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Abstract

In this paper, we complement Verd(’s work on spectral &fficy in the wideband regime by investigating
the fundamental tradeoff between rate and bandwidth whesmati@int is imposed on the error exponent.
Specifically, we consider both AWGN and Rayleigh-fadingraiels where the input symbols are assumed to
have a peak constraint. For the AWGN channel model, the aptiaiues ofR. (0) andR. (0) are calculated,
whereR,(1/B) is the maximum rate at which information can be transmittet @ channel with bandwidth
B when the error-exponent is constrained to be greater thaqual toz. The computation o2, (0) follows
Gallager’s infinite-bandwidth reliability function comfation in [5], while the computation ORZ(O) is new
and parallels Verdu’'s second-order calculation for chhoapacity in [14]. Based on these calculations, we
say that a sequence of input distributions is near optimabth R, (0) and RZ(O) are achieved. We show
that QPSK, a widely-used signaling scheme, is near-optwithin a large class of input distributions for the
AWGN channel. Similar results are also established for antadhannel where full CSl is available at the

receiver.

1 Introduction

Communications in the wideband regime with limited powes atiracted much attention recently. An important

characteristic of such communication systems is that tipeyate at relatively low spectral efficiency (bits per
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Reliability Function for AWGN Channel with Infinite Bandwidth
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Figure 1: The reliability function for AWGN channel with imite bandwidth

second per Hz) and energy per bit. The advantages of comaiiamicover large bandwidth are many-fold:
power savings, higher data rates, more diversity to combguency-selective fading, etc. Thus, it is important
to understand the ultimate limits of communications in tieigime from an information-theoretic point of view,
and develop guidelines to design good signaling schemes.

Communications without a bandwidth limit, i.e., the avbiéa bandwidth is infinite, is well understood.
For the additive white Gaussian noise (AWGN) channel, thgacily, measured in nats per second, converges
to a constantP/N, when the available bandwidtB goes to infinity. HereP (joule per second) denotes the
average power constraint at the input of the channel p® is the power-spectral density of the Gaussian
noise. Furthermore, a Gaussian signaling scheme is notat@gdo achieve this limit. Nearly all signaling
schemes are equally good in the sense that the correspomditugal information converges to the same value
in the infinite bandwidth limit. For example, a simple on-sifinaling scheme with low duty cycle is capacity-
achieving in the infinite bandwidth limit. In [7], Massey sted that all mean zero signaling schemes can achieve
this limit.

Thereliability function E(R), as defined in [4], characterizes the exponential deperedeiite probability
of decoding error on the codeword length for any coding Faté&enerally, the reliability function of a channel

is difficult to compute and is known for all rates only for a fehannels. The infinite-bandwidth AWGN channel



is one of these channels and its reliability function hasoflewing form[15, 4]
COO COO .

Coo
(VCOsx —VR)? &= <R<C,

whereC,, = P/N, denotes the infinite-bandwidth capacity, as shown in Fidurlore recently, Gallager [5]

E(R) = (1)

investigated the infinite-bandwidth channel reliabiliijme€tion for a broader class of channels. Specifically, it was
shown in [5] that a simple expression exists for the infiligedwidth reliability function of any discrete-time
memoryless channel, if the input is constrained to use a {keés not change as the bandwidth increases) set of
discrete symbols.

Naturally, the results in the infinite bandwidth regime carcbnsidered as guidelines for designing signaling
schemes in the wideband regime as well. However, in the waitlbegime (when the available bandwidth is
large, but finite), the result based on the infinite bandwiaitltulations can be quite misleading. In [14], Verd(
pointed out that to understand the performance limit in tideland regime, two quantities need to be studied:
the minimum energy per information m%mm) required to sustain reliable communication, and the sldpe o
spectral efficiency (bits/s/Hz) at the poiﬁgmm. If we treatC'(-) as a function oft = 1/B, it is easy to see
that studying these two quantities is equivalent to stuglyire optimal values of the following two quantities:
infinite-bandwidth capacity”(0) and the first-order derivative of capacity with respectztaC'(0). In other
words, we need to study both the infinite-bandwidth capaaityg the rate at which this capacity is reached. In
[14], it is shown that, while many signaling schemes achieye), only some of these reach the capacity at the
fastest possible slope given Iay(0). We will refer to signaling schemes that achieve b6tf0) and C(0) as
near-optimalinput distributions in the wideband regime. Further, alifloC'(0) always has the same value for
non-fading or fading channels with different CS](O) is determined by the CSI and can be very different for
different channels.

This paper complements the work of Gallager [5] and Verdf] Hind considers the relationship between
probability of decoding error (represented by the religbflinction), coding rate, and bandwidth for both AWGN
channels and multi-path fading channels. Specifically, twdysthe maximum rate at which information can be
transmitted over a channel, as a function of the availabhevadth, under a certain constraint on the reliability
function. For AWGN channels, instead of characterizingdapacityC' as a function ofl /B as in [14], we are
interested in characterizing. as a function ofl /B, whereR, is the maximum rate such th&t(R,) > = and
E(R) is the reliability function of the channel. In the infinitermwidth regime, we characterize the optimal
rate R, (0) with respect to a certain error-exponent constraint andystioe conditions under which a signaling

scheme can achieve this optimal rate. In the wideband redioth R, (0) and R.(0) need to be considered. A
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signaling scheme which can achieve b@h(0) and R (0) is said to besecond-order optimabr near optimal
with respect to an error-exponent constrainin comparison, a signaling scheme which can achiey®) is said

to befirst-orderoptimal. Our main contributions in this paper for AWGN chalmare two-folds. First, although
R.(0) can be computed from the well-known results [5, 15, 4], welieitly establish a necessary condition for
an input distribution to be first-order optimal and furthee show that a large set of input distributions with
mean zero is first-order optimal. This observation is caestsvith Massey’s proof in [7] from a capacity point
of view. Secondly, we provide a closed-form expressionfof0) for any z € (0, %) and identify a widely-used
signaling scheme, QPSK, to be second-order optimal.

For fading channels, we use a doubly-block fading model witke available bandwidth spans multiple
coherence bandwidth. If we |&Y,. denote the coherence bandwidth, the total bandwidth oftiharel is then
assumed taB = bWV, for someb > 1. Either a largeb or a largeW, can lead to a large total bandwidth
bW.. However, these two regimes (the lafgeegime and the larg®/. regime) can have very different channel
behavior. Suppose we consider a wireless system with altatalwidth ofl0 MHz and if the delay spread is of
the order ofl us., thenW, would be of the order of MHz and thusp is of the order ofl0. In this paper, we focus
on such a system where the coherence bandwidtlis large and further, we assume a coherent channel model.
By defining R, to be a function ofl /W, we calculateR. (0) and R.(0). Further, similar to the AWGN case, for
this channel model, we will show that QPSK can achieve totf0) and R (0) and is thus near-optimal. In the
other case wherkis large, it may not be appropriate to assume any form of afiaside information (CSI) and
thus a non-coherent channel model is more suitable. Wettefeeaders to [16] for first-order asymptotic results
for MIMO channels in this regime.

This paper is organized as follows. In section 2, we spetié/ dhannel models and formulate the prob-
lem that we wish to study. In section 3, we present the mainlteefor both AWGN channels and multipath
fading channels. All the proofs will be presented in the Apig. Section 4 contains concluding remarks and

discussions.

2 Channel models and problem formulation

In this section, we will describe the channel models we ussudy the behavior of both the AWGN channel
and the multipath fading channel in the wideband regimethegrwe will rigorously formulate the problems we

consider.



2.1 AWGN channels

We first consider a bandlimited AWGN channel with availatdadwidthB :

y(t) = 2 (t) + w(?), 2

wherew(t) is a complex symmetric Gaussian random process. We assatnedlnave an input power constraint
P (joules per second) for the channel (2). For notational enience, we assume the noise power density
Ny/2 = 1/2. Thus, the average powé? also indicates the average SNR of the channel. We pass thealha
output through a low-pass filter with bandwidthand then sample the output of the filter at raté3. Thus, we

can represent the channel as a discrete-time memorylessaites follows:
y=z+w, 3)

wherew is a complex symmetric Gaussian random variable with vaedni.e., w € CN(0,1). The power

constraint for this discrete-time channel is
P
E(J2?) < 5 4)
We want to study the asymptotic behavior of the communioatide R (nats per second) in terms of the available
bandwidthB under this power constraint and an error exponent constkaitich is described below.
Let P.(Vy, R, P, B) be the minimum probability of decoding error for any blockleavith codeword length
N seconds (or equivalentlyy; B symbols) and coding rat®. The error exponent at communication rétéalso

calledreliability function) of this channel is defined as

In P.(N;, R, P, B
E(R,P.B) = lim — n P ;VR )
t—00 t

. (5)

We desire a lower bound fd? (R, P, B) and denote it byPz. (Without loss of generality, we scale the desired
minimum value for the error exponent B/for mathematical convenience.) LBt (1/B) denote the maximum
possible rate at which communication is possible givendbired error exponent when the available bandwidth

is B. SinceE (P, R, B) is a decreasing function d@t, R.(1/B) is the solution to the equation
E(P,R,B) = Pxz. (6)
Our goals for AWGN channels are threefold:
(i) calculateR,(0) andR.(0);

(i) characterize the properties fifst-order optimalsignaling schemes, i.e., those that achiy€0); and
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(i) find near-optimalor second-order optimadignaling schemes in the wideband regime such that Both)

andR.(0) can be achieved.

In the rest of the paper, we drop the subscript and simply tefé&, as R. From the context, it should be

clear thatR is a function ofz.

2.2 Coherent fading channels

To characterize a multi-path fading channel, we usioably-blockRayleigh fading model. Specifically, we
assume block fading in both the time and frequency domaiaghé&r, we assume that we have a rich-scattering
environment such that all the fading gains are Gaussiarilitgd. We assume that the fading is fixed in each
frequency-time block of duratioft,, and bandwidthi¥/., and independent from one block to another. In each
block, we can transmit roughli’.T,. symbols, from thalimensionality theorerfil5]. We letD = W.T. and
refer to D as thecoherence dimensioof the channel.

For this channel model, we can represent the channel by
yi=Hx +w, 1<1<0, (7)

wherex;,y;, w; € CP. We also assume that all entries wf are i.i.d. complex Gaussian with distribution
determined by’ N (0, 1). In other words, we havé parallel vector channels each with dimensionSimilar to
the AWGN channel, we assume there is power constidi(jbules per second) for the fading channel, i.e., we
have the following constraint on the input of the channel (7)
> Ellxl|f’] < PT.. )
=1
The doubly-block fading model is a simple approximationhaf physical multipath fading channel. However,
it retains most of the important characteristics of chasmela fading environment. For a derivation of such a
model, we refer the interested reader to [12]. This modebeas used in [9] to achieve the lower bound for the
optimal bandwidth where spreading still increases norewaft channel capacity. In [6], Hajek and Subramanian
use this model to calculate the reliability function andasty for a non-coherent fading channel with a small
peak constraint on the input signals. However, this modghigler than the model used by Médard and Gallager
[8], which allows correlation in both time and frequency dis, or the model used Telatar and Tse [11], which
allows correlation in frequency blocks.
In the wideband regime, we know the available bandwidif) >> 1 and the energy available per degree of

freedom is small, i.e.ﬁ << 1. Obviously, a large bandwidth can be a result of either a largea largelV..
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However,b andW, have different impacts on the channel performance and t{megstic results irb and¥,. can
be very different from each other and can lead to differenctisions. In this paper, we will focus on the case
whereW, is large. In this regime, we have large degrees of freedorach eoherence block although the energy
per degree of freedom is small. Thus, we might still be ablméasure the channel accurately and therefore, we
assume a coherent fading channel model in this regime. Hawevaccurately illustrate the coherence level of
this channel model from an error exponent point of view i atiesearch topic for now. We refer the reader to
[18] for a discussion on the relationship between coheréaad and coherence length from a capacity point of
view.

The ergodic capacity of such channels under full receivag €ISl is well known and is determined by the
following expression

2
C = bW, Ey{in(1 + 2

)] nats per second 9)

[

The reliability functionE (R, P, W..) of this channel can be defined as below

1 n PN, R, P,W,
E(R,P,W,) = lim ——— (N, R )

- 10
N—oo T, N ’ ( )

whereP, (N, R, P,W,) is the minimum probability of decoding error for all blockd=s with codeword length
NT, seconds and coding rafe(nats per second).

Let R.(1/W,) denote the maximum possible rate at which communicationssiple given this desired error
exponentt (R, P,W.) > z. Our goal in studying this channel model in the wideband regirstill the same as
in the AWGN case: calculate boiR. (0) and 2. (0) and identify signaling schemes that can achigy€0) and
R.(0).

3 Main results

In this section, we will present our main results for AWGN ehals and coherent fading channels in two separate

sections without proof. Due to the technical nature of tteofs, we will present them in the Appendix.

3.1 AWGN channels

We begin by first carefully describing the set of signalingesoes that we will consider in this paper. Due to the
technicality in applying the sphere-packing bound, we @algsider input distributions with a finite alphabet. In

addition, for a giverp, we restrict ourselves to the alphabet with a peak constdgifimed below.



Definition 1 Given positive constants, K,,,,p let A(p) denote the set of finite subsets of complex numbers

whose magnitude does not excdeg p®.

In other words, we constrain the input such that the largesgnitude symbol has to decreasepatecreases,
although it can decrease at an arbitrarily slow rate. As wiestwow later, the choice of the parametéfs, anda
are not relevant to the result. Thus,, can be an arbitrary large number amdan be an arbitrary small positive

number. We refer to alphabet satisfying the conditions alto\beA(p).

Definition 2 Define
D(p) = {q : E,[|z|?] = p; support of q is an element iA(p).}.

A signaling scheme is a sequence of input distributionsarpaterized by3. For eachB, we can only choose

an input distribution from the s&(P/B).

Definition 3 We defineF(P) to be the set of signaling schemes, which are parameterigégldnd satisfy
F(P)={{gn} 95 € D(P/B)}, (11)

whereD(P/B) is defined by Definition 2. o

By choosing signaling schemes frafi{ P), we are ruling out thospeakysignaling schemes in which one
of the input symbols remains constant or goesdowhile the average power per degree of freedom goés to

In the following lemma, we state the well-known sphere pagland random coding bounds [3, 10] on the
reliability function E(R, P, B) defined by (5) for AWGN channels whose input alphabet is argdftkiscrete set
of points inA(P/B).

Lemma 1 Consider the discrete-time additive Gaussian channel (@ wandwidth B and input signaling

schemes constrained By( P). Then the reliability function for this channel satisfies

ET(R7P>B)SE(R7P7B)§ES;)(R7P>B)7 (12)
with
E.(R,P,B) = sup —pR+ BE,(P/B,p), (13)
0<p<1
Eg(R,P,B) = sup —pl + BEy(P/B, p),
p>
2 1 I+p
EAP/B.p) = swp swp—tn [ ([q@e P p o)) Ty 1)
q€D(P/B) >0
wheref,, (x) is the probability density function of a complex Gaussiamd@m variableC N (0, 1). o
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Remarks: Note there exists eritical rate R..;;, such that forR > R..;:, the sphere packing bound and the
random-coding bound coincide with each other and thus th@ora-coding exponent (13) with (14) actually is
the true reliability function. Thus, if we only focus on thiste region, by characterizing the asymptotic behavior
of (13) whenB is large, we get the asymptotic behavior of the reliabilitpdtion. In the following theorem, we

obtain closed-form expressions f&(0) and R(0).

Theorem 1 Consider the discrete-time additive Gaussian channel (& bandwidth B and input signaling
schemes constrained y(P). Let R(1/B) be the maximum rate at which information can be transmitted o

this channel such that the following error-exponent caaistris satisfied:

E(R,P,B)> Pz, 0<z< i. (15)
We have
R(0) = lim R(1/B) = P(1 - V=), (16)
and
2 3
£2(0) = _w' 17)
o

Remarks: The constraint orz in (15) arises from the fact that the reliability functionasly determined for a
certain range of. Outside this range, the random-coding exponent is not sadgstight. As we will show later,
z = % is the error exponent foR = R.,;; in the infinite bandwidth limit. We now argue that for< z < %,
when the bandwidth is sufficiently large, the solutitil/B) to (15) will exceedR,,;:(1/B) and thus, the
error exponent aR(1/B) is equal to the random-coding exponent. To be precise, ve tis argument in the
following lemma. It follows from this lemma that we can regeat the reliability function by the random-coding

exponent if we only consider < .

Lemma 2 LetR,(1/B) be the solution to the random-coding exponent consti@jiti?, P, B) = Pz, for afixed
z € (0,1). Forafixedz < 1, we must be able to find &, < oo, such thatforallB > B., R(1/B) = R,(1/B).

Proof. Please refer to [17]. o

It should be noted that the constraints on the input siggai® not necessary to obtain the first-order result
(16). In other words, introducingeakines®r allowing continuous alphabet symbols in the input distiions
will not improve the error exponent in the infinite bandwiditimit for the AWGN channel. These constraints

only play a role in obtaining the second-order terms in theaesion ofR,(1/B) aroundl/B = 0.
9



A main goal of our study of the wideband reliability functitere is to find good signaling schemes in the
sense that they can achiei¢0) and R(O). To do that, we first definérst-order optimalityand near optimality

(or second-order optimalifyformally of a signaling scheme in the wideband regime, imalar way as in [14].

Definition 4 Consider a signaling schemg(x)} € F(P) parameterized by3. Let R(1/B) be the solution
of

Pz=FE(R,qp,P,B) (18)

whereE (R, qp, P, B) is the reliability function of the channel when the inputtdizition is fixed to beys. This

signaling scheme is said to lfiest-order optimaivith respect to the normalized error exponentf

Definition 5 A signaling schemégp(x)} € F(P) is called second-order optimalr near optimalvith respect

to the normalized error exponentif

R(0) = R(0); (19)
R(0) = R(0), (20)
whereR(1/B) is the solution to (18). o

For AWGN channels, we obtain a sufficient condition for a algrg scheme to be first-order optimal. Then,
we study the performance of two simple signaling schemes Hsl: BPSK and QPSK. Specifically, when we
say BPSK or QPSK, we mean the following. iet= P/B be the available power per degree of freedom. For
BPSK, we choose the input to be eithgp or —, /p with equal probability; for QPSK, the input alphabet cotssis

of \/g(l +7), \/g(l — ) \/g(—l + ), and\/g(—l — j), all chosen with equal probability as well.

Theorem 2 For AWGN channels, all signaling schemes7iiP) which are symmetric around are first-order
optimal for any givere € (0, %). Thus, both BPSK and QPSK are first-order optimal; howewaly QPSK is

second-order optimal. o

Remarks: From this theorem, we know that it does not take much for aadigg scheme to be first-order

optimal. This result is consistent with the capacity reshtiwn by Massey in [7].

10
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Figure 2: The maximal rat& for BPSK and QPSK for a fixed normalized error exponest 0.1.

To get a better feel for how differently BPSK and QPSK behawéhe wideband regime, we pldt as a
function of1/B for both BPSK and QPSK in Figure 2. As shown in Figure 2Bas> oo, both BPSK and QPSK
can achieve the optimal rafe(0). However, only QPSK can achiev(0).

Another way to understand the difference between the padoce of BPSK and QPSK is to study the
fundamental tradeoff between spectral efficiency and gngeg information bit £, /Ny), as suggested in [14].
We plot this tradeoff in Figure 3. From this figure, we can $et both BPSK and QPSK can achieve the optimal
%mm, however, only QPSK can achieve the optimal spectral effigiestope at the poin%mm.

As compared to Figure 2 in [14], the major difference herem%mm in Figure 3 is around.3d B higher,

since we have a more stringent constraint than just reliedalemunications, as considered in [1%mm here

denotes the minimal energy per information bit such thaiptiodability of error has to decay faster than’*

as the codeword lengtN increases.

3.2 Coherent fading channels

Next, we consider coherent fading channels. As in the cad®eAWGN channel, we first describe our assump-

tions on the input signaling schemes.

Definition 6 DefineQ%VC(P) to be the set of joint input distributions & = (x1, X9, - --,xp), Where{x;, [ =

1,2,---,b} are vectors with dimensiob = W_.T,, which satisfy the following

1. the average power constraint (8) is satisfied;
11
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Figure 3: Spectral efficiencies achieved by QPSK and BPSKamWGN channel, when the error exponent is

constrained by = 0.1.

2. the distribution has a discrete alphabet, consistingrofdinumber of symbols;
3. each symbol can be chosen from a givenSggt The set of symbolS};, is defined as follows:

Sl ={X ={x1,%2,- -, %} 1% € CD;d—I%l;XD 24| < KW VI=1,2,---,b},  (21)

— L4y

whereK,,, and« are allowed to be any positive constants independeft of o

The signaling schemes of interest to us are defined as fallows

Definition 7 We definei-"‘l}VC(P) to be the set of signaling schemes, which are parameterigét.tand satisfy
Fy.(P) = {{aw.} : aw. € Q. (P}, (22)

whereQ}, (P) was defined in Definition 6. o

The reliability function for our discrete-time channel nebd7) is upper and lower bounded as stated in the

following lemma.

Lemma 3 Consider the coherent fading channel model (7) (availaldadwidthb1/,) with H known at the
receiver. Assume that the input distribution satisfies therage power constraint (4) and the constraint in in

Fby. (P). The reliability functionE (R, P, W, ) satisfies

ET(Ra P> Wc) é E(Rv P> WC) é ESP(R7 Pv WC)>
12



with

ET(R7 P> WC) = Sup _pR—I_EO(Pv p7 WC)7
0<p<1
ESP(R7P>WC) = Sup_pR+EO(P>p7D)>
p=0
1 X 2 PT, _1 1+p
B (P,p,W,) = sup sup——1InEy / ( / ¢(X)PIXI?=PT.) f(Y]X,H)deX) Y. (23)

9€FY, (P) B2>0 c
Proof: We can apply the random-coding and sphere-packing expoifitdi to this channel model by viewing
the channel as a memoryless channel with ouput {Y,H}. The termTlc in (23) is to account for the fact

that the rateR here is defined to be nats per second, rather than nats peztdifime slot. o

The constraint on the error exponent is
E(R,P,W.) > Pz, (24)

and we need to solve faR(0) and R(0) where R is a function forwic for a fixedb. We have the following

theorem.

Theorem 3 Consider a coherent Rayleigh-fading vector channel (7hlie input signaling constrained by
F@VC(P). Let R(1/W,) be the maximum rate at which information can be transmittethg channel such that

the following error-exponent constraint is satisfied:

E(R,P,W.) > Pz, 0<z<2z", (25)
wherez* is defined as follows
b PT, 1
= In(1 °) — . 26
= et ) - e (26)
We have ( )
PT,
Pz 1 bIn(1+ gﬁ
R(0)= 1 Ry(1/W,) = -+ = , 27
(0) = Jim Fy(1/We) ) P (27)
and
. P2
R(0) = ~ g (28)
b(1+p*)(1+ p* + £57°)
wherep* is the optimizingp in (27). o

The constraint ory in (25) again comes from the fact that the reliability fuoatiis only known whem? >

R..;:- Now we show that* given by (26) is the corresponding error exponenkat; whenW, goes to infinity.

13



Error exponent with infinite coherent dimension(P=100)
35 T T T T T T T

I
90 100

Figure 4: The error exponent curve froR),.;; to capacity for the channel with infinite coherence dimemsio

b=1,=1. P=100.

From the property of the critical rate.,;;, we know the optimizing in (27) at the corresponding error exponent
zerit 1S 1. Thus, taking derivative of the right side of (27) with resipiecp, we must have

PT,
ot b WL+ gryy) b P 1 Y
LA I SLETA

By solving this, it is straightforward to hawe,;; = z* with z* determined by (26). The corresponding r&tg;;

can be obtained as follows

b PT,
Rcrit = —Zerit T Tc ln(l + 2bc)
B P
C 44 2Bl

Using a similar argument as in the AWGN channel case, we garedhat forz € (0, z*), the reliability function
coincides with the random-coding exponent for sufficietalge W, . Thus, the calculation aR(0) and R(0)
can be carried out by using the random-coding exponent.

Another observation here is that the applicable regiongims of R), where the random-coding exponent
coincides with the sphere-packing exponent, actually rsonest of the rate region fromto capacity, when the
available energy per coherence bloﬁgé is fairly large. To see this, we first notice thatlds goes to infinity,

1

our capacityCy, in (9) is P. Thus, the critical rate?..;; can be also written am(?oo. When% is large,
b

14



we haveR,..;; << Cy. This observation is also shown in Figure 4. For simplicitg, ehoosé = T, = 1 in this
numerical example and chooge= 100.

Next, we need to identify those signaling schemes which chieae R(0) and R(0). Again, we consider
BPSK and QPSK signaling. However, for the fading channglifi®se two signaling schemes have slightly differ-
ent meanings than what we defined in last section for AWGN rilzn Specifically, for both BPSK and QPSK,
we spread the available power in each coherent block eqaiaityng all the time-frequency coherent blocks and
make the distributions in each dimension i.i.d. For BPSI, simbols for each dimension ayéP/bWW, and
—/P/bW,, with equal probability. For QPSK, the symbols %}/%bzwc(l + ), \/%(1 -7 \/%(—1 +7)

and,/ 5~(—1 — j). Similar to the AWGN case, we have

Theorem 4 Both BPSK and QPSK are first-order optimal for any giver (0, z*); however, only QPSK is

second-order optimal. o

3.3 Implications and discussion

The results that we have obtained for both AWGN channels ahdrent fading channels are consistent with the
results from a capacity point of view in the seminal work [1BY letting z go to0, the quantityR, becomes the
capacity of the channel. Thus, it can be easily checked thiking = to be0, we can recover the capacity results
by using the expressions in Theorem 1 and Theorem 3. Howeeea)so have to point out that in [14], a very
general treatment is provided for a much broader class afreanodels. In this paper, due to the complexity
of the calculation of the reliability function, we only calated the first and second order rate approximation for
two very specific channel models.

Despite the similarity between our results and Verdu'sltegsegarding near-optimal signaling, the fact that
QPSK isstill near-optimal under a certain error exponent constraintiisssmewhat surprising because of
the following reason. In general, very little is known abde conditions under which an input distribution
achieves the optimal error exponent at a given rate, evehernfinite bandwidth limit. It is not necessarily
true that capacity-achieving distributions are also optifrom an error-exponent point of view. One example is
the infinite-bandwidth non-coherent Rayleigh fading clenwhich is studied in [16]. Thus, it is not obvious
that actually QPSK can do well in the wideband regime from rmareexponent point of view,even though it is

wideband optimal from a capacity point of view.
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4 Conclusions

In this paper, we have studied the maximum rate at whichm&ion transmission is possible in additive Gaus-
sian noise channels and coherent fading channels, for a giver exponent in the wideband regime. Given a
desired error exponent, our main contribution is the catimh of the above rate and its derivative in the limit
when the available bandwidth goesdo. For fading channels, we focus on the case when the coheramce b
width W, is large. This also leads to a notion of near-optimality gfunhdistributions, where a sequence of
distributions is defined to be near-optimal if it achievethtibe rate and its derivative in the infinite bandwidth
limit. As in [14], we show that for both AWGN and coherent fagichannels, while QPSK is near-optimal,
BPSK is not.

This result is surprising to some extent. Generally, it iswell-understood as to what signaling scheme is
optimal, i.e., given a coding rate, it is difficult to find theput distribution that gives the smallest probability
of decoding error. In this paper, we consider the problermfem alternate point of view, we fix a given error
exponent, and consider optimal signaling schemes thas ghe largest communication rate. The capacity-
achieving schemes, which corresponds to zero error expoaen not necessarily the best schemes from the
error exponent point of view. However, the results in thipgratell us, in the wideband regime, QPSK is near-
optimal with respect to a nonzero error exponent just asriear-optimal for the capacity case for both AWGN
and coherent fading channels. Thus, it can not only achieapacity, but also achieves the the best probability

of decoding error, in the wideband regime.

A Proof of Theorem 1 and Theorem 2

Due to the technical nature of the calculations needed iptbefs of our main results, we first summarize the
key steps of the proof to help the reader follow the proof ofroain results.

The proof of Theorem 1 can be broken down into the followingamsteps:

1. We first relate the problem of finding(0) and R(0), whereR is the communication rate per second as a
function of 1/ B, to the problem of finding:(0) and#(0), wherer is the communication rate per degree of

freedom in (3) as a function ¢f, wherep denotes the SNR per degree of freedom.

2. The calculation of(0) can be related to the optimal value B}, in the infinite bandwidth limit; an upper

bound is derived fof, using a simple inequality; this bound is further shown to tisievable;
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3. #(0) can also be related to certain derivativegif a better upper bound is derived fby, which yields an

upper bound fo#*(0); this bound is also shown to be achievable.

The next several subsections will prove the main resulteviahg these three steps.

A.1 Communication rate and error exponent per degree of fredom

Itis shown in [14] that the capacity in a bandlimited channel with limited available pow®rbut large available
bandwidthb, can be related to the capacityin a scalar channel with small available powere P/B. Thus,

the problem of finding optimal’(0) andC(O) can be shown to be equivalent to the problem of finding optimal
¢(0) andé(0). The relationship betweefi(0) and¢(0) is also extensively studied in an earlier paper [13], where
the notioncapacity per unit costias studied. We first show that a similar connection can beerbativeen the

error-exponent constrained ratBgnats per second) and(nats per symbol).

Theorem 5 Consider a scalar Gaussian channgl= = + w with average power constrairt. Further, the
signaling schemes are constrained®gp) = {{q,(z)} : ¢p(z) € D(p)} . Letr be the maximum rate per symbol

at which information can be transmitted through channelg(®h that the error exponent satisfies

. 1
E(T7p)2pz7 0<z<17

whereE(r, p) is the error exponent per symbol of the scalar channel witlvgroconstraintp. Considerr as a

function ofp. Let R (nats per second) be defined as the solution to (15). We have

R(0) = Pr(0);
. P2.
i) = ZHO
2
Proof: Please refer to [17]. o

Thus, the original problem of finding(0) and R(O) in the wideband regime is equivalent to finding the
optimal values for+(0) and#(0), given a constraint on the reliability functiofi(r, p) > pz. In the rest of this
proof, we will deal with this scalar channel problem. Foratmnal convenience, we ude(r, p) to denote the

error exponent per symbol of the single channel insteadinglﬁ(r, D).

A.2  Optimal value of 7(0) and first-order optimal signaling schemes

We know for the error-exponent constraint in the rangéﬂof;) andp sufficiently small, we have

E(r,p) = E.(r,p) = sup —pr+ E,(p,p),
0<p<1
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where

1

1+p
&@mﬁ=ﬂmsw—m/(/%MJ”L”m@—mﬁmﬂ dy. (29)
leef(P) p=0

Thus, the constraint on the error exponent can also be wike
pz = sup —pr+ Ey(p,p). (30)
0<p<1

With some effort, we can further show that this constrairggaivalent to the following expression

E
P o<p<1 P pp
Now we prove the following lemma:
Lemma4 For0 < z < 1,
7(0) = (1 - v2)% (32)

Proof: This result can be calculated by using Gallager’s calaaith [5] and some additional careful manipu-
lations. Please refer to [17] for a complete proof. o
Next we study conditions for a sequence of input distrimgito be first-order optimal. It is straightforward

to see that

Lemma 5 Assuming) < z < %, a sufficient condition fofg,} € F(p) to be first-order optimal is that

*

Eo(p,qp,p*) _ p

li = 33
pli% P 14 p* (33)
where
- 5 1 1+p
&@AWMZ&m—m/</%@kmxﬂWMy—@”M@ dy
B>0
andp* = vz

-z
Proof: To show that (33) is sufficient, it suffices to show tipaen a signaling schemg, the corresponding rate

r(}a) given an error exponent constraiﬁg(p, qp, p) > pz satisfies

lim ) = (1-+2)2%

p—0 p
If limy, g E‘)(”’I‘f”’*) = 15:;* , we have
. P .
liminf — > liminf _Z + M
p=0p =0 p* pp*
= —Z 4 lim oD, Gps P*)
p* p—0 pp*

_ _Z* 1

o 1+p

= (1-V2)>%



On the other hand, we know that

T . B
limsup— = limsup sup —— + Eo(p: ap,p)
p—0 P p—0  0<p<1 P pp
z K
< limsup sup —— + M
p—0 0<p<l P pp
. VA 1
S lim sup sup —-— 4+ —

p—0 0<p<t p 1+p

— (1-VER

Thus, the limit ofg exists and we have

F(0) = lim — = (1 — V2)2.

p—0p

Actually, it does not take much to be first-order optimal.

Lemma6 For a fixed0 < z < %, a sequence of input distributiog), € f(p) is first-order optimal if it is

symmetric around.

Proof: To show this, we need to check (33) for a sequence ofireer input distributiony, € F(p). Since it is

always true that

*

E~ *
lim sup o(P:Gp, P”) < P o
p—0 P L+p

it suffices to show that

*

Eo(p, gp, p*) . _P

lim inf > .
p—0 P 1+ p*
Note
Eo(p,qp,p*) = Sup—ln/a(y)“”*dy
50
— sup—In / Fu(y)(1+T(y) " dy,
50

wherea(y) andT'(y) are defined below:

aly) = [ ap(@)e™ P oy — ) T d (34)
_ Sy [Fuly = )77
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To achieve a lower bound, we chogse= 0 = TJ% Further, we use the following inequality

. * 1 >k
(I+)7" <14+ (1 +p)t+ wtz.

This leads to

(1+p%)

Eolpps ') = =0 [ Ful) 0+ (14 )7 + ZEE T2 ay,

Wheng = 6, it can be shown that
[ £+ (149 Ty = =0+ (14 7)™,

and

/fw(y)TQ(y)dy =1-2"% 4+ F

2Re(zlz§)
e (1+p*)2 6—26])’

wherex; andx, are i.i.d. random variables distributed according,ftr).

Next we claim
2
i 4 Lo (y)dy
p—0 p

=0.

—_e—0p

Sincelim,, o % = 0, it suffices to show

2Re(w1w§)
E |e (+p%)2 —1
lim =0

p—0 p

This can be easily shown (refer to [17]) by using the assumgtiatg,(z) is symmetric around and
‘x’max < Kmpa-

Thus, we have

Eo(p, gy, p*) —In(—p* + (14 p*)e % + o(p))

lim inf > liminf
p—0 p p—0 P
—In(1 — —Lp* + o(p
= liminf ( 1+p )
p—0 P
= p*
1+ p*
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A.3 The optimal value of#(0)

In this section, we compute the valuei@f). To do this, we first connect(0) to the second partial derivative of

E,(p, p) with respect tg.

Theorem 6 Assume the second partial derivativeof(p, p) with respect tgp at p = 0 (denoted asijo(o, 0))

exists for any € [0, 1]. Further, assume that

Eo(p,p) _ Eo(0,p) 2
pp - p _ Eo(oa P)
P 2

uniformly for p € [0, 1],

and w is a continuous and bounded functiongdbr p € [0, 1]. Theni(0) can be determined by

i(0) = 0.0 (36)

wherep* = 1:(2/2.

Proof: First we show that )
. — pi E,(0, p*
p—0 p /2 P
The uniform convergence gives us: for any 0, we can findy(e) such that for alp < 7(e),

Eo(p.p) _ Eo(0,p) 2
pp - p . Eo(oa p)

p 2p

<e forallpe|0,1].

In other words, fop < n(e), we can write

Eo(p, p) < Eo(0, p)p + Eo(0, p)p* /2 + pep”.

It is easy to see that . )

pz | Eo(0.p)p + Eo(0.p)p*/2
0<p<1 P P

Assumep(p) is the optimizingp for (37). From the first-order calculation, we already knbatt

ep?. (37)

- p
EO(O,p) = rp

Since the optimization in (37) is performed over a compatf(sé] and by assumptiot, (0, p) is continuous
in p, the optimizingp must exist.

We must have




We know that .
Eo (0,
7(0)p = sup Pz PEo(0,p) p).
0<p<1 P P

This gives us )

r(p) —pi(0) _ Eo(0, p(p))
p*/2 = pp)

+ 2e.

Letting e go to0, we have

=0V 1 r(p) = pr(0)
T(0) = hr;lj})lpw

E,(0, p(p))

< limsup =2
p—0 p(p)

_ B0 (38)

o
wherep* is the optimizingp of (37) asp goes to zero, and can be shown to be equq:l:‘/e%. The last equation
(38) can be easily verified given thgi@ is a continuous function qf, if we havelim,, .o p(p) = p*. We refer
the readers to [17] for proof of this fact.

To complete the proof of the theorem, it suffices to show

" o r(p) = pi(0) | Eo(0,p7)
7(0) = hg)n_}glf 772 > g

To see this, we choose= p* in (37) and we have

. .. 2
pz pEo(07p*)+Eo(07p*)% 2

r(p) > —— + " " —€p”.
p p p
It is easy to see that
E,(0, p*
p p
and thus, we have
r(p) — p#(0) Ey0,p") _,e*
p?/2 p* p?
Lettingp — 0, we will have )
E,(0, p*
#(0) > £ol0:07)

o
Thus, to obtain the optimal value f@f0), we need to verify the uniform convergence assumption iroThe

rem 6 and calculat@%, which is established in the next theorem.
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Theorem 7 )
Eo(p,p)  Eo(0,p)

1
PP P — uniformly for p € [0, 1], 39
p R T ly forp € [0, 1] (39)

asp goes ta0.

Proof: To show uniform convergence, we both upper and lowand

Eo(p.p) _ Eo(0.p)

pp P
p

by a function ofp plus a small tern®(1), which converges t6 uniformly for p € [0, 1], asp goes ta0. Specifi-

cally, we want to show that whenis small, we have

. E'o(p,p) E0(07p)
Eo(0, _
(O p) + 51 (1) < pp 14 <
2p p

E0(20, r) + 02(1),

where bothy; (1) anddy (1) converge td) uniformly asp goes ta0. The uniform convergence of

Bo(p.p) _ Eo(0.p)

pp P
p

follows easily from here. We will first show an upper boundritwe will obtain a lower bound by using QPSK
signaling at the input. Throughout this proof, we will use tiotationd(p™) to denote a term satisfying that as
goes ta), % — 0 uniformly for p € [0, 1].

We know that

Eo(p,p) = sup Eu(p,qp,p).
{ap}eF(p)

However, it is easy to see that we will not lose any optimalfitye constraint ourselves to those input distributions

which perform at least as good as QPSK. In other words, we have

Eo(p.p) = sup Eo(p,qp,p), (40)
{ap}€G(p)
whereG (p) is defined as
G(p) = {{a} € F(p) : Eo(p,ap, p) > Eo(p, QPSK, p), ¥p > 0} (41)

First we claim that: for any sequence of input distributidns(z)} € G(p),

' . . . _ep
et — 2 _ Zinfgg, gy Mfozo [ aly) Pdy + e

P - pp?
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This claim can be proved by the following series of ineqiesit

Eo(p,p) _ E0(07p)
PP )

p

—In (inf{qp}ecj(p) inf 350 fa(y)1+pdy) -5
pp?

—In (e% inf{qp}eg(p) infz>o [ a(y)1+de)
pp?

In —p- !
€17 infr, yeg(p) nfpzo [ aly)trdy

pp?
-1+ !

D
el+r inf{qp}eé(p) infg>o fa(y)”/’dy
pp?
op_ .
—elts lnf{qp}eé(p) infg>o J a(y)1+pdy +1 1

IN

pp?

LP .
—eltr lnf{qp}e(_j(p) infg>o f oz(y)””dy +1

IN

PP
ppretTe

1 : __pp
—infy, \egip infaso [ a(y) Py +e T
pp? :

The inequality (43) is true because that the first order tesuiply

inf  inf a(y)1+pdy — ¢~ Eo(p.p) > 6_%
{ap}eG(p) P20

)

which leads to

—eTts inf inf [ a(y)TPdy+1<0.
{ap}eG(p) 20

On the other hand,

{ap}€G(p) 620 {ar}€S(p)

1 L+e
- it (z qkf<yrxk>m) dy
k

{ap}€G(p)

< inﬁ(p)/ <zk: %f(%%)) dy

{ap}ed
= 1.

inf inf [a(y)Pdy <  inf / a(y) P dy|s—o

These two bounds together give us (43).
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Next, we further bound’ a(y)'**dy for any sequence of input distributiodg,} € G(p). We claim the
following: for all ¢, («) and all3, we have

/ aly)dy = / Ful@)(1+ T(y) +dy

1+(1+p)/fw(y)T(y)dy+ w/fw(yﬂﬂ(y)dy Hp /f“’ T

Y

(44)

This claim is quite obvious by noticing that the followingeiuality is true for alk > —1 and allp € [0, 1] :

p(12+ p) 2 n p(1+ pé(p - 1)t3.

We will now treat the three terms in (44), which involVE§y), separately and find a bound for each of them.

A+ > 1+ (1 +p)t+

For the first term, we have

[ o Ty = [ fu)T @)y (45)
L (46)
> o, @7

where Eq. (47) is obtained by applying Jensen’s inequality.
For the second term, we claim that: for any input distribut{g, (x)} € G(p), let 3* be the optimizing3,

which maximizes
Sup—ln/a(y)1+pdy. (48)
B8>0

We have
2

p
/fw(y)TQ(y)dy‘ﬁzﬁ* > 0%p% + L +0(p?).

We also claim that, for those input distributions Gifp), the term with integral ovef™(y) actually does not

contribute anything to the second-order calculation, i.e.

[T W] = s
B=06*

for any {g,(x)} € G(p). We do not include the calculation regarding the two claimtis paper. For interested
users, please refer to [17] for a complete proof.

From here, we have

/a(y)””dy > 11— L p (14 )02+ (12+p) (921’2 T i))) + P

1+p
2,2 2
p PPp pp 2
= 1- + + + po(p).
T+ 2 T T
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and thus )
Eo(p.p) _ Eo(0,p)

s 5 1
pp P < 5 2.
p = o )

Later, we will show that by choosing the input distributiarbe QPSK, we can establish a lower bound which

has the same expression as the upper bound. Thus, we knoig {39). o

Since we know™* = 1{\2/2, we now have that fob < z < 1,

#(0) = —(1 - V2" (49)

A.4 BPSK and QPSK

Combining the results regarding0) and #(0) in the previous subsections and Theorem 5, we have proved
Theorem 1. Regarding Theorem 2, the first part of the theosesndirect consequence of Lemma 6, which has
already been proved. For the second part of the theoremdiagaBPSK and QPSK signaling, we can again do
the calculations in a scalar channel with small power as we peoceeded with the proof of Theorem 1.

Since for both BPSK and QPSK, we hawe? = p with probability 1, the power constraint parameteédoes

not play a role here an&o(p, dp, p) can be simplified to

Eo(p,ap, p) = —ln/a(y)””dy,

with
aly) = [ @) fulyle) s

Again, we use the two inequalities which have been very hétpfus in the general first and second order

calculations:
1+t < 1+(1+p)t+p(12+p)t2; (50)
A+t > 1+ Q4p)t+ p(12+p)t2 - p(1+pé(1_p)t3. (51)
We write [ a(y)dy as follows
/a(y)dy = /fw(y)(l +T(y) Py, (52)

whereT'(y) denotes
1
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From here, we can apply the inequalities (50) and (51) arldwioa similar procedure as in the proof of
Theorem 1 to tightly bound(0) and#(0) when the input is constrained to be BPSK signaling. We caaiobt
that:

. z 1

70) = sup —=+-—— =(1-V2)%

(0) e (1—+z)
Therefore, BPSK is first-order optimal but not second-omjgmmal.

The QPSK calculations are very similar to the BPSK calcotetiand we can show that for QPSK

. z 1
7(0) = sup —= 4 —— = (1-2)%
©) ogpgl p 1+p =2

i) = ZORPSRS)

p*

which implies that QPSK is near-optimal.

B Proof of Theorem 3 and Theorem 4

In this section, we will prove Theorem 3 and Theorem 4. Fopstity, we only prove the case faB = 1, i.e.,
we focus on one of thé parallel channels in the channel model (7). The extensidhé@eneral case with

parallel channels is quite straightforward. Sihce 1, we drop the subscript dfin (7) and we have
y=Hx+w. (53)
We assume the average power available in each bloEljsi.e.,
E[||x|*] = PT.. (54)

Thus, the energy per degree of freedorifis which is small wheriv. is large.
In this proof, we will use the results for AWGN channels exsigaly. To avoid confusion in the notation, we

will use a superscript “NF” (Non-Fading) to denote any gugrihat was computed for the AWGN channel.

B.1 R(0) and first-order optimal condition

In the near capacity regiomR(> R..;:), where the random-coding exponent and sphere-packingnexyp are

tight, the reliability function constraint can be writtes a

sup _PR+ EO(P7p7 WC) =z,
0<p<i

27



and

1 1
Ey(P,p,W.) = —= sup sup—InFpy [/(/ q(x)eﬁ(l‘xHLPTc)f(y\x, H) 1ipdx)1+”dy . (55)
Te qerw.(p) 520

In this section, we first computg(0) in the case ob = 1, i.e., Eg. (27) in Theorem 3 is true. Similar to the

AWGN case, we can rewrite the error-exponent constraint as
R(1/W.) = sup ——+ ——1—=, (56)

given thatE, (P, p, W.) is a bounded quantity. However, to provides bound AQ(P, p, W,) is a bit more
involved as compared to the AWGN case, since Gallager'sdidgr calculations can not be applied here directly
due to the fading coherence between the degrees of freeduorlaFty, we establish the bounds in the following

lemma:

Lemma 7 Foranyp € [0, 1],
pPT,
1+p

1
0 < Eo(P,p,We) < T In(1+

)- (57)
Proof: The lower bound is obvious due to the positive prgpeftE, [4]. The upper bound can be obtained by
using the fact that

pp
Eé\[F(E P) < rp

Refer to [17] for a complete proof. o
Similar to the AWGN case, the key part in the first-order cltian is to establish thaniform convergence
of E,(P, p, W,) to E,(P, p, o), which further validates the exchangeldhit andsupremum in the calculation

of R(0). The uniform convergence is stated in the lemma below.

Lemma 8 Whenl¥,. goes to infinity,

1 PT.. .
Eo(P,p,We) = = In(1 + f <) uniformly forp < [0.1]. (58)
P

Proof: Because of (57), it suffices to show that for any 0, we can findWc(E), such that

pPT.

1
E (P, p,W,) > — In(1 +
(P.pWe) 2 o (14§

Te

)_67

for any W, > W. and for allp € [0, 1].

From the definition of&, (P, p, W), we know for any specific choice ¢i*} € Fy . (P), we have

EO(P7/77 Wc) > Eo(Pa q*7p7 Wc)7
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whereEO(P, q*, p, W) is defined as follows

E(Pa’spWe) = sup—In By | [([ 47?10y, 1) 5 ) oy

: 59
7,5 (59)

Now we choose* to be QPSK. Since noWx||? = PT, with probability 1, the power-constraint parameter

(3 does not affecE, (P, QPSK, p, W.) and we have

P|H|?

)
C

E,(P,QPSK,p,W,) = —Ti In By [exp{—DEéV B QPSK, p)}] : (60)

whereENF (p, QPSK, p) is

EXF(p,QPSK.p) = —n [ Eulfuly - )77 dy.

Next we show that for any > 0, we can findWc(E), such that

~ 1 pPT.
E0P7 PSK7 >Wc 2_1 1
(P,Q p, We) T n( 1,

) — €.
From (60), it suffices to show that

P v PIH|?
(1 4+ L) (- DB (P QPSK p)) | < ™ (61)

1—|—p c

NF (p,QPSK,p)

In last section, we have already shown thapas 0, E o — fp uniformly. In other words, for

anye’ > 0, we can find¢ > 0, such that for alp < ¢,

NF
EO (p7 QPSK7 p) > 1 — 6/7 fOI’ a”p E [07 1]7

pp I+p
or equivalently,
ENT(p,QPSK, p) > % —épp, forallp € 0,1], (62)
Note that
[ - vp, PIH|?
By |exo{-DEYF(PHL opsi, p)}]
[ 5 plH|? - Pl 2
= By | PP W QPSI) |2 < %} + B [e-DEéW we QPO |2 > —5?]
I 1y PLH|?
< By | PN 1P < S58) 4 pr(aP > 06 63)
S W,
S EH _6 (1£p EP)PTC‘H|2:| +PT(‘H‘2 > SP ) (64)
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The inequality in (63) comes from (62) and the fact th&{p, QPSK, p) > 0. For Rayleigh fading, we can

compute (64) and we have

Ey |exp{—DEN¥(

P|HJ? 1 _ewe
,QPSK, < +e P .
w, 9 MY =17 (12, — ép)PT,
We choose’ such that’ = 5%. We can then find the correspondigigvith respect to this choice af. We

then chooséV.® such that

_wid €
¢ S0+ P)
It is straightforward to check that for aW, > Wc(e), (61) will be held and thus complete the proof of this
Lemma. o
From here, it is straightforward to obtain

R(0) = lim R(1/W,) (65)

We—o00

o 11422
= Sup ——+7—————
o<p<t P Te p

(66)
Next we present a sufficient condition for a sequence of idsitibutionsgyy, (x) to be first order optimal.
Due to the similarity to the AWGN case, we present the follmgviemmas on first-order optimal signaling

schemes without proof.

Lemma 9 Assumindg) < z < z*, wherez* is defined by (26), a sufficient condition fofyy, } to be first-order

optimal is that

. - * _ 1 p*PTC
M}ClglooEo(P, qwe, p s We) = iln(l +7 e

); (67)

wherep* is the optimizing for (66).

Similar to the AWGN channel, in the fading channel with laggherence bandwidtid’,, it does not take
much to be first-order optimal. We restrict ourselves to ¢hesctor input distributions which are i.i.d. in each

dimension.

Lemma 10 For i.i.d. input distributions, such thaty, (x) = II2_, ¢(z,), a sufficient condition fofqy, (x)} €

Fw, (P) to be first-order optimal is thaj(z) is symmetric around zero, i.e.
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B.2 R(0) and second-order optimal condition

To computeR(0), we first establish a relationship betweB(0) and the derivative ofs, (P, p, W..) with respect
to 1/W.. We omit the proof of the following results due to the simifatio the AWGN case.

Theorem 8 If as W, goes to infinity, for eaclp € [0, 1], the limit of of W, [E,(P, p, W.) — E,(P, p, >0)] exists,

which we denote a&, (P, p, c0) and is a continuous function in and further,

We [Eo(P, p,We) = Eo(P, p,00)] — E,(P, p,00)  uniformly for all p € [0,1], (68)

R(0) can be determined as

> Eo P> *7
R(0) = wa (69)
P
wherep* is the optimizing in (66).
o
Next we verify the uniform convergence assumption needddheorem 8.
Lemma 11 AsW, goes to infinity, we have
W [Eo(P, p,W.) — Eo(P, p,0)] PP’ uniformly for p € [0, 1] (70)
c o s My c) — o s M - — ) ]
g ’ (L+p)(1+ p+ pPT.)? yiore
Proof: Similar to the proof of Theorem 7. Refer to [17] for a completoof. o

B.3 BPSKand QPSK

Now we prove the statement in Theorem 4 regarding BPSK andKQPi&e first-order optimality of BPSK and
QPSK can be easily seen from Lemma 10. In the proof of Lemmavélessentially showed that by choosing

the input distribution of QPSK,

- 1 pPT, pP? 1
E,(P,QPSK,p,W,) > —In(1 + — +6(—=—
(#Q P We) T. n( 1+p) (L+p)(L+ p+ pPT)*W, (WC)
On the other hand, it was also shown in the proof of Lemma 1il tha
- 1 pPT, pP? 1
E,(P,QPSK,p,W.) < E,(P,p,W,) < —In(1+ — +0(=—).
FQ P We) (B 0, We) T. nl 1+p) (L+p)(L+ p+ pPT)*W, (Wc)
Thus, we must have
~ 1 pPT, pP? .
W E,(P,QPSK,p,W,.) — —In(1 + — uniformly for p € [0, 1].
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Following a similar argument as in Theorem 8, we can easitgiob

- . p?
R(0) = R(0) = —(1 + p*)(1 4 p* + p*PT,)2

For BPSK, using the result in last section regarding BPSK¢areobtain that

~ pP 2pP? .
W E,(P,QPSK,p,W,.) —In(1 + —— - uniformly forp € [0, 1].
(o P.QPSK,pWe) = (14 {2 = — s s y forp € [0,1
Thus,
S 2P? R
R(0) = — < R(0).
O =T mare ooz <0
Therefore, QPSK is near optimal while BPSK is not. o
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