found among those nodes which have backlogged packets which
are on their first hop. Similarly, nodes with backlogged packets
which have already traversed two or more hops have to wait
for nodes which have packets that have traversed fewer hops to
complete their maximal schedules. Thus, global synchronization
is required to implement this algorithm, which is not desirable in
a fully distributed network.

B. Regulated greedy scheduling

Another way to achieve queue stability in a multi-hop network
system is to introduce regulators in the system. We have investi-
gated such problems in our previous work [22], [2] for networks
with a simple interference constraint. In this section, we show that
the same idea is also applicable to the general model considered
in this paper, and prove that the sufficient condition for single-hop
stability case essentially remains the same even with multi-hop
routes.

A regulator is introduced, for each flow using a link, such that
the burstiness of the packets belonging to each user is regulated
before entry into the node. A A-regulator associated with link
l is a logical device with a maximum service rate A, i.e., it
generates packets for the node at its output at a maximum rate of
. Specifically, assuming ¢; to be the capacity of link /, at each
time slot, a A-regulator associated with link ! checks its buffer
size and if it exceeds link capacity ¢, it transfers ¢; bits to the
user’s queue with probability % Otherwise, it transfers nothing.
We use the notation Rj(n) to denote the number of departing
packets from the regulator of user s on link /. The idea of a
regulator was originally suggested in the context of re-entrant
manufacturing lines in [8].

Denote the arrival rate vector consisting of the arrival rates of
all the users by [As]1<s<s. We choose the regulators of each user
s according to the following rule: for the first hop (node) along
the path of user s, we use a As-regulator at its input queue for
user s; for k' hop (k > 2), we use a (As + (k — 1)e)-regulator.

We define the combination of the regulators and maximal
greedy scheduling to be a regulated greedy scheduling algorithm.
The main result of this section is given below:

Theorem 4: For a multi-hop wireless network, if the rate vector
{As;1 < s < S} satisfies

s H3
Z % <1 ©)
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for any link [ in the network, the network is queue length stable
under regulated greedy scheduling.



Proof: For clarity of the presentation of the proof, first we
introduce some notation. As before, let D;(n) be the number of
departures from link 1 < ! < L in time slot n. Further, Dj(n)
is the number of departures of user s packets over link [ in time

slot n, i.e.,
=Y H{D}(n)
S

Let pj denote the length of the regulator queue on link ! for
user s. It is easy to see that the whole system (q(n),p(n)) is a
Markov Chain. We define the following Lyapunov function for
the system:

V(aq,p) = Vi(q) + &Va(p,q), (10

where V7 (q) is a natural modification of the Lyapunov function
in (5). Specifically, due to fact that we are considering multiple
flows in each link, we define

ZZ quz (Z 2s quk>

ke&
On the other hand, V5 is defined as follows
1 s 512
q) = 5 ZZ(pNS(l) +q)
leL s
& is a positive parameter.
The queue update equations for this system are
gi (n) — Df(n) 4+ R} (n)
(pi (n) = Rj (n)) " + Dy (n),
where Rj(n) is the output of the regulator that immediately
precedes link / on the path of user s. When link [ is the first link on
the path of user s, then Dpsy = As(n). We also use the notation

r7(n) to denote the departure normalized by the associated link
capacity ¢, i.e.,

an
12)

gn+1) =
pi(n+1)

i (n) = Llc(l”) 4

Thus, 77 (n) is either 0 or 1. Due to our definition of the regulator,
R} can only be non-zero when p; exceeds ¢;. Hence, we can
remove the projection in (12) as well and we have

pi(n+1) =pj(n) = Bi(n) + Dp:gy(n).
We have to upper bound
EV(a(n+1),p(n +1)) = V(a(n),p(n))la(n), p(n)]

by a negative number for all states (q, p)(n) except possibly in
a bounded region, where the drift should simply be finite.

We consider the contribution of V;(q) and Va(p, q) separately
for now. Thus, we first look at

AVi(a) = Vi(a(n + 1)) = Vi(a(n))
, N aln (ge(n+1) - %(”)))
P
(@(n+1) — qn)) (ge(n+1) — qx(n))
+
N
SO D) SEERTIEY
ke& s
+ > (i (n) — di (n)) (Z > (rin) - di(n))) :
l s ke& s

Similar to the proof in Theorem 1, the second term can
be bounded by a constant. Further, given the fact that
EqQm),pm)rp(n)] < )‘Stifm‘, (due to the definition of the

regulators), we have
) < —2n Z QZ

1<i<L

EQm),p(n) Vi(n+1) —

Next, consider the contribution of V5 to the drift. Note that

ai (n) + =y (n)
+R}(n) = Ris ) (n). (13)

We can bound the drift due to V5 as follows:

AVa(p,q) =E[Va(p(n +1),q(n+ 1))
—Va(p(n),q(n))a(n),

=E| D D Whn+ 1) +ai(n+1)°

@/ (n+1)+pysy(n+1) =

p(n)]

1<IKL s
= > G-y + i (m)’la(n), p(n)
1<I<KL s
=E Z Z(p}g\rs(z)(”)-wf(n)) (Pr=@y(n+1)
1<ISL s
+4 (n+1) = piv- 1y () — @ (n)) |a(n), p(n)]

1 s s

1<I<L s
~pivey(m) = ai () a(m), p(w)|

The second term above can be bounded by a constant Csg
independent of p(n) and g(n) as follows:

YD et D +ai(n+)

1<I<KL s
—pe)(n) = ai (n) )*| a(n), p(n)]
<2 Z Z((As F Lime)? + ((As + Lme))? = Cs.

1<I<L s

14
The first term can be bounded by

E Z Z pNs(z

n)+q(n)) (Pie@y(n+1)

1<IKL s
g+ 1) = plye () — g () la(n), p()]
= Z Z(p?krs(z)(n)+qf(n))
1<ISL s

< E [R;(n) —Riyy(mla(n), p(n)]

= Z Z (pfvs(l)(n) +q (n))

1<ISL s
DS DS
X {Rz Tpg (n) 2 e —RNS(Z)Ipm(l)(n)zcmu)]

> ) +ai(m)

1<I<L s
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where Rj is the average departure rate of regulator Rj, if p}
exceeds ¢;. From our design of the regulators, we know that

R}qu(l) = Rls + ¢,

for any [ on the path of user s. From this, we have

Z Z Prs@y(n n) +q;(n))

1<IKL s
< (B = Rive gy (mzexecn ) + Co

By combining (14) and (15), we have
p(n+1)) = V(a(n),

€D Y (Pheqn
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AVa(p,q) <
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where C4 is another constant. We can easily choose £ (indepen-
dent of p(n) and gq(n), of course) here such that

T ¢y >Co>0

a
for any ! (we assume ¢; > 0 for any [; links with zero capacity

can be removed from the network without affecting the capacity
region), and thus

E[V(a(n+1),p(n+1)) = V(a(n),p(n))la(n), p(n)]
= > ) Cogi(n) e > pi(n)+Cu.
I<ISL s 1<ISKL s
This concludes the proof of this theorem. o

VI. RESOURCE ALLOCATION

In the previous section, we assumed that the arrival rate satisfies
the sufficient condition for stability given by (8). In this section,
we discuss how to ensure that the arrival rates can be controlled to
satisfy the sufficient condition. Associate a utility function Us(\s)
with each user s, where Us(+) is an increasing, twice differentiable
concave function. Suppose that the {\s} are chosen to solve the
following optimization problem:

Us(As) (16)

max
{Xs>0}

subject to

Z Z 7<1_ (Lim + 1)e,

k€& s:Hy = 1

Vi,

where ¢ is chosen to be sufficiently small. This problem can be
solved in a distributed manner to obtain the {\s}; see [19] for
a general overview of congestion control and [17], [25], [2] for
an application to wireless networks with a special interference
constraint. Here we will briefly present how such a congestion-
control algorithm can be implemented for our model. Each source
chooses its arrival rate at each time instant according to the
following algorithm which depends on the congestion price p;(n)

generated by each link:
U's(n) = > wuln),
l:Hy=1

an

and each link implements the following algorithm to compute the
congestion price p;(n) :
+

pi(n+ 1)=|pi(n

DDy 7717 (Lm + 1)e

ke& s:H;, —1

Using techniques in [9], [14], [26], [19], this algorithm can be
shown to converge to the optimal solution of (16) if § is chosen
to be sufficiently small. We assume here that the congestion in-
formation is available instantaneously to each source; algorithms
and analysis for more general delay models can be obtained by
appropriately modifying the results in [2]. Now, these arrival rates,
can be used to design the regulator parameters, which along with
greedy maximal scheduling ensures the stability of the network.
For an alternative solution to the resource allocation problem for
the special case of max-min fairness, we refer the reader to [18].

VII. CONCLUSIONS

In this paper, we consider the capacity region achievable under
greedy scheduling in a general interference model. We define
the ratio between the achievable capacity region under greedy
scheduling and throughput optimal scheduling to be the greedy
scheduling efficiency. A lower bound on the greedy scheduling
efficiency is established, which is inversely proportional to the
maximum number of simultaneously schedulable links within the
interference set of any link in the network. We further show that
the lower bound is tight.

Although the above results are shown in a single-hop traffic
scenario, where all users only choose one of their direct neighbors
as the destination of the traffic, we have extended the results to
the more general multi-hop traffic scenario by introducing more
sophisticated greedy scheduling policies, specifically, prioritized
greedy scheduling and regulated greedy scheduling. These can be
implemented in a distributed fashion; however, regulated greedy
scheduling has less overhead associated with it.

APPENDIX

As in [12], we prove Theorem 3 by using an induction on the
longest path L for any user in the graph G. When L = 1, all the
users have one-hop traffic. In this case, we can apply Theorem 1
directly and the stability of Q under greedy scheduling follows.

Assume Theorem 3 is true when L = k. To complete the
induction, we need to show that for L = k + 1, the system is
still stable if the arrival rate vector satisfies (8).



We separate the queue @Q;(n) into two terms:
Qu(n) = Q=" () + @ ().

Further, define mg )(n) (1=1,2,...,k + 1) to be the number of
packets normalized by the link capacity ¢; arriving the /th hop on
user s’s path. It can be easily seen that

o) = 220,

C1
The queue update rule can be rewritten as

(18)

Qiin+1)  Qin) Dz Dy,
L) Q) D) S Oy,
h=1 s
where H;™ is the indicator function that link / is the nth hop of

user s.

Due to the structure of prioritized greedy scheduling, it can be
easily seen that [Ql(gk)] is equivalent to a queueing system with
traffic that traverses at most k hops. Actually, if we cut off the
last hop of all k + 1-hop users in our network (19) and make the
kth hop as the destination for the corresponding user, we obtain
a k-hop network whose queueing system evolves exactly in the
same manner as [Ql(gk)L under the greedy scheduling rule we
defined in this paper.

Since, for any link [, the arrival rate vector [As] satisfies

Z Z Hm/\s Z Z Zk+1 HSL)\S <1

Cm
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we must have

<1

3 e Xy i
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In other words, [As] is also within the stability region of the k-hop
network Q(Sk) under distributed greedy scheduling. Thus, from
the induction procedure, we know that [Ql(gk)] must be stable,
or equivalently, the Markov chain Q(Sk) is positive recurrent.
Hence, to show the stability of the original queueing system Q(n),
it suffices to show the stability of Q**1) (n).
To show this, we apply Foster’s theorem [1, Proposition 5.3]
to Q(k“)(n). We define the following Lyapunov function:

V@) =v(Q),
where V(Q) is defined as below:

ZZ QI H} (Z PN Qk
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(20)
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We can use techniques similar to those used in the proof of
Theorem 1 here to bound the drift of V(Q(k+1)) conditioned
on Q1) (n) as follows

£ [7@Q* D+ 1) - V@* ) ()| @4 (m)]

E|v@Qm+1) - V@m) Q¥ m)

= 2EQ(k+1)(n lz Quln

el
xZ(%Zw’” Hi <>>
me&; =

+ B.

Notice that mgh) (n) foralll =1,2,...,k+1 is only determined
by the arrival process and the departure process of q(=k) (n), both
of which are independent of q(k+1)(n). It is easy to see that

g [0 T (S5 H@h—wm)]

lel me&; \h=1 s

< Bquesn(m) [Z Qu(n (Z ZZ ) () sl —

lel me& h=1 s

Q(<k) k+1
~e [ (SN s 1)
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(k+1)(n k1
) H e
lel le& h=1 s

(h)

Since Q(Sk)(n) is an ergodic process and z¢ ’ is simply some

deterministic function of Q(Sk)(n), we know that for any € > 0,
there exists T¢, such that for all n > T, and h =1,2,...,k+ 1,
h
Bz (n)] = As| < €
and there exists a constant Cy such that
Q k+1
R Poh 9 SECTER | F
leL meE h=1 s

Finally, we have for n > T,

7@+ 1) - V@*) ()| @4 (m)]

Q(k-l-l) )
< 2y L {Z(Z(AS+E)H;)—1}+02+E
lel me& s
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< Z p (—e+m) Z(Zan) +C2 +e
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where 7 is defined as follows: if we assume {w(k) : 1<k<K}

to be the set of all possible matchings, then for any rate vector
[As] satisfying (8), there exists a probability vector [a;,1 < i <
K](>~, i = 1) and a positive number 1 > 0, such that for all I,
A <A —mnand all I € £, [\]] satisfies

K
= Zakﬂ'l(k).
k=1

Note here we use the fact that Kimaq is the maximum number of
simultaneously schedulable links in any interference set.
By choosing € = 1/2, we find a bounded region of QU+

= {Q(k+1) e QY S m) < pRe +77/2}

lel me&; s

(22)
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a

such that, when n > T, 5, the expected drift is always negative

if Q¥+ (n) is outside this region. The stability of the system
follows. o
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