
Asymptotic Behavior of Error Exponents in the Wideband Regime∗

Xinzhou Wu and R. Srikant

Coordinated Science Lab

and

Department of Electrical and Computer Engineering

University of Illinois at Urbana-Champaign

xwu@uiuc.edu, rsrikant@uiuc.edu

December 10, 2006

Abstract

In this paper, we complement Verdú’s work on spectral efficiency in the wideband regime by investigating

the fundamental tradeoff between rate and bandwidth when a constraint is imposed on the error exponent.

Specifically, we consider both AWGN and Rayleigh-fading channels where the input symbols are assumed to

have a peak constraint. For the AWGN channel model, the optimal values ofRz(0) andṘz(0) are calculated,

whereRz(1/B) is the maximum rate at which information can be transmitted over a channel with bandwidth

B when the error-exponent is constrained to be greater than orequal toz. The computation ofRz(0) follows

Gallager’s infinite-bandwidth reliability function computation in [5], while the computation oḟRz(0) is new

and parallels Verdu’s second-order calculation for channel capacity in [14]. Based on these calculations, we

say that a sequence of input distributions is near optimal ifbothRz(0) andṘz(0) are achieved. We show

that QPSK, a widely-used signaling scheme, is near-optimalwithin a large class of input distributions for the

AWGN channel. Similar results are also established for a fading channel where full CSI is available at the

receiver.

1 Introduction

Communications in the wideband regime with limited power has attracted much attention recently. An important

characteristic of such communication systems is that they operate at relatively low spectral efficiency (bits per

∗Research supported by DARPA grant F30602-00-2-0542, AFOSRURI grant F49620-01-1-0365 and NSF ITR grant 00-85929
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Figure 1: The reliability function for AWGN channel with infinite bandwidth

second per Hz) and energy per bit. The advantages of communication over large bandwidth are many-fold:

power savings, higher data rates, more diversity to combat frequency-selective fading, etc. Thus, it is important

to understand the ultimate limits of communications in thisregime from an information-theoretic point of view,

and develop guidelines to design good signaling schemes.

Communications without a bandwidth limit, i.e., the available bandwidth is infinite, is well understood.

For the additive white Gaussian noise (AWGN) channel, the capacity, measured in nats per second, converges

to a constantP/N0 when the available bandwidthB goes to infinity. HereP (joule per second) denotes the

average power constraint at the input of the channel andN0/2 is the power-spectral density of the Gaussian

noise. Furthermore, a Gaussian signaling scheme is not mandatory to achieve this limit. Nearly all signaling

schemes are equally good in the sense that the correspondingmutual information converges to the same value

in the infinite bandwidth limit. For example, a simple on-offsignaling scheme with low duty cycle is capacity-

achieving in the infinite bandwidth limit. In [7], Massey showed that all mean zero signaling schemes can achieve

this limit.

The reliability functionE(R), as defined in [4], characterizes the exponential dependence of the probability

of decoding error on the codeword length for any coding rateR. Generally, the reliability function of a channel

is difficult to compute and is known for all rates only for a fewchannels. The infinite-bandwidth AWGN channel
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is one of these channels and its reliability function has thefollowing form[15, 4]

E(R) =











C∞
2 − R 0 ≤ R ≤ C∞

4 ;

(
√

C∞ −
√

R)2 C∞
4 ≤ R ≤ C∞,

(1)

whereC∞ = P/N0 denotes the infinite-bandwidth capacity, as shown in Figure1. More recently, Gallager [5]

investigated the infinite-bandwidth channel reliability function for a broader class of channels. Specifically, it was

shown in [5] that a simple expression exists for the infinite-bandwidth reliability function of any discrete-time

memoryless channel, if the input is constrained to use a fixed(does not change as the bandwidth increases) set of

discrete symbols.

Naturally, the results in the infinite bandwidth regime can be considered as guidelines for designing signaling

schemes in the wideband regime as well. However, in the wideband regime (when the available bandwidth is

large, but finite), the result based on the infinite bandwidthcalculations can be quite misleading. In [14], Verdú

pointed out that to understand the performance limit in the wideband regime, two quantities need to be studied:

the minimum energy per information bit( Eb

N0 min
) required to sustain reliable communication, and the slope of

spectral efficiency (bits/s/Hz) at the pointEb

N0 min
. If we treatC(·) as a function ofx = 1/B, it is easy to see

that studying these two quantities is equivalent to studying the optimal values of the following two quantities:

infinite-bandwidth capacityC(0) and the first-order derivative of capacity with respect tox, Ċ(0). In other

words, we need to study both the infinite-bandwidth capacity, and the rate at which this capacity is reached. In

[14], it is shown that, while many signaling schemes achieveC(0), only some of these reach the capacity at the

fastest possible slope given bẏC(0). We will refer to signaling schemes that achieve bothC(0) and Ċ(0) as

near-optimalinput distributions in the wideband regime. Further, althoughC(0) always has the same value for

non-fading or fading channels with different CSI,Ċ(0) is determined by the CSI and can be very different for

different channels.

This paper complements the work of Gallager [5] and Verdú [14] and considers the relationship between

probability of decoding error (represented by the reliability function), coding rate, and bandwidth for both AWGN

channels and multi-path fading channels. Specifically, we study the maximum rate at which information can be

transmitted over a channel, as a function of the available bandwidth, under a certain constraint on the reliability

function. For AWGN channels, instead of characterizing thecapacityC as a function of1/B as in [14], we are

interested in characterizingRz as a function of1/B, whereRz is the maximum rate such thatE(Rz) ≥ z and

E(R) is the reliability function of the channel. In the infinite bandwidth regime, we characterize the optimal

rateRz(0) with respect to a certain error-exponent constraint and study the conditions under which a signaling

scheme can achieve this optimal rate. In the wideband regime, bothRz(0) andṘz(0) need to be considered. A
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signaling scheme which can achieve bothRz(0) andṘz(0) is said to besecond-order optimalor near optimal

with respect to an error-exponent constraintz. In comparison, a signaling scheme which can achieveRz(0) is said

to befirst-orderoptimal. Our main contributions in this paper for AWGN channels are two-folds. First, although

Rz(0) can be computed from the well-known results [5, 15, 4], we explicitly establish a necessary condition for

an input distribution to be first-order optimal and further,we show that a large set of input distributions with

mean zero is first-order optimal. This observation is consistent with Massey’s proof in [7] from a capacity point

of view. Secondly, we provide a closed-form expression forṘz(0) for anyz ∈ (0, 1
4) and identify a widely-used

signaling scheme, QPSK, to be second-order optimal.

For fading channels, we use a doubly-block fading model where the available bandwidth spans multiple

coherence bandwidth. If we letWc denote the coherence bandwidth, the total bandwidth of the channel is then

assumed toB = bWc for someb ≥ 1. Either a largeb or a largeWc can lead to a large total bandwidth

bWc. However, these two regimes (the largeb regime and the largeWc regime) can have very different channel

behavior. Suppose we consider a wireless system with a totalbandwidth of10 MHz and if the delay spread is of

the order of1 µs., thenWc would be of the order of1 MHz and thus,b is of the order of10. In this paper, we focus

on such a system where the coherence bandwidthWc is large and further, we assume a coherent channel model.

By definingRz to be a function of1/Wc, we calculateRz(0) andṘz(0). Further, similar to the AWGN case, for

this channel model, we will show that QPSK can achieve bothRz(0) andṘz(0) and is thus near-optimal. In the

other case whereb is large, it may not be appropriate to assume any form of channel side information (CSI) and

thus a non-coherent channel model is more suitable. We referthe readers to [16] for first-order asymptotic results

for MIMO channels in this regime.

This paper is organized as follows. In section 2, we specify the channel models and formulate the prob-

lem that we wish to study. In section 3, we present the main results for both AWGN channels and multipath

fading channels. All the proofs will be presented in the Appendix. Section 4 contains concluding remarks and

discussions.

2 Channel models and problem formulation

In this section, we will describe the channel models we use tostudy the behavior of both the AWGN channel

and the multipath fading channel in the wideband regime. Further, we will rigorously formulate the problems we

consider.
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2.1 AWGN channels

We first consider a bandlimited AWGN channel with available bandwidthB :

y(t) = x(t) + w(t), (2)

wherew(t) is a complex symmetric Gaussian random process. We assume that we have an input power constraint

P (joules per second) for the channel (2). For notational convenience, we assume the noise power density

N0/2 = 1/2. Thus, the average powerP also indicates the average SNR of the channel. We pass the channel

output through a low-pass filter with bandwidthB and then sample the output of the filter at rate1/B. Thus, we

can represent the channel as a discrete-time memoryless channel as follows:

y = x + w, (3)

wherew is a complex symmetric Gaussian random variable with variance 1, i.e., w ∈ CN(0, 1). The power

constraint for this discrete-time channel is

E
(

|x|2
)

≤ P

B
. (4)

We want to study the asymptotic behavior of the communication rateR (nats per second) in terms of the available

bandwidthB under this power constraint and an error exponent constraint, which is described below.

Let Pe(Nt, R, P,B) be the minimum probability of decoding error for any block code with codeword length

N seconds (or equivalently,NtB symbols) and coding rateR. The error exponent at communication rateR (also

calledreliability function) of this channel is defined as

E(R,P,B) = lim
Nt→∞

− ln Pe(Nt, R, P,B)

Nt
. (5)

We desire a lower bound forE(R,P,B) and denote it byPz. (Without loss of generality, we scale the desired

minimum value for the error exponent byP for mathematical convenience.) LetRz(1/B) denote the maximum

possible rate at which communication is possible given thisdesired error exponent when the available bandwidth

is B. SinceE(P,R,B) is a decreasing function ofR, Rz(1/B) is the solution to the equation

E(P,R,B) = Pz. (6)

Our goals for AWGN channels are threefold:

(i) calculateRz(0) andṘz(0);

(ii) characterize the properties offirst-order optimalsignaling schemes, i.e., those that achieveRz(0); and
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(iii) find near-optimalor second-order optimalsignaling schemes in the wideband regime such that bothRz(0)

andṘz(0) can be achieved.

In the rest of the paper, we drop the subscript and simply refer to Rz asR. From the context, it should be

clear thatR is a function ofz.

2.2 Coherent fading channels

To characterize a multi-path fading channel, we use adoubly-blockRayleigh fading model. Specifically, we

assume block fading in both the time and frequency domains. Further, we assume that we have a rich-scattering

environment such that all the fading gains are Gaussian distributed. We assume that the fading is fixed in each

frequency-time block of durationTc and bandwidthWc, and independent from one block to another. In each

block, we can transmit roughlyWcTc symbols, from thedimensionality theorem[15]. We letD = WcTc and

refer toD as thecoherence dimensionof the channel.

For this channel model, we can represent the channel by

yl = Hlxl + wl, 1 ≤ l ≤ b, (7)

wherexl,yl,wl ∈ CD. We also assume that all entries ofwl are i.i.d. complex Gaussian with distribution

determined byCN(0, 1). In other words, we haveb parallel vector channels each with dimensionD. Similar to

the AWGN channel, we assume there is power constraintP (joules per second) for the fading channel, i.e., we

have the following constraint on the input of the channel (7):

b
∑

l=1

E[‖xl‖2] ≤ PTc. (8)

The doubly-block fading model is a simple approximation of the physical multipath fading channel. However,

it retains most of the important characteristics of channels in a fading environment. For a derivation of such a

model, we refer the interested reader to [12]. This model hasbeen used in [9] to achieve the lower bound for the

optimal bandwidth where spreading still increases non-coherent channel capacity. In [6], Hajek and Subramanian

use this model to calculate the reliability function and capacity for a non-coherent fading channel with a small

peak constraint on the input signals. However, this model issimpler than the model used by Médard and Gallager

[8], which allows correlation in both time and frequency blocks, or the model used Telatar and Tse [11], which

allows correlation in frequency blocks.

In the wideband regime, we know the available bandwidthbWc >> 1 and the energy available per degree of

freedom is small, i.e.,PbWc
<< 1. Obviously, a large bandwidth can be a result of either a largeb or a largeWc.
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However,b andWc have different impacts on the channel performance and the asymptotic results inb andWc can

be very different from each other and can lead to different conclusions. In this paper, we will focus on the case

whereWc is large. In this regime, we have large degrees of freedom in each coherence block although the energy

per degree of freedom is small. Thus, we might still be able tomeasure the channel accurately and therefore, we

assume a coherent fading channel model in this regime. However, to accurately illustrate the coherence level of

this channel model from an error exponent point of view is still a research topic for now. We refer the reader to

[18] for a discussion on the relationship between coherencelevel and coherence length from a capacity point of

view.

The ergodic capacity of such channels under full receiver side CSI is well known and is determined by the

following expression

C = bWcEH [ln(1 +
|H|2P
bWc

)] nats per second. (9)

The reliability functionE(R,P,Wc) of this channel can be defined as below

E(R,P,Wc) = lim
N→∞

− 1

Tc

ln Pe(N,R,P,Wc)

N
, (10)

wherePe(N,R,P,Wc) is the minimum probability of decoding error for all block codes with codeword length

NTc seconds and coding rateR (nats per second).

Let Rz(1/Wc) denote the maximum possible rate at which communication is possible given this desired error

exponentE(R,P,Wc) ≥ z. Our goal in studying this channel model in the wideband regime is still the same as

in the AWGN case: calculate bothRz(0) andṘz(0) and identify signaling schemes that can achieveRz(0) and

Ṙz(0).

3 Main results

In this section, we will present our main results for AWGN channels and coherent fading channels in two separate

sections without proof. Due to the technical nature of the proofs, we will present them in the Appendix.

3.1 AWGN channels

We begin by first carefully describing the set of signaling schemes that we will consider in this paper. Due to the

technicality in applying the sphere-packing bound, we onlyconsider input distributions with a finite alphabet. In

addition, for a givenp, we restrict ourselves to the alphabet with a peak constraintdefined below.
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Definition 1 Given positive constantsα,Km, p let A(p) denote the set of finite subsets of complex numbers

whose magnitude does not exceedKmpα.

In other words, we constrain the input such that the largest-magnitude symbol has to decrease asp decreases,

although it can decrease at an arbitrarily slow rate. As we will show later, the choice of the parametersKm andα

are not relevant to the result. Thus,Km can be an arbitrary large number andα can be an arbitrary small positive

number. We refer to alphabet satisfying the conditions above to beA(p).

Definition 2 Define

D(p) = {q : Eq[|x|2] = p; support of q is an element inA(p).}.

A signaling scheme is a sequence of input distributions, parameterized byB. For eachB, we can only choose

an input distribution from the setD(P/B).

Definition 3 We defineF(P ) to be the set of signaling schemes, which are parameterized by B and satisfy

F(P ) = {{qB} : qB ∈ D(P/B)} , (11)

whereD(P/B) is defined by Definition 2. ⋄

By choosing signaling schemes fromF(P ), we are ruling out thosepeakysignaling schemes in which one

of the input symbols remains constant or goes to∞, while the average power per degree of freedom goes to0.

In the following lemma, we state the well-known sphere packing and random coding bounds [3, 10] on the

reliability functionE(R,P,B) defined by (5) for AWGN channels whose input alphabet is any fixed discrete set

of points inA(P/B).

Lemma 1 Consider the discrete-time additive Gaussian channel (3) with bandwidthB and input signaling

schemes constrained byF(P ). Then the reliability function for this channel satisfies

Er(R,P,B) ≤ E(R,P,B) ≤ Esp(R,P,B), (12)

with

Er(R,P,B) = sup
0≤ρ≤1

−ρR + BEo(P/B, ρ), (13)

Esp(R,P,B) = sup
ρ≥0

−ρR + BEo(P/B, ρ),

Eo(P/B, ρ) = sup
q∈D(P/B)

sup
β≥0

− ln

∫
(
∫

q(x)eβ(|x|2−P/B)fw(y − x)
1

1+ρ dx

)1+ρ

dy, (14)

wherefw(x) is the probability density function of a complex Gaussian random variableCN (0, 1). ⋄
8



Remarks: Note there exists acritical rate Rcrit, such that forR ≥ Rcrit, the sphere packing bound and the

random-coding bound coincide with each other and thus the random-coding exponent (13) with (14) actually is

the true reliability function. Thus, if we only focus on thisrate region, by characterizing the asymptotic behavior

of (13) whenB is large, we get the asymptotic behavior of the reliability function. In the following theorem, we

obtain closed-form expressions forR(0) andṘ(0).

Theorem 1 Consider the discrete-time additive Gaussian channel (3) with bandwidthB and input signaling

schemes constrained byF(P ). Let R(1/B) be the maximum rate at which information can be transmitted on

this channel such that the following error-exponent constraint is satisfied:

E(R,P,B) ≥ Pz, 0 < z <
1

4
. (15)

We have

R(0) = lim
B→∞

R(1/B) = P (1 −
√

z)2, (16)

and

Ṙ(0) = −P 2(1 −√
z)3

2
. (17)

⋄

Remarks: The constraint onz in (15) arises from the fact that the reliability function isonly determined for a

certain range ofz. Outside this range, the random-coding exponent is not necessarily tight. As we will show later,

z = 1
4 is the error exponent forR = Rcrit in the infinite bandwidth limit. We now argue that for0 < z < 1

4 ,

when the bandwidth is sufficiently large, the solutionR(1/B) to (15) will exceedRcrit(1/B) and thus, the

error exponent atR(1/B) is equal to the random-coding exponent. To be precise, we state this argument in the

following lemma. It follows from this lemma that we can represent the reliability function by the random-coding

exponent if we only considerz < 1
4 .

Lemma 2 LetRr(1/B) be the solution to the random-coding exponent constraintEr(R,P,B) = Pz, for a fixed

z ∈ (0, 1
4). For a fixedz < 1

4 , we must be able to find aBz < ∞, such that for allB > Bz, R(1/B) = Rr(1/B).

Proof: Please refer to [17]. ⋄
It should be noted that the constraints on the input signaling are not necessary to obtain the first-order result

(16). In other words, introducingpeakinessor allowing continuous alphabet symbols in the input distributions

will not improve the error exponent in the infinite bandwidthlimit for the AWGN channel. These constraints

only play a role in obtaining the second-order terms in the expansion ofRz(1/B) around1/B = 0.
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A main goal of our study of the wideband reliability functionhere is to find good signaling schemes in the

sense that they can achieveR(0) andṘ(0). To do that, we first definefirst-order optimalityandnear optimality

(or second-order optimality) formally of a signaling scheme in the wideband regime, in a similar way as in [14].

Definition 4 Consider a signaling scheme{qB(x)} ∈ F(P ) parameterized byB. Let R̃(1/B) be the solution

of

Pz = E(R, qB , P,B) (18)

whereE(R, qB , P,B) is the reliability function of the channel when the input distribution is fixed to beqB. This

signaling scheme is said to befirst-order optimalwith respect to the normalized error exponentz, if

R̃(0) = R(0).

⋄

Definition 5 A signaling scheme{qB(x)} ∈ F(P ) is calledsecond-order optimalor near optimalwith respect

to the normalized error exponentz if

R̃(0) = R(0); (19)

˙̃R(0) = Ṙ(0), (20)

whereR̃(1/B) is the solution to (18). ⋄

For AWGN channels, we obtain a sufficient condition for a signaling scheme to be first-order optimal. Then,

we study the performance of two simple signaling schemes as in [14]: BPSK and QPSK. Specifically, when we

say BPSK or QPSK, we mean the following. Letp = P/B be the available power per degree of freedom. For

BPSK, we choose the input to be either
√

p or−√
p with equal probability; for QPSK, the input alphabet consists

of
√

p
2 (1 + j),

√

p
2 (1 − j),

√

p
2 (−1 + j), and

√

p
2(−1 − j), all chosen with equal probability as well.

Theorem 2 For AWGN channels, all signaling schemes inF(P ) which are symmetric around0 are first-order

optimal for any givenz ∈ (0, 1
4 ). Thus, both BPSK and QPSK are first-order optimal; however, only QPSK is

second-order optimal. ⋄

Remarks: From this theorem, we know that it does not take much for a signaling scheme to be first-order

optimal. This result is consistent with the capacity resultshown by Massey in [7].
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Figure 2: The maximal rateR for BPSK and QPSK for a fixed normalized error exponentz = 0.1.

To get a better feel for how differently BPSK and QPSK behave in the wideband regime, we plotR as a

function of1/B for both BPSK and QPSK in Figure 2. As shown in Figure 2, asB → ∞, both BPSK and QPSK

can achieve the optimal rateR(0). However, only QPSK can achievėR(0).

Another way to understand the difference between the performance of BPSK and QPSK is to study the

fundamental tradeoff between spectral efficiency and energy per information bit (Eb/N0), as suggested in [14].

We plot this tradeoff in Figure 3. From this figure, we can see that both BPSK and QPSK can achieve the optimal

Eb

N0 min
, however, only QPSK can achieve the optimal spectral efficiency slope at the pointEb

N0 min
.

As compared to Figure 2 in [14], the major difference here is that Eb

N0 min
in Figure 3 is around3.3dB higher,

since we have a more stringent constraint than just reliablecommunications, as considered in [14].Eb

N0 min
here

denotes the minimal energy per information bit such that theprobability of error has to decay faster thane−Nz

as the codeword lengthN increases.

3.2 Coherent fading channels

Next, we consider coherent fading channels. As in the case ofthe AWGN channel, we first describe our assump-

tions on the input signaling schemes.

Definition 6 DefineQb
Wc

(P ) to be the set of joint input distributions onX = (x1,x2, · · · ,xb), where{xl, l =

1, 2, · · · , b} are vectors with dimensionD = WcTc, which satisfy the following

1. the average power constraint (8) is satisfied;
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Figure 3: Spectral efficiencies achieved by QPSK and BPSK in the AWGN channel, when the error exponent is

constrained byz = 0.1.

2. the distribution has a discrete alphabet, consisting of finite number of symbols;

3. each symbol can be chosen from a given setSb
Wc

. The set of symbolsSb
Wc

is defined as follows:

Sb
Wc

= {X = {x1,x2, · · · ,xb} : xl ∈ CD; max
d=1,2,···D

|xld| ≤ KmW−α
c ∀l = 1, 2, · · · , b}, (21)

whereKm andα are allowed to be any positive constants independent ofWc. ⋄

The signaling schemes of interest to us are defined as follows.

Definition 7 We defineFb
Wc

(P ) to be the set of signaling schemes, which are parameterized by Wc and satisfy

Fb
Wc

(P ) =
{

{qWc} : qWc ∈ Qb
Wc

(P )
}

, (22)

whereQb
Wc

(P ) was defined in Definition 6. ⋄

The reliability function for our discrete-time channel model (7) is upper and lower bounded as stated in the

following lemma.

Lemma 3 Consider the coherent fading channel model (7) (available bandwidthbWc) with H known at the

receiver. Assume that the input distribution satisfies the average power constraint (4) and the constraint in in

Fb
Wc

(P ). The reliability functionE(R,P,Wc) satisfies

Er(R,P,Wc) ≤ E(R,P,Wc) ≤ Esp(R,P,Wc),
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with

Er(R,P,Wc) = sup
0≤ρ≤1

−ρR + Eo(P, ρ,Wc),

Esp(R,P,Wc) = sup
ρ≥0

−ρR + Eo(P, ρ,D),

Eo(P, ρ,Wc) = sup
q∈Fb

Wc
(P )

sup
β≥0

− 1

Tc
ln EH

∫
(
∫

q(X)eβ(‖X‖2−PTc)f(Y|X,H)
1

1+ρ dX

)1+ρ

dY. (23)

Proof: We can apply the random-coding and sphere-packing exponents [10] to this channel model by viewing

the channel as a memoryless channel with outputŶ = {Y,H}. The term 1
Tc

in (23) is to account for the fact

that the rateR here is defined to be nats per second, rather than nats per discrete time slot. ⋄
The constraint on the error exponent is

E(R,P,Wc) ≥ Pz, (24)

and we need to solve forR(0) and Ṙ(0) whereR is a function for 1
Wc

for a fixedb. We have the following

theorem.

Theorem 3 Consider a coherent Rayleigh-fading vector channel (7) with the input signaling constrained by

Fb
Wc

(P ). Let R(1/Wc) be the maximum rate at which information can be transmitted on this channel such that

the following error-exponent constraint is satisfied:

E(R,P,Wc) ≥ Pz, 0 < z < z∗, (25)

wherez∗ is defined as follows

z∗ =
b

PTc
ln(1 +

PTc

2b
) − 1

4 + 2PTc/b
. (26)

We have

R(0) = lim
Wc→∞

Rb(1/Wc) = sup
0≤ρ≤1

−Pz

ρ
+

1

Tc

b ln
(

1 + ρPTc

b(1+ρ)

)

ρ
, (27)

and

Ṙ(0) = − P 2

b(1 + ρ∗)(1 + ρ∗ + ρ∗PTc

b )2
, (28)

whereρ∗ is the optimizingρ in (27). ⋄

The constraint onz in (25) again comes from the fact that the reliability function is only known whenR ≥
Rcrit. Now we show thatz∗ given by (26) is the corresponding error exponent atRcrit whenWc goes to infinity.
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Figure 4: The error exponent curve fromRcrit to capacity for the channel with infinite coherence dimension.

b = Tc = 1. P = 100.

From the property of the critical rateRcrit, we know the optimizingρ in (27) at the corresponding error exponent

zcrit is 1. Thus, taking derivative of the right side of (27) with respect to ρ, we must have

zcrit

ρ2
− b

Tc

ln(1 + ρPTc

b(1+ρ))

ρ2
+

b

Tc

PTc/b

ρ(1 + ρPTc

b(1+ρ) )

1

(1 + ρ)2

∣

∣

∣

∣

∣

∣

ρ=1

= 0.

By solving this, it is straightforward to havezcrit = z∗ with z∗ determined by (26). The corresponding rateRcrit

can be obtained as follows

Rcrit = −zcrit +
b

Tc
ln(1 +

PTc

2b
)

=
P

4 + 2PTc

b

.

Using a similar argument as in the AWGN channel case, we can argue that forz ∈ (0, z∗), the reliability function

coincides with the random-coding exponent for sufficientlylargeWc . Thus, the calculation ofR(0) andṘ(0)

can be carried out by using the random-coding exponent.

Another observation here is that the applicable region (in terms ofR), where the random-coding exponent

coincides with the sphere-packing exponent, actually covers most of the rate region from0 to capacity, when the

available energy per coherence blockPTc

b is fairly large. To see this, we first notice that asWc goes to infinity,

our capacityC∞ in (9) is P. Thus, the critical rateRcrit can be also written as 1
4+2PTc

b

C∞. When PTc

b is large,

14



we haveRcrit << C∞. This observation is also shown in Figure 4. For simplicity, we chooseb = Tc = 1 in this

numerical example and chooseP = 100.

Next, we need to identify those signaling schemes which can achieveR(0) andṘ(0). Again, we consider

BPSK and QPSK signaling. However, for the fading channel (7), these two signaling schemes have slightly differ-

ent meanings than what we defined in last section for AWGN channels. Specifically, for both BPSK and QPSK,

we spread the available power in each coherent block equallyamong all the time-frequency coherent blocks and

make the distributions in each dimension i.i.d. For BPSK, the symbols for each dimension are
√

P/bWc and

−
√

P/bWc, with equal probability. For QPSK, the symbols are
√

P
2bWc

(1 + j),
√

P
2bWc

(1− j),
√

P
2bWc

(−1 + j)

and
√

P
2bWc

(−1 − j). Similar to the AWGN case, we have

Theorem 4 Both BPSK and QPSK are first-order optimal for any givenz ∈ (0, z∗); however, only QPSK is

second-order optimal. ⋄

3.3 Implications and discussion

The results that we have obtained for both AWGN channels and coherent fading channels are consistent with the

results from a capacity point of view in the seminal work [14]. By lettingz go to0, the quantityRz becomes the

capacity of the channel. Thus, it can be easily checked that by takingz to be0, we can recover the capacity results

by using the expressions in Theorem 1 and Theorem 3. However,we also have to point out that in [14], a very

general treatment is provided for a much broader class of channel models. In this paper, due to the complexity

of the calculation of the reliability function, we only calculated the first and second order rate approximation for

two very specific channel models.

Despite the similarity between our results and Verdu’s results regarding near-optimal signaling, the fact that

QPSK isstill near-optimal under a certain error exponent constraint is still somewhat surprising because of

the following reason. In general, very little is known aboutthe conditions under which an input distribution

achieves the optimal error exponent at a given rate, even in the infinite bandwidth limit. It is not necessarily

true that capacity-achieving distributions are also optimal from an error-exponent point of view. One example is

the infinite-bandwidth non-coherent Rayleigh fading channel, which is studied in [16]. Thus, it is not obvious

that actually QPSK can do well in the wideband regime from an error exponent point of view,even though it is

wideband optimal from a capacity point of view.
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4 Conclusions

In this paper, we have studied the maximum rate at which information transmission is possible in additive Gaus-

sian noise channels and coherent fading channels, for a given error exponent in the wideband regime. Given a

desired error exponent, our main contribution is the calculation of the above rate and its derivative in the limit

when the available bandwidth goes to∞. For fading channels, we focus on the case when the coherence band-

width Wc is large. This also leads to a notion of near-optimality of input distributions, where a sequence of

distributions is defined to be near-optimal if it achieves both the rate and its derivative in the infinite bandwidth

limit. As in [14], we show that for both AWGN and coherent fading channels, while QPSK is near-optimal,

BPSK is not.

This result is surprising to some extent. Generally, it is not well-understood as to what signaling scheme is

optimal, i.e., given a coding rate, it is difficult to find the input distribution that gives the smallest probability

of decoding error. In this paper, we consider the problem from an alternate point of view, we fix a given error

exponent, and consider optimal signaling schemes that gives the largest communication rate. The capacity-

achieving schemes, which corresponds to zero error exponent, are not necessarily the best schemes from the

error exponent point of view. However, the results in this paper tell us, in the wideband regime, QPSK is near-

optimal with respect to a nonzero error exponent just as it isnear-optimal for the capacity case for both AWGN

and coherent fading channels. Thus, it can not only achievescapacity, but also achieves the the best probability

of decoding error, in the wideband regime.

A Proof of Theorem 1 and Theorem 2

Due to the technical nature of the calculations needed in theproofs of our main results, we first summarize the

key steps of the proof to help the reader follow the proof of our main results.

The proof of Theorem 1 can be broken down into the following major steps:

1. We first relate the problem of findingR(0) andṘ(0), whereR is the communication rate per second as a

function of1/B, to the problem of findinġr(0) andr̈(0), wherer is the communication rate per degree of

freedom in (3) as a function ofp, wherep denotes the SNR per degree of freedom.

2. The calculation oḟr(0) can be related to the optimal value forEo in the infinite bandwidth limit; an upper

bound is derived forEo using a simple inequality; this bound is further shown to be achievable;
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3. r̈(0) can also be related to certain derivatives ofEo; a better upper bound is derived forEo which yields an

upper bound for̈r(0); this bound is also shown to be achievable.

The next several subsections will prove the main results following these three steps.

A.1 Communication rate and error exponent per degree of freedom

It is shown in [14] that the capacityC in a bandlimited channel with limited available powerP, but large available

bandwidthb, can be related to the capacityc in a scalar channel with small available powerp = P/B. Thus,

the problem of finding optimalC(0) andĊ(0) can be shown to be equivalent to the problem of finding optimal

ċ(0) andc̈(0). The relationship betweenC(0) andċ(0) is also extensively studied in an earlier paper [13], where

the notioncapacity per unit costwas studied. We first show that a similar connection can be made between the

error-exponent constrained ratesR (nats per second) andr (nats per symbol).

Theorem 5 Consider a scalar Gaussian channely = x + w with average power constraintp. Further, the

signaling schemes are constrained byF̃(p) = {{qp(x)} : qp(x) ∈ D(p)} . Letr be the maximum rate per symbol

at which information can be transmitted through channel (3)such that the error exponent satisfies

Ê(r, p) ≥ pz, 0 < z <
1

4
,

whereÊ(r, p) is the error exponent per symbol of the scalar channel with power constraintp. Considerr as a

function ofp. LetR (nats per second) be defined as the solution to (15). We have

R(0) = P ṙ(0);

Ṙ(0) =
P 2r̈(0)

2
.

Proof: Please refer to [17]. ⋄
Thus, the original problem of findingR(0) and Ṙ(0) in the wideband regime is equivalent to finding the

optimal values forṙ(0) and r̈(0), given a constraint on the reliability function̂E(r, p) ≥ pz. In the rest of this

proof, we will deal with this scalar channel problem. For notational convenience, we useE(r, p) to denote the

error exponent per symbol of the single channel instead of using Ê(r, p).

A.2 Optimal value of ṙ(0) and first-order optimal signaling schemes

We know for the error-exponent constraint in the range of(0, 1
4) andp sufficiently small, we have

E(r, p) = Er(r, p) = sup
0≤ρ≤1

−ρr + Eo(p, ρ),
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where

Eo(p, ρ) = sup
qp∈F̃(p)

sup
β≥0

− ln

∫
(
∫

qp(x)eβ(|x|2−p)fw(y − x)
1

1+ρ dx

)1+ρ

dy. (29)

Thus, the constraint on the error exponent can also be written as

pz = sup
0≤ρ≤1

−ρr + Eo(p, ρ). (30)

With some effort, we can further show that this constraint isequivalent to the following expression

r

p
= sup

0≤ρ≤1
−z

ρ
+

Eo(p, ρ)

pρ
. (31)

Now we prove the following lemma:

Lemma 4 For 0 < z < 1
4 ,

ṙ(0) = (1 −
√

z)2. (32)

Proof: This result can be calculated by using Gallager’s calculation in [5] and some additional careful manipu-

lations. Please refer to [17] for a complete proof. ⋄
Next we study conditions for a sequence of input distributions to be first-order optimal. It is straightforward

to see that

Lemma 5 Assuming0 < z < 1
4 , a sufficient condition for{qp} ∈ F̃(p) to be first-order optimal is that

lim
p→0

Ẽo(p, qp, ρ
∗)

p
=

ρ∗

1 + ρ∗
, (33)

where

Ẽo(p, qp, ρ) = sup
β≥0

− ln

∫
(
∫

qp(x)eβ(|x|2−p)fw(y − x)
1

1+ρ dx

)1+ρ

dy

andρ∗ =
√

z
1−√

z
.

Proof: To show that (33) is sufficient, it suffices to show thatgiven a signaling schemeqp, the corresponding rate

˜r(p) given an error exponent constraintẼo(p, qp, ρ) ≥ pz satisfies

lim
p→0

r̃(p)

p
= (1 −

√
z)2.

If limp→0
Ẽo(p,qp,ρ∗)

p = ρ∗

1+ρ∗ , we have

lim inf
p→0

r̃

p
≥ lim inf

p→0
− z

ρ∗
+

Ẽo(p, qp, ρ
∗)

pρ∗

= − z

ρ∗
+ lim

p→0

Ẽo(p, qp, ρ
∗)

pρ∗

= − z

ρ∗
+

1

1 + ρ∗

= (1 −
√

z)2.
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On the other hand, we know that

lim sup
p→0

r̃

p
= lim sup

p→0
sup

0≤ρ≤1
−z

ρ
+

Ẽo(p, qp, ρ)

pρ

≤ lim sup
p→0

sup
0≤ρ≤1

−z

ρ
+

Eo(p, ρ)

pρ

≤ lim sup
p→0

sup
0≤ρ≤1

−z

ρ
+

1

1 + ρ

= (1 −
√

z)2.

Thus, the limit of r̃p exists and we have

˙̃r(0) = lim
p→0

r̃

p
= (1 −

√
z)2.

⋄
Actually, it does not take much to be first-order optimal.

Lemma 6 For a fixed0 < z < 1
4 , a sequence of input distributionqp ∈ F̃(p) is first-order optimal if it is

symmetric around0.

Proof: To show this, we need to check (33) for a sequence of mean-zero input distributionqp ∈ F̃(p). Since it is

always true that

lim sup
p→0

Ẽo(p, qp, ρ
∗)

p
≤ ρ∗

1 + ρ∗
,

it suffices to show that

lim inf
p→0

Ẽo(p, qp, ρ
∗)

p
≥ ρ∗

1 + ρ∗
.

Note

Ẽo(p, qp, ρ
∗) = sup

β≥0
− ln

∫

α(y)1+ρ∗dy

= sup
β≥0

− ln

∫

fw(y)(1 + T (y))1+ρ∗dy,

whereα(y) andT (y) are defined below:

α(y) =

∫

qp(x)eβ(|x|2−p)fw(y − x)
1

1+ρ dx; (34)

T (y) =

∫

qp(x)eβ(|x|2−p)
[

fw(y − x)

f(y|0)

]

1
1+ρ

dx − 1. (35)
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To achieve a lower bound, we chooseβ = θ = ρ∗

1+ρ∗ . Further, we use the following inequality

(1 + t)1+ρ∗ ≤ 1 + (1 + ρ∗)t +
ρ∗(1 + ρ∗)

2
t2.

This leads to

Ẽo(p, qp, ρ
∗) ≥ − ln

∫

fw(y)(1 + (1 + ρ∗)T (y) +
ρ∗(1 + ρ∗)

2
T 2(y))dy.

Whenβ = θ, it can be shown that

∫

fw(y)(1 + (1 + ρ∗)T (y))dy = −ρ∗ + (1 + ρ∗)e−θp,

and
∫

fw(y)T 2(y)dy = 1 − 2e−θp + E

[

e
2Re(x1x∗2)

(1+ρ∗)2

]

e−2θp,

wherex1 andx2 are i.i.d. random variables distributed according toqp(x).

Next we claim

lim
p→0

∫

fw(y)T 2(y)dy

p
= 0.

Sincelimp→0
(1−e−θp)2

p = 0, it suffices to show

lim
p→0

E

[

e
2Re(x1x∗2)

(1+ρ∗)2

]

− 1

p
= 0.

This can be easily shown (refer to [17]) by using the assumption thatqp(x) is symmetric around0 and

|x|max < Kmpα.

Thus, we have

lim inf
p→0

Ẽo(p, qp, ρ
∗)

p
≥ lim inf

p→0

− ln(−ρ∗ + (1 + ρ∗)e−θp + o(p))

p

= lim inf
p→0

− ln(1 − ρ∗p
1+ρ∗ + o(p))

p

=
ρ∗

1 + ρ∗
.

⋄
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A.3 The optimal value of r̈(0)

In this section, we compute the value ofr̈(0). To do this, we first connecẗr(0) to the second partial derivative of

Eo(p, ρ) with respect top.

Theorem 6 Assume the second partial derivative ofEo(p, ρ) with respect top at p = 0 (denoted as̈Eo(0, ρ))

exists for anyρ ∈ [0, 1]. Further, assume that

Eo(p,ρ)
pρ − Ėo(0,ρ)

ρ

p
→ Ëo(0, ρ)

2ρ
uniformly for ρ ∈ [0, 1],

and Ëo(0,ρ)
ρ is a continuous and bounded function ofρ for ρ ∈ [0, 1]. Thenr̈(0) can be determined by

r̈(0) =
Ëo(0, ρ

∗)
ρ∗

, (36)

whereρ∗ =
√

z
1−√

z
.

Proof: First we show that

r̈(0) = lim sup
p→0

r(p) − pṙ(0)

p2/2
≤ Ëo(0, ρ

∗)
ρ∗

.

The uniform convergence gives us: for anyǫ > 0, we can findη(ǫ) such that for allp < η(ǫ),

∣

∣

∣

∣

∣

∣

Eo(p,ρ)
pρ − Ėo(0,ρ)

ρ

p
− Ëo(0, ρ)

2ρ

∣

∣

∣

∣

∣

∣

< ǫ for all ρ ∈ [0, 1].

In other words, forp < η(ǫ), we can write

Eo(p, ρ) ≤ Ėo(0, ρ)p + Ëo(0, ρ)p2/2 + ρǫp2.

It is easy to see that

r(p) ≤ sup
0≤ρ≤1

−pz

ρ
+

Ėo(0, ρ)p + Ëo(0, ρ)p2/2

ρ
+ ǫp2. (37)

Assumeρ(p) is the optimizingρ for (37). From the first-order calculation, we already know that

Ėo(0, ρ) =
ρ

1 + ρ
.

Since the optimization in (37) is performed over a compact set [0, 1] and by assumption̈Eo(0, ρ) is continuous

in ρ, the optimizingρ must exist.

We must have

r(p) ≤
{

sup
0≤ρ≤1

−pz

ρ
+

pĖo(0, ρ)

ρ

}

+
Ëo(0, ρ(p))p2

2

ρ(p)
+ ǫp2.
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We know that

ṙ(0)p = sup
0≤ρ≤1

−pz

ρ
+

pĖo(0, ρ)

ρ
.

This gives us
r(p) − pṙ(0)

p2/2
≤ Ëo(0, ρ(p))

ρ(p)
+ 2ǫ.

Letting ǫ go to0, we have

r̈(0) = lim sup
p→0

r(p) − pṙ(0)

p2/2

≤ lim sup
p→0

Ëo(0, ρ(p))

ρ(p)

=
Ëo(0, ρ

∗)
ρ∗

, (38)

whereρ∗ is the optimizingρ of (37) asp goes to zero, and can be shown to be equal to
√

z
1−√

z
. The last equation

(38) can be easily verified given thatËo(0,ρ)
ρ is a continuous function ofρ, if we havelimp→0 ρ(p) = ρ∗. We refer

the readers to [17] for proof of this fact.

To complete the proof of the theorem, it suffices to show

r̈(0) = lim inf
p→0

r(p) − pṙ(0)

p2/2
≥ Ëo(0, ρ

∗)
ρ∗

.

To see this, we chooseρ = ρ∗ in (37) and we have

r(p) ≥ −pz

ρ∗
+

pĖo(0, ρ
∗)

ρ∗
+

Ëo(0, ρ
∗)p2

2

ρ∗
− ǫp2.

It is easy to see that

ṙ(0) = − z

ρ∗
+

Ėo(0, ρ
∗)

ρ∗
,

and thus, we have

r(p) − pṙ(0)

p2/2
≥ Ëo(0, ρ

∗)
ρ∗

− 2
ǫp2

p2
.

Lettingp → 0, we will have

r̈(0) ≥ Ëo(0, ρ
∗)

ρ∗
.

⋄
Thus, to obtain the optimal value for̈r(0), we need to verify the uniform convergence assumption in Theo-

rem 6 and calculateËo(0,ρ∗)
ρ∗ , which is established in the next theorem.
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Theorem 7
Eo(p,ρ)

pρ − Ėo(0,ρ)
ρ

p
→ − 1

2(1 + ρ)3
uniformly for ρ ∈ [0, 1], (39)

asp goes to0.

Proof: To show uniform convergence, we both upper and lower bound

Eo(p,ρ)
pρ − Ėo(0,ρ)

ρ

p

by a function ofρ plus a small termδ(1), which converges to0 uniformly for ρ ∈ [0, 1], asp goes to0. Specifi-

cally, we want to show that whenp is small, we have

Ëo(0, ρ)

2ρ
+ δ1(1) ≤

Eo(p,ρ)
pρ − Ėo(0,ρ)

ρ

p
≤ Ëo(0, ρ)

2ρ
+ δ2(1),

where bothδ1(1) andδ2(1) converge to0 uniformly asp goes to0. The uniform convergence of

Eo(p,ρ)
pρ − Ėo(0,ρ)

ρ

p

follows easily from here. We will first show an upper bound, then we will obtain a lower bound by using QPSK

signaling at the input. Throughout this proof, we will use the notationδ(pm) to denote a term satisfying that asp

goes to0, δ(pm)
pm → 0 uniformly for ρ ∈ [0, 1].

We know that

Eo(p, ρ) = sup
{qp}∈F̃(p)

Ẽo(p, qp, ρ).

However, it is easy to see that we will not lose any optimalityif we constraint ourselves to those input distributions

which perform at least as good as QPSK. In other words, we have

Eo(p, ρ) = sup
{qp}∈G̃(p)

Ẽo(p, qp, ρ), (40)

whereG̃(p) is defined as

G̃(p) =
{

{qp} ∈ F̃(p) : Ẽo(p, qp, ρ) ≥ Ẽo(p,QPSK, ρ),∀p > 0
}

(41)

First we claim that: for any sequence of input distributions{qp(x)} ∈ G̃(p),

Eo(p,ρ)
pρ − Ėo(0,ρ)

ρ

p
≤

− inf{qp}∈G̃(p) infβ≥0
∫

α(y)1+ρdy + e−
ρp

1+ρ

ρp2
. (42)
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This claim can be proved by the following series of inequalities:

Eo(p,ρ)
pρ − Ėo(0,ρ)

ρ

p

=
− ln

(

inf{qp}∈G̃(p) infβ≥0

∫

α(y)1+ρdy
)

− ρp
1+ρ

ρp2

=
− ln

(

e
ρp

1+ρ inf{qp}∈G̃(p) infβ≥0
∫

α(y)1+ρdy
)

ρp2

=

ln 1

e
ρp

1+ρ inf{qp}∈G̃(p) infβ≥0

∫

α(y)1+ρdy

ρp2

≤
−1 + 1

e
ρp

1+ρ inf{qp}∈G̃(p) infβ≥0

∫

α(y)1+ρdy

ρp2

=
−e

ρp
1+ρ inf{qp}∈G̃(p) infβ≥0

∫

α(y)1+ρdy + 1

ρp2

1

e
ρp

1+ρ inf{qp}∈G̃(p) infβ≥0

∫

α(y)1+ρdy

≤
−e

ρp
1+ρ inf{qp}∈G̃(p) infβ≥0

∫

α(y)1+ρdy + 1

ρp2e
ρp

1+ρ

(43)

=
− inf{qp}∈G̃(p) infβ≥0

∫

α(y)1+ρdy + e−
ρp

1+ρ

ρp2
.

The inequality (43) is true because that the first order results imply

inf
{qp}∈G̃(p)

inf
β≥0

∫

α(y)1+ρdy = e−Eo(p,ρ) ≥ e−
ρp

1+ρ ,

which leads to

−e
ρp

1+ρ inf
{qp}∈G̃(p)

inf
β≥0

∫

α(y)1+ρdy + 1 ≤ 0.

On the other hand,

inf
{qp}∈G̃(p)

inf
β≥0

∫

α(y)1+ρdy ≤ inf
{qp}∈G̃(p)

∫

α(y)1+ρdy|β=0

= inf
{qp}∈G̃(p)

∫

(

∑

k

qkf(y|xk)
1

1+ρ

)1+ρ

dy

≤ inf
{qp}∈G̃(p)

∫

(

∑

k

qkf(y|xk)

)

dy

= 1.

These two bounds together give us (43).
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Next, we further bound
∫

α(y)1+ρdy for any sequence of input distributions{qp} ∈ G̃(p). We claim the

following: for all qp(x) and allβ, we have
∫

α(y)1+ρdy =

∫

fw(y)(1 + T (y))1+ρdy

≥ 1 + (1 + ρ)

∫

fw(y)T (y)dy +
ρ(1 + ρ)

2

∫

fw(y)T 2(y)dy +
ρ(1 + ρ)(ρ − 1)

6

∫

fw(y)T 3(y)dy.

(44)

This claim is quite obvious by noticing that the following inequality is true for allt ≥ −1 and allρ ∈ [0, 1] :

(1 + t)1+ρ ≥ 1 + (1 + ρ)t +
ρ(1 + ρ)

2
t2 +

ρ(1 + ρ)(ρ − 1)

6
t3.

We will now treat the three terms in (44), which involvesT (y), separately and find a bound for each of them.

For the first term, we have
∫

fw(y)T (y)dy =

∫

fw(y)T (y)dy (45)

= E[eβ(|x|2−p)e−θ|x|2] − 1 (46)

≥ e−θp − 1, (47)

where Eq. (47) is obtained by applying Jensen’s inequality.

For the second term, we claim that: for any input distribution {qp(x)} ∈ G̃(p), let β∗ be the optimizingβ,

which maximizes

sup
β≥0

− ln

∫

α(y)1+ρdy. (48)

We have
∫

fw(y)T 2(y)dy

∣

∣

∣

∣

β=β∗
≥ θ2p2 +

p2

(1 + ρ)4
+ δ(p2).

We also claim that, for those input distributions iñG(p), the term with integral overT 3(y) actually does not

contribute anything to the second-order calculation, i.e.,
∫

fw(y)T 3(y)dy

∣

∣

∣

∣

β=β∗
= δ(p2).

for any{qp(x)} ∈ G̃(p). We do not include the calculation regarding the two claims inthis paper. For interested

users, please refer to [17] for a complete proof.

From here, we have
∫

α(y)1+ρdy ≥ 1 − ρ

1 + ρ
p + (1 + ρ)θ2p2/2 +

ρ(1 + ρ)

2

(

θ2p2 +
p2

(1 + ρ)4

)

+ ρδ(p2)

= 1 − ρ

1 + ρ
p +

ρ2p2

2(1 + ρ)2
+

ρp2

2(1 + ρ)3
+ ρδ(p2).
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and thus
Eo(p,ρ)

pρ − Ėo(0,ρ)
ρ

p
≤ − 1

2(1 + ρ)3
+ δ(p2).

Later, we will show that by choosing the input distribution to be QPSK, we can establish a lower bound which

has the same expression as the upper bound. Thus, we know (39)is true. ⋄
Since we knowρ∗ =

√
z

1−√
z
, we now have that for0 < z < 1

4 ,

r̈(0) = −(1 −
√

z)3. (49)

A.4 BPSK and QPSK

Combining the results regardinġr(0) and r̈(0) in the previous subsections and Theorem 5, we have proved

Theorem 1. Regarding Theorem 2, the first part of the theorem is a direct consequence of Lemma 6, which has

already been proved. For the second part of the theorem regarding BPSK and QPSK signaling, we can again do

the calculations in a scalar channel with small power as we have proceeded with the proof of Theorem 1.

Since for both BPSK and QPSK, we have|x|2 = p with probability1, the power constraint parameterβ does

not play a role here and̃Eo(p, qp, ρ) can be simplified to

Ẽo(p, qp, ρ) = − ln

∫

α(y)1+ρdy,

with

α(y) =

∫

qp(x)fw(y|x)
1

1+ρ dx.

Again, we use the two inequalities which have been very helpful to us in the general first and second order

calculations:

(1 + t)1+ρ ≤ 1 + (1 + ρ)t +
ρ(1 + ρ)

2
t2; (50)

(1 + t)1+ρ ≥ 1 + (1 + ρ)t +
ρ(1 + ρ)

2
t2 − ρ(1 + ρ)(1 − ρ)

6
t3. (51)

We write
∫

α(y)dy as follows

∫

α(y)dy =

∫

fw(y)(1 + T (y))1+ρdy, (52)

whereT (y) denotes

T (y) =
∑

k

qk

(

fw(y − x)

fw(y)

)

1
1+ρ

− 1.
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From here, we can apply the inequalities (50) and (51) and follow a similar procedure as in the proof of

Theorem 1 to tightly bounḋr(0) and r̈(0) when the input is constrained to be BPSK signaling. We can obtain

that:

˙̃r(0) = sup
0≤ρ≤1

−z

ρ
+

1

1 + ρ
= (1 −

√
z)2;

¨̃r(0) =
¨̃Eo(0, BPSK, ρ∗)

ρ∗
= −2(1 −

√
z)3,

Therefore, BPSK is first-order optimal but not second-orderoptimal.

The QPSK calculations are very similar to the BPSK calculations and we can show that for QPSK

˙̃r(0) = sup
0≤ρ≤1

−z

ρ
+

1

1 + ρ
= (1 −

√
z)2;

¨̃r(0) =
¨̃Eo(0, QPSK, ρ∗)

ρ∗
= −(1 −

√
z)3,

which implies that QPSK is near-optimal.

B Proof of Theorem 3 and Theorem 4

In this section, we will prove Theorem 3 and Theorem 4. For simplicity, we only prove the case forB = 1, i.e.,

we focus on one of theb parallel channels in the channel model (7). The extension tothe general case withb

parallel channels is quite straightforward. Sinceb = 1, we drop the subscript ofl in (7) and we have

y = Hx + w. (53)

We assume the average power available in each block isPTc, i.e.,

E[‖x‖2] = PTc. (54)

Thus, the energy per degree of freedom isP
Wc

, which is small whenWc is large.

In this proof, we will use the results for AWGN channels extensively. To avoid confusion in the notation, we

will use a superscript “NF” (Non-Fading) to denote any quantity that was computed for the AWGN channel.

B.1 R(0) and first-order optimal condition

In the near capacity region (R > Rcrit), where the random-coding exponent and sphere-packing exponent are

tight, the reliability function constraint can be written as

sup
0≤ρ≤1

−ρR + Eo(P, ρ,Wc) = z,
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and

Eo(P, ρ,Wc) =
1

Tc
sup

q∈FWc (P )
sup
β≥0

− ln EH

[
∫

(

∫

q(x)eβ(‖x‖2−PTc)f(y|x,H)
1

1+ρ dx)1+ρdy

]

. (55)

In this section, we first computeR(0) in the case ofb = 1, i.e., Eq. (27) in Theorem 3 is true. Similar to the

AWGN case, we can rewrite the error-exponent constraint as

R(1/Wc) = sup
0≤ρ≤1

−z

ρ
+

Eo(P, ρ,Wc)

ρ
, (56)

given thatEo(P, ρ,Wc) is a bounded quantity. However, to provides bound forEo(P, ρ,Wc) is a bit more

involved as compared to the AWGN case, since Gallager’s first-order calculations can not be applied here directly

due to the fading coherence between the degrees of freedom. For clarity, we establish the bounds in the following

lemma:

Lemma 7 For anyρ ∈ [0, 1],

0 ≤ Eo(P, ρ,Wc) ≤
1

Tc
ln(1 +

ρPTc

1 + ρ
). (57)

Proof: The lower bound is obvious due to the positive property of Eo [4]. The upper bound can be obtained by

using the fact that

ENF
o (p, ρ) ≤ pρ

1 + ρ
.

Refer to [17] for a complete proof. ⋄
Similar to the AWGN case, the key part in the first-order calculation is to establish theuniform convergence

of Eo(P, ρ,Wc) to Eo(P, ρ,∞), which further validates the exchange oflimit andsupremum in the calculation

of R(0). The uniform convergence is stated in the lemma below.

Lemma 8 WhenWc goes to infinity,

Eo(P, ρ,Wc) →
1

Tc
ln(1 +

ρPTc

1 + ρ
) uniformly for ρ ∈ [0, 1]. (58)

Proof: Because of (57), it suffices to show that for anyǫ > 0, we can findW (ǫ)
c , such that

Eo(P, ρ,Wc) ≥
1

Tc
ln(1 +

ρPTc

1 + ρ
) − ǫ,

for anyWc ≥ W
(ǫ)
c and for allρ ∈ [0, 1].

From the definition ofEo(P, ρ,Wc), we know for any specific choice of{q∗} ∈ FWc(P ), we have

Eo(P, ρ,Wc) ≥ Ẽo(P, q∗, ρ,Wc),
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whereẼo(P, q∗, ρ,Wc) is defined as follows

Ẽo(P, q∗, ρ,Wc) =
1

Tc
sup
β≥0

− ln EH

[
∫

(

∫

q∗(x)eβ(‖x‖2−PTc)f(y|x,H)
1

1+ρ dx)1+ρdy

]

. (59)

Now we chooseq∗ to be QPSK. Since now‖x‖2 = PTc with probability1, the power-constraint parameter

β does not affect̃Eo(P,QPSK, ρ,Wc) and we have

Ẽo(P,QPSK, ρ,Wc) = − 1

Tc
ln EH

[

exp{−DẼNF
o (

P |H|2
Wc

, QPSK, ρ)}
]

, (60)

whereẼNF
o (p,QPSK, ρ) is

ẼNF
o (p,QPSK, ρ) = − ln

∫

Ex[fw(y − x)
1

1+ρ ]1+ρdy.

Next we show that for anyǫ > 0, we can findW (ǫ)
c , such that

Ẽo(P,QPSK, ρ,Wc) ≥
1

Tc
ln(1 +

ρPTc

1 + ρ
) − ǫ.

From (60), it suffices to show that

(1 +
ρP

1 + ρ
)EH

[

exp{−DẼNF
o (

P |H|2
Wc

, QPSK, ρ)}
]

< eǫTc . (61)

In last section, we have already shown that asp → 0, ẼNF
o (p,QPSK,ρ)

pρ → 1
1+ρ uniformly. In other words, for

anyǫ′ > 0, we can findξ > 0, such that for allp ≤ ξ,

ẼNF
o (p,QPSK, ρ)

pρ
>

1

1 + ρ
− ǫ′, for all ρ ∈ [0, 1],

or equivalently,

ẼNF
o (p,QPSK, ρ) >

pρ

1 + ρ
− ǫ′pρ, for all ρ ∈ [0, 1], (62)

Note that

EH

[

exp{−DẼNF
o (

P |H|2
Wc

, QPSK, ρ)}
]

= EH

[

e−DẼNF
o (

P |H|2

Wc
,QPSK,ρ)

∣

∣

∣

∣

|H|2 ≤ ξWc

P

]

+ EH

[

e−DẼNF
o (

P |H|2

Wc
,QPSK,ρ)

∣

∣

∣

∣

|H|2 >
ξWc

P

]

≤ EH

[

e
−D( ρ

1+ρ
−ǫ′ρ)

P |H|2

Wc

∣

∣

∣

∣

|H|2 ≤ ξWc

P

]

+ Pr(|H|2 >
ξWc

P
) (63)

≤ EH

[

e
−( ρ

1+ρ
−ǫ′ρ)PTc|H|2]

+ Pr(|H|2 >
ξWc

P
). (64)
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The inequality in (63) comes from (62) and the fact thatEo(p,QPSK, ρ) ≥ 0. For Rayleigh fading, we can

compute (64) and we have

EH

[

exp{−DẼNF
o (

P |H|2
Wc

, QPSK, ρ)}
]

≤ 1

1 + ( ρ
1+ρ − ǫ′ρ)PTc

+ e−
ξWc

P .

We chooseǫ′ such thatǫ′ = ǫ
2P . We can then find the correspondingξ with respect to this choice ofǫ′. We

then chooseW (ǫ)
c such that

e−
W

(ǫ)
c ξ

P <
ǫ

2(1 + P )
.

It is straightforward to check that for allWc ≥ W
(ǫ)
c , (61) will be held and thus complete the proof of this

Lemma. ⋄
From here, it is straightforward to obtain

R(0) = lim
Wc→∞

R(1/Wc) (65)

= sup
0≤ρ≤1

−z

ρ
+

1

Tc

ln
(

1 + ρPTc

1+ρ

)

ρ
. (66)

Next we present a sufficient condition for a sequence of inputdistributionsqWc(x) to be first order optimal.

Due to the similarity to the AWGN case, we present the following lemmas on first-order optimal signaling

schemes without proof.

Lemma 9 Assuming0 < z < z∗, wherez∗ is defined by (26), a sufficient condition for{qWc} to be first-order

optimal is that

lim
Wc→∞

Ẽo(P, qWc , ρ
∗,Wc) =

1

Tc
ln(1 +

ρ∗PTc

1 + ρ∗
), (67)

whereρ∗ is the optimizingρ for (66).

Similar to the AWGN channel, in the fading channel with largecoherence bandwidthWc, it does not take

much to be first-order optimal. We restrict ourselves to those vector input distributions which are i.i.d. in each

dimension.

Lemma 10 For i.i.d. input distributions, such thatqWc(x) = ΠD
d=1q(xd), a sufficient condition for{qWc(x)} ∈

FWc(P ) to be first-order optimal is thatq(x) is symmetric around zero, i.e.

q(x) = q(−x).
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B.2 Ṙ(0) and second-order optimal condition

To computeṘ(0), we first establish a relationship betweenṘ(0) and the derivative ofEo(P, ρ,Wc) with respect

to 1/Wc. We omit the proof of the following results due to the similarity to the AWGN case.

Theorem 8 If asWc goes to infinity, for eachρ ∈ [0, 1], the limit of ofWc [Eo(P, ρ,Wc) − Eo(P, ρ,∞)] exists,

which we denote aṡEo(P, ρ,∞) and is a continuous function inρ, and further,

Wc [Eo(P, ρ,Wc) − Eo(P, ρ,∞)] → Ėo(P, ρ,∞) uniformly for all ρ ∈ [0, 1], (68)

Ṙ(0) can be determined as

Ṙ(0) =
Ėo(P, ρ∗,∞)

ρ∗
, (69)

whereρ∗ is the optimizingρ in (66).

⋄
Next we verify the uniform convergence assumption needed inTheorem 8.

Lemma 11 AsWc goes to infinity, we have

Wc [Eo(P, ρ,Wc) − Eo(P, ρ,∞)] → − ρP 2

(1 + ρ)(1 + ρ + ρPTc)2
uniformly for ρ ∈ [0, 1]. (70)

Proof: Similar to the proof of Theorem 7. Refer to [17] for a complete proof. ⋄

B.3 BPSK and QPSK

Now we prove the statement in Theorem 4 regarding BPSK and QPSK. The first-order optimality of BPSK and

QPSK can be easily seen from Lemma 10. In the proof of Lemma 11,we essentially showed that by choosing

the input distribution of QPSK,

Ẽo(P,QPSK, ρ,Wc) ≥
1

Tc
ln(1 +

ρPTc

1 + ρ
) − ρP 2

(1 + ρ)(1 + ρ + ρPTc)2Wc
+ δ(

1

Wc
).

On the other hand, it was also shown in the proof of Lemma 11 that

Ẽo(P,QPSK, ρ,Wc) ≤ Eo(P, ρ,Wc) ≤
1

Tc
ln(1 +

ρPTc

1 + ρ
) − ρP 2

(1 + ρ)(1 + ρ + ρPTc)2Wc
+ δ(

1

Wc
).

Thus, we must have

Wc[Ẽo(P,QPSK, ρ,Wc) −
1

Tc
ln(1 +

ρPTc

1 + ρ
)] → − ρP 2

(1 + ρ)(1 + ρ + ρPTc)2
uniformly for ρ ∈ [0, 1].
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Following a similar argument as in Theorem 8, we can easily obtain

˙̃R(0) = Ṙ(0) = − P 2

(1 + ρ∗)(1 + ρ∗ + ρ∗PTc)2
.

For BPSK, using the result in last section regarding BPSK, wecan obtain that

Wc[Ẽo(P,QPSK, ρ,Wc) − ln(1 +
ρP

1 + ρ
)] → − 2ρP 2

(1 + ρ)(1 + ρ + ρPTc)2
uniformly for ρ ∈ [0, 1].

Thus,
˙̃R(0) = − 2P 2

(1 + ρ∗)(1 + ρ∗ + ρ∗PTc)2
< Ṙ(0).

Therefore, QPSK is near optimal while BPSK is not. ⋄
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