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Abstract

We consider MIMO fading channels and characterize theliitia function in the low-SNR regime as
a function of the number of transmit and receive antennag. tli® case when the fading matrHt has
independent entries, we show that the number of transmehaas plays a key role in reducing the peakiness
in the input signal required to achieve the optimal erroraggnt for a given communication rate. Further,
by considering a correlated channel model, we show that #wemum performance gain (in terms of the
error exponent and communication rate) is achieved wheetnlkrées of the channel fading matrix are fully
correlated. The results we presented in this work in the R regime can also be applied to the infinite

bandwidth regime.

1 Introduction

In this paper, we study multiple input and multiple outputlfMD) antenna channels in the low-SNR regime.
Specifically, we compute the reliability function for suchacinels and also characterize the signal peakiness
required to achieve the maximum error exponent for a givennsconication rate. We use a block-fading model,

which is widely used in the MIMO literature [18, 25], and assuthat the fading matril remains constant
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for a certain time period and then changes to an independdun for the next time period. The length of this
time period is usually referred to as tbheherence timef the channel. Throughput this paper, we use a discrete
channel model which can be obtained by sampling the inpubalpult waveform at rat%%, letting B, be the
available bandwidth of the channel. We use the teoherence timéo denote the number of samples which
share the same realization of the random fading process, Teicoherence time is measured in units/ds,,.

Letting M be the number of transmit antennaspe the number of receive antennas dpdbe the coherence
time, the channel we study in this paper is

Y = HX + W, (1)

whereY, W ¢ CVN*Te X ¢ ¢cM*Te andH € ¢V*M . Here W is a proper complex Gaussian noise random
matrix, which has i.i.d. entries, i.ew,; ~ CN(0,1), for1 < n < N andl < t < T., wherew,, denotes
the (n,t)*™® entry of W. We also assumH is a proper complex Gaussian matrix which has symmetric t@mp
Gaussian entries such thiat,,, ~ CN(0,1), for1 < m < M andl < n < N. (We refer the reader to [11] for
the definition of a proper complex matrix.) In other words, seasider Rayleigh fading MIMO channels in this
paper. At this point, we do not make any assumptions regautii@ correlation among the entriesHf Later,
we will consider two cases, one where the entrieHadre independent and the other where they are correlated.
Throughout this paper, we assume that neither the traresmittr the receiver has knowledge of the realiza-
tion of the random matriH. However, we always assume the distributionHbfis known a priori at both the
transmitter and the receiver. We will study the reliabifityction of the channel (1) in the low-SNR regime under

the following standard average power constraint:
ENX[P) < pTe, )

where||X|| is theFrobenius norn{5] of the matrixX. A special case of this model is the case wiién= N =
T. = 1, which we will refer to as a SISO fast-fading channel.

The MIMO channel capacity in the low-SNR regime when the ikegenas the channel side information has
been studied by [9]. Here, we study the non-coherent casefuaiier, instead of just studying the capacity, we
compute the low-SNR reliability function. This has been@dor the coherent case in [12]. We would like to
point out here our results are first-order results, unlikedfipacity analysis in [22] [9]. In other words, we only
study the first order behavior of the non-coherent MIMO cledsmas the available SNR goesitoTl he notion of
wideband slopgwhich is a second order quantity, is not studied in this work

The reliability function of a channel is defined as
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whereP,(N,, R) is the minimum average probability of decoding error for algck code with block lengtiv,
and coding rateR?, which satisfies the average power constraint (2). The Raie defined in nats per symbol
and is equal td}\‘,c—%, where M. denotes the size of the code book, aWdis the codeword length measured in
number of channel uses, where each channel use consiststodtismission af . symbols.

It is well known that with multiple antennas at the received/ar the transmitter, the channel performance in
terms of communication rate and/or decoding error prolgluidn be improved. The extent of this improvement
is now well understood in the high SNR regime. From a capautgt of view, when the elements #f are i.i.d.
and known at the receiver, we can achieve a degree of freedonfay multiplexing gain) up tenin(M, N) [18].
From a probability of decoding error point of view, we caniagh adiversity gainup to M N with space-time
coding at the input [17]. A recent work by Zheng and Tse [2bikirated the tradeoff between these two gains
in the high-SNR regime by showing the best degree of freedam gnd diversity gain that can be achieved
simultaneously They also extend this result to a non-coherent MIMO chaimal later work [26]. Roughly
speaking, in an error-exponent theory framework, theultesharacterize the following curve

E(rl
d*(T) — hm (T np7p)7
p—00 Inp

where the degree of freedom gairtan be interpreted as the normalized communication rateggat3NR and
the diversity gaini*(r) is nothing but the normalized reliability function at rate

In the low-SNR regime, i.e., the average power constgaint 0, both the reliability function and the capacity
approach) linearly inp. Thus, it is natural to define the normalized reliability ftino in the low-SNR regime
as follows:

E(rp, p)

E'(r) = lim ——"=, ifthe limit exists. (4)
p—0 D

Here the superscript stands fow power For simplicity, from now on, we will refer t&'?(r) as the low-SNR
reliability function, andr as the low-SNR communication rate. However, it should bardleat both quantities
are normalized by in the low-SNR regime.

In the low-SNR regime with non-coherent fading channelss, itell known that a “peaky” signaling scheme
is required to achieve capacity [7, 19, 10, 16, 22], in theseethat, as the average power goes to zero, the
optimal signaling scheme is to keep silent most of the timg ase symbols of very large amplitude (going
to infinity as we approach capacity) when transmitting. Imeotwords, in the low-SNR regime, good channel
performance in terms of communication rate can only be &eliat the cost of large signaling peakiness, which
is undesirable in practical communication systems. Régcemuch research has been devoted to studying the

performance of low-SNR non-coherent channels with cenpaiakiness constraints [10, 16]. In this paper, we
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study the relationship betwesignaling peakinessneasured by the maximum symbol amplitude in the low-SNR
limit, and the channel reliability function, which is a maremplete characterization of channel performance as
compared tachannel capacity Specifically, we show that a scheme similar to the capaciyjesing scheme,

is required to achieve the optimal decoding error probigbdt an arbitrary communication rate betweeand
capacity. Further, we quantify tmeinimum signal peakinesgr) required to achieve the optimal decoding error
probability at rate-. (We will precisely define this quantity in Section 3.) Furthia terms of the benefit brought
by introducing multiple antennas in the channel, we define gains: performance gairand peakiness gain
While the performance gain focuses on the scale of improwémehe more traditional performance measures,
data rate and error exponent, the peakiness gain charast¢hie reduction in the signaling peakiness due to the
use of multiple antennas, which is of great importance asfaletommunications in the low-SNR regime.

Specifically, the performance gain and the peakiness gaidefined as follows.

Definition 1 We say a MIMO block-fading channel has a performance gaih ibf
lp _ 7"
EP(r) = LE"(7),
whereE'? denotes the reliability function for a SISO fast-fading whel. o

Note that the performance gain as defined above providedtamsous gains in both the error exponent and the
communication rate. In other words, a performance gain ofdicates that the transmission rate has increased

by a factor ofL, andthe error exponent has increased by a factat ek compared to a SISO channel.

Definition 2 We say a MIMO block-fading channel, which has a performaraia gf L, has a peakiness gain
of G if the minimum signaling peakiness(r) required to achieve the optimal decoding error probability

communication rate satisfies

1 _r
7(r) = 57(5)7

where7(r) denotes the minimum signal peakiness at rafier a SISO fast-fading channel.

The performance gain tells us how much we can improve thenghgerformance (both the capacity and the
reliability function) by using multiple antennas. On thdet hand, since signals with very large amplitudes
are undesirable in practice, the peakiness gain quantifeegftect of using multiple antennas in reducing the
peakiness necessary to achieve a certain performance level

The main contributions of the paper are summarized below:



(1) WhenH is independently faded, we characterize the low-SNR ridilaliunction for the MIMO fading

channel (1) for all rates betwe@rand capacity.

(2) WhenH is independently faded, analogous to the result in [22] tisicows that onlyflash signaling
schemes are capacity-achieving in the low-SNR regime, we ghat only a certain kinds of signaling
schemes, which we calleneral flash signalingchemes, can achieve the optimal probability of decoding
error at a certain communication rate. We quantify thi@imum signal peakiness(r) for a signaling
scheme to achieve the optimum probability of decoding efiopra certain communication rate As r

approaches the low-SNR capacityy) goes to infinity.

(3) Again for the case whei is independently faded, by usidd transmit antennas and receive antennas,
we show that one can achievpearformance gaif N andapeakiness gaiof MT,.. While increasing the
number of transmit antennas does not improve the error @it reduces the minimum signal peakiness
required to achieve a certain point on the reliability fumetcurve. We also show that, for a MIMO channel
where both the average power and peak signal amplitude astramed, using multiple transmit antennas

can improveboththe capacity and the error exponent.

(4) Finally for a correlated Gaussian fading matix an upper bound on the low-SNR reliability function is
established. Further, the optimal reliability functiomtimized over fading matri¥, is achieved when
the entries ofH arefully correlated i.e., the entries oH are (complex) multiples of the same random
variable. Two such examples include the case where all ttreegrare identical and the case where all
entries are identical except for a phase shift. For thig/folirrelated model, having multiple transmit
(or receive) antennas can improve both the reliability fiumcand reduce the peakiness required for a
certain performance level. In fact, we show that potentiafie can obtain a performance gainléfVv and
peakiness gain af/2NT.. Thus, one of the conclusions of this paper is that correlel@anels are better
than independent fading in the low-SNR regime which indisahat spacing antennas far away from each

other to ensure independent fading may not be the right tioimp in the low-SNR regime.

Although in this paper, we are considering the low-SNR regimtere the capacity and communication rate
are vanishingly small, the results we obtained here canb&spplied to the wideband regime, where the number
of degrees of freedom is large and reliable communicatiggogsible at a non-vanishing rate. To see this, we
consider adoubly block fadingchannel model as in [24, 20], where the block fading assuwnps used both

in the time and the frequency dimensions. A fading channti aéndwidthBW,, wherelV, is the coherence
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bandwidth of the multipath fading, can be treate®gzarallel independent fading channels each with bandwidth
W, and for each sub-channel, flat fading can be assumed. Theahaodel we study in (1) is simply one of
the sub-channels. Under these assumptions, it can be shawithe reliability function of the parallel channel

can be expressed in terms of the reliability function of ohtthe sub-channels, i.e.,
E(R,P,B)=BE(R/B,P/B,1),

where E(R, P, B) denotes the reliability function for a parallel channeltwi3 independent sub-channels at
communication ratek and average poweP. From here, it can be easily seen that the wideband limit of the
reliability function is

E(£p,p)

lim E(R,P,B)= lim BE(R/B,P/B,1)=Plim = PE"(R/P),
—00 —00 p—

which connects the wideband reliability function to the I8MR reliability function we defined in (4). Further,

all the implications we obtain in the low-SNR regime also fthdir counterpart in the wideband regime if we
measure the coherence time in unitd V.. Such connections between the wideband regime and the low SNR
regime are made based on the assumption of the validity afgheept ofblock fadingin frequency and time.
This model does not capture the correlation between thereonbe blocks and is not entirely realistic. In the
high-SNR regime, the behavior of the channel capacity m$esf SNR would change when a more sophisticated
model is introduced [8]. However, for tractability of thenaputation of the reliability function in the low-SNR
regime, the block fading model seems to be a good start. tilliss open problem to quantify the influence of
the correlation between different coherent blocks on thahidity function in the low-SNR regime.

The rest of the paper is organized as follows. In Section 2stawt with a general channel with an arbitrary
transition probability density functiofi(y|x). Under the constraint that the input belongs to a finite ancrelis
alphabet, we show that the low-SNR reliability function lzaslosed-form expression by applying Gallager’s
result in [3] with a few modifications. In Section 3, we cakd the low-SNR reliability function under the
assumption thaH is independently faded. In Section 4, correlated fading KdIkhannels are considered. We
provide some concluding remarks in Section 5.

Throughout this paper, we will use small letters for scakiables, capital letters for constants, boldfaced
small letters for vectors and boldfaced capital lettersniatrices. We usé” to denote the transposd,* to

denote the complex conjugate aAd to denote the conjugate transpose of makix.e.,

AT = (A",

1See Lemma 3.1 and the proof of Theorem 3.2 of [23] for the chg@marallel SISO channels; the proofs there can be extended in a

straightforward manner to parallel MIMO channels.



Finally, we use€|[-] to denoteexpectationsnd E(-) to denote reliability functions.

2 Preliminaries

In this section, we provide a quick review of the error expurnbeory [2] and present a theorem characterizing
the low SNR reliability function for an arbitrary memoryteshannel by extending the results in [3] to allow less
restrictive input distributions. This theorem will be usadensively in the rest of the paper.

We consider a general discrete-time memoryless channkelamitarbitrary input alphabed, and its output
determined by the transition probability functigiy|x). Further, we have a cost function A — R* associated
with each input symbat € A, and assume that the input to the channel is constrained Hgltbeing average

cost constraint

Eb(x)] < p. (5)

Definition 3 [2] Let PE(NC, R) be the minimum probability of error for any block code of tdength V.. (the
number of channel uses) and raie which satisfies the average power constraiitb), for a given channel. The

reliability function E(R, p) of this channel is defined as
E(R,p) = lim —————=. (6)

<
Next we specify the additional constraint on the input distiions besides the average power constraint.
Throughout this paper, we only consider input distribusievith a discrete and finite alphabet. Specifically, at a

SNR levelp, we constrain the input distributions to be in the followsef
Definition 4 DefineD(p) = {q(z) : E[b(x)] = p; support of q(x) is an arbitrary finite set of discrete poimtsii.

If Aitselfis a finite set, this constraint is automatically skid. However, in many situationd, is a continuous
set. For example, for our channel model (4)is the set of complex matrices with dimensidf x 7.

Note that unlike in [3], we do not require this alphabet sdiddixed a® goes ta) and unlike [4], we have an
average power constraint rather than a peak power cortsirainwe have the freedom to choose arbitrarily large
symbols to transmit even when the power constraint goés Tthis freedom is especially crucial for the non-
coherent fading channel model since in that case, consigdiine peak power to go to zero is highly sub-optimal,
as we will further explore in the next sections. The onlynieBbn we impose is the discreteness and finiteness

of the support of the input distribution, which is a reasdeassumption for any practical coding scheme.
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Under this constraint on the input distribution, our goahiis section is to find the low-SNR reliability func-
tion £ (r) of this channel model, as defined by (4), by borrowing toalsifiboth [3] and [21]. For simplicity, in
this paper, we assume thatiaiquezero-cost symbol always exist in the input alphabet, He.£ A satisfying
b(z) = 0. Without loss of generality, we létbe the zero-cost symbol and defidé= A\{0}.

Before we get into the low-SNR regime, we first summarizeotegibounds for the reliability functiof'( R)

in the following theorem.

Theorem 1 [2] Assume that the input distribution is constrained to bell(p). The reliability functionE(R)
satisfies

max(E,(R), Eez(R)) < E(R) < min(Esy(R), Eg(R)),

whereE, (R), Ec,(R), Esp(R) and E4 (R) denote the random-coding bound, expurgated bound, spiaeieng
bound and straight-line bound respectively. The first threends can be characterized by the following series

of equations:

E.(R) = sup —pR+ E,(p,p),
0<p<1

Eg(R) = sup—pR+ Ey(p,p), (7)
p=0

Eer(R) = sup—pR+ E.(p,p),
p>1

1 1+p

Fup.p) = sup sup—1n | ( / q(m)eﬂb(ﬂ-mf(yu)mdx) dy, ®)
qeD(p) B>0

Ey(p,p) = sup sup— pln// w1)q(wo)e Pl Thlr2)=2p) (/\/ (yla1) f (ylz2)d ) daydzy. (9)
qED B>O

The straight-line bound’,;(R) is the smallest linear function d® which touches the curvg,,(R), and E(0)

is equal to the zero-rate error exponefit0). o

It should be noted that most of these results are originahvdd for channels with discrete input and output
alphabets and no average power constraint. To verify thdityabf these results for a channel with continuous
output alphabet and average power-constrained inputs@ledier to Gallager’s work [3] and discussions in [24].

Our main theorem in this section is a generalization of @alls result in [3] and is stated below.

Theorem 2 The low-SNR reliability functio®'? (1) satisfies

EP(r) < E"(r) < min(EL(r), E%(r)). (10)

sl



Here E» and E! are defined as the following

EP(r) = sup —pr+ E,(p); (12)
0<p<1

E(r) = sup—pr+ Ey(p), (12)
p=0

and E,(p) is characterized by the following equation

Fu) = sup O FOIO T F o) dy 3
zeA’ b(l’)

The low-SNR straight-line bouriag (r) is the smallest linear function efwhich touchegfg’,(r) and satisfies

E7(0) — sup - = In [ Fylen)? f(ylwa)2dy]

ul0) =9} ) | 4

and thesup is over all possible probability distributions with a digte and finite alphabet set.

Proof: The proof of the this theorem is similar to Gallager's proof[8] with a few modifications to allow
the input distributions to use different symbols in difier&SNR levels. For completeness, we provide a self-
contained proof in Appendix A. o

Remarks: The low-SNR bounds here have similar forms as the bounds].irH8wever, as we mentioned
before, we are allowing the input distribution to use syrskad a function op, instead of fixing them. Surpris-
ingly, the only difference in our results as compared to &gl’s results is that in the expressionE))f(p) (13),
we have asup over all possible non-zero input symbols rather thanaa over the non-zero alphabet as in [3].
In our case, a maximum does not necessarily exists in (13)emple, for coherent fading channels, which we
will not explore in this paper, the supremum is achieved lirgez’ to be arbitrarily close t@.

Our result in (13) has a close connection with the capacityipi cost expression in [21], since the capacity
per unit cost is always equal to the first-order derivativeagfacity with respect to cost at zero cost, due to the
concavity of the capacity formula. As we will show in the pfoee use bounding techniques similar to the ones
used in [21] to get the low-SNR sphere-packing bound (12 Jphere-packing exponent and random-coding
exponent coincide with each other for any rate larger thap and thus provide the closed-form reliability
function E'(r) for this rate region. The capacity per unit cost is simplylérgest rate- such that the low-SNR
reliability function E'7(r) > 0, which is the derivative ofZ,(p) (13) with respect tg at p = 0. To check this,
we perform the following rough calculation:

c? = lim Eo(p)
—0 p




—(1 4 p)In [ f(4]0)T5 f(y|z) 7 dy

= lim sup

p=0gear b(z)p
L sup tim 20T PO f(gla) T dy
ze A’ p—0 b(z)p
g IS0 (gl dy
zeAr dp x
p=0
1 f(ylo)
= s gy | F0ke)n Fg
_ pD(f(y\w)Hf(y\O))
€A’ b(w) ’

which is the same as the result in Theorem 3 of [21]. Note theutions above are quite rough since we
exchange the order difim andsup, integration and differentiation without carefully cheajithe technical con-
ditions. However, it is not difficult to remove all these taatalities and rigorously prove the relation between
our result and Verdu’s result.

If the straight-line bound at zero—ratés’l’(o) is upper bounded by the zero-rate random-coding exponent, i
if Ei‘l’(o) < E,(1), then the lower bound and upper bound in (10) will coincidenveiach other and thus give us

the true reliability function for all rates. We state thissebvation as the following corollary:

Corollary 1 If
E%(0) < E,(1), (15)

thenE' (1) = EP(r) for all rates. o

As we will show later, for the channel models in this papeg, ¢bndition (15) can always be satisfied. However,

this is not always true for a general transition probabiignsity functionf (y|z).

3 Independent MIMO fading channels

In this section, we will assume that the entriesHbfare independent and apply Theorem 2 to find the low-
SNR reliability function for the MIMO fading channel (1). Rber, we will characterize the asymptotic optimal

signaling schemes which minimizes the average probalafijecoding error for a certain communication rate.

3.1 Low-SNR reliability function

Since we assume th& has i.i.d. entries, given an input matriX, the row vectors of the output matrix

Y are independent of each other. Dendfé = (yi,y3,  ,y%), H = (hg,hy,--- hy) and WT =
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(w1, wa, -, wy). The covariance matrix q,f;.r = hiTX + wZ-T is
% = Elyiyl]l=I+X'X.

Then, the channel transition probability density functjtgiY |X) is as follows

N

H f(yilX)
i=1

N 1

-y mle det (I + XTX)

F(YIX)

exp{—y] (I +X'X)"y;}
Applying Theorem 2 here, we have the following result.

Theorem 3 For the MIMO model (1) with\/ transmit antennas anfy receive antennas and independent fading

matrix H, the low-SNR reliability function is given by

E®(r) = sup —pr+ Eo(p), (16)
0<p<1
whereE,(p) is defined as follows
_ 1 1+ £z
E,(p) = N(1+ p)sup—In — L a7)

2>0 T (14 )T
Remarks: Consider the SISO fast fading model whdie = N = T, = 1. The reliability function curve

corresponding to this model is

I 1 1+ g
E?P(r)= sup —pr+ (1+p)sup—In—=2—. (18)
0<p<1 >0 T (14 x)TFr

This form of reliability function first appeared in a slightllifferent form in [7] as the reliability function for an
infinite-bandwidth waveform fading dispersive channel wkige input is constrained to frequency-shift-keying.
Recently, Subramanian [15] also obtained the same curv&/®8US fading channels as an upper bound for
the random-coding bound, by directly applying Gallagegsults [3] for an arbitrary fixed input alphabet, which
does not change asgoes ta). As compared to these two results, our result in (18) is fomakér discrete-time
flat-fading model. However, we have a less restrictive gairgton the input and we rigorously prove that for
all rates betweed and capacity, (18) gives us the true reliability functiorurtRer, we extend the result to a
block-fading channel with multiple antennas.
Define
fla) = L T THT (19)
T (14x)T
The properties of () were well studied in [7]. We just mention the key propertiég o) here:
11



1. f(z) > 0,¥z > 0. Whenz goes ta) or oo, f(z) goes ta), i.e., f(0) = f(o0) = 0.

2. For afixedp > 0, there is always a unique optimizing which we denote by, i.e.,

1. 1+-L=x
T, = argmax — In %. (20)
>0 x (1 + w)m

3. Asp goes to zerog, monotonically increases to infinity.

The low-SNR reliability function for a SISO fast-fading cireel (18) can also be written as

. 1 1+ Fppw
E*(r)=sup sup —pr+ (1+p)—In ————. (22)
x>0 0<p<1 x (1 + x)THe
Let 7(r) be the optimizing: in (21), i.e.,
1 1+ £x
7(r) = argmax sup —pr+ (1+p)—In (7l+pp). (22)
720 0<p<1 T (1+x)Te

7(r) establishes a direct relation between rate and how largaatireero symbol has to be for an on-off signaling
scheme to achieve the optimal reliability function at ratAs we will show in the next section, for any signaling
scheme, including on-off signaling, it is a necessary diorithat a symbol with energy af(r) be used for

a signaling scheme to be able to achieve the optimal charer@rmance at rate. Thus, 7(r) indicates the
minimum signal peakinegsr the SISO channel at rate

For the more general MIMO block-fading model, our resultehiils us

1. Having a longer channel coherence tifjedoes not improve the decoding error probability. This ista bi
surprising since one would expect that makifiglarge may give us more time to estimate the channel
and thus help improve the non-coherent channel performabimvever, such a conclusion may hold
for training-based schemes, where a pilot or training symbol is senttima&® the channel before data
transmission. Such schemes are themselves sub-optinta inoin-coherent low-SNR communications.
We will show that the optimal signaling scheme in this regitneachieve the optimal decoding error
probability belongs to a set of peaky signaling schemeshwhie call ageneralized flash-signalingcheme.

For such signaling schemes, having longer coherence tithaatihelp with the channel performance.

2. Having more than one input antenna does not improve thenehgerformance. This is natural for this
independently fading model since using more than one aatiEmoes us to spread the little power into even
smaller slices to each antenna. However, as we will see ipribef of Theorem 3, it is notletrimental
either to spread the power across multiple antennas. Ingkesection, we will show that having more

transmit antennas reduces tieakinessmieeded for the signaling.
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Figure 1: The low-SNR reliability functions for MIMO fadinghannels

3. The performance gain, as defined in Definition 1, for a MINM@ihg channel isV, which is the number

of receive antennas.

To get a better feel for the performance gain due to multipleeranas, we look at a numerical example.
Figure 1 shows the low-SNR reliability function for MIMO am@els withV = 1, N = 2 and N = 3. From this
figure, we can see having multiple receive antennas can irafmath capacity and reliability function by a factor
of N.

Proof of Theorem 3 We first compute?, (p) using (13). The integral inside (13) can be computed asvslio

[ rxio T oy )T ay

1

Y e\ ! LX)y |
= —lIye —-Y; Vi Y
/ (H € ) <Z:H1 7T det(I + X1X) )

=1

e—yT [1+pI+—(I+XTX) ]yZdY

H / mle det (I + XTX) E
N

1
| det(I + XFX) T T det (451 + 5 (T + XTX) 1)

_p_ N
[ det(T+ XTX) T
[ det(IT+ {5 XIX)

Leto(A) denote the set of eigenvaluesAf Assuming that the eigenvalues for the maiiX 't are{\, Az, ---, A7},
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o(XXT) = {\, Mg, -, A}

we have
N
. 1 det(I + £XTX)
Eo(p) = (1+p)sup 1=5 In < e
x40 || X det(I + XTX) T+
T
1+ =N
= N(1+p)sup Tl n ISR ,,t)
X#£0 2 A [T (1+ M) T
>l I 7(1+rpp)/\f)
— N(1+p)sup g !

X#0 2:&1 At
In (e el

_p
< N(1+ p) sup sup )7 (23)
XA0 ¢t At
1, 1+
< N(1+p)supsupsup — In ——2 (24)
X£0 t ¢>0T (14 )T
1. 14+ L=z
= N(l—i—p)sup—lni. (25)

x>0 X (1—1—3:)%

To get (23), we use the inequality

Zz aj ay .
< —, ifa;, by >0, foralll.
Zl bl — mlax bl Y CLl, 1 9

The inequalities in (23) and (24) can be made equalities bgfully choosing the input matriX. It is easy to

see that a sufficient condition for this to happen is to chdsich that the eigenvalues KfX' are either zero
orz,, wherez, is defined as (20). A simple example of such an input matrX is , /7,1 x1.. Thus, we have
(17).

From Corollary 1, we know that to show that (16) is valid fdrrates, we have to check that (15) is true for
this channel model. From (14), it is easy to verify
det(I+1 X1 X, +1 X1 Xo)

det(I+X1 X 1) 2 det(I+X} X,) 2
EMNIXI]

E|ln

(26)

E™(0) = N sup
q
To get an upper bound chZ’(O), we first state the following lemma.

Lemma 1 AssumeA, B € CM*M gre Hermitian and semi positive definite matrices, i2, B > 0, we have

det(I+ A + B) < det(I + A) det(I + B). 27)
14



Proof: See Appendix B. o
It is easy to see tha}tXJ{Xl >0 and%XEXz > 0. Applying the above lemma to (26), we have

¢ _ln det(I+1X1X1) det(I+ 1 X1 Xo)
det (14X X1)? det(I+X | Xo)2
E®0) < Nsu . &
(0 = New ENXTP)
¢l det(I+3X1X,) 4 &|m det(I+1 X1 Xo)
N det(I+X1 X 1) det(I+X}X,) 2
= sup v
g ENIX?]
e Ixtx)]
e[m i
= 2N sup i -
g E[IIX?]
1
lT:cl & {ln 7(14?)\%)
= 2N sup T (1+3)
q =1 5[>\l]
1y
ZlT:CI & {)\1 SUP,~0 + In (It 1)
< 2N sup (Ite)?
a q 2221 EN]
1. (1414
= 2Nsup—1In M
e>02  (1+x)2
= EO(l)v
which completes the proof of this theorem. o

3.2 Optimal signaling schemes in the low-SNR regime

In this section we study the conditions for an input disttidtm to be optimal in the low-SNR regime.

Definition 5 A sequence of input distributiordg,(X) € D(p)} is called first-order optimal with respect to a

communication rate if it satisfies

E
lim (Tpa Qp>p) _ Elp(T), (28)
p—0 P
whereE(R, g,, p) is the reliability function of the channel when the inputtidiition is chosen to be,,. o

In the above definition, to be consistent with prior literatuwe use the terrfirst-order optimal to indicate
optimality in the limitSNR — 0 [22, 24].
From the proof of Theorem 3, it immediately follows that theaff signaling scheme given below is first-

order optimal:

15



Corollary 2 An on-off signaling scheme

X — S b AL (29)

is first-order optimal with respect to a transmission raté the non-zero eigenvalues X, X] are all equal to
k(r), wherex(r) is defined as the following

k(r) = 7"(1) = argmax sup

r
—p— 30
N >0 0<p<1 pN ( )

1. 1+ 1t52)
+(1+p)=In—F2
T (14 a)T

For the SISO fast-fading model wheté¢ = N = T, = 1, afirst-order optimal signaling scheme is simply
to choose the input symbol to beor n(r)%. However, the peak-to-average ratio of the on-off signatiogeme
goes to infinity as the mean power goe9tdA natural question to ask here is the following: can we find les
“peaky” signaling schemes which are also first-order optifmaconsidering other signaling schemes other than

on-off signaling? It turns out that only signaling schenrethie following categorganbe first-order optimal.

Definition 6 A sequence of input distributiongy,} defined on the input matriX € C**7- is said to bea

general flash signaling scheme with peak constrAirit it satisfies the average power constraint
X)) = pTe,

and for anye > 0and anyl = 1,2,---, T,

£ P\zf{w—K\Zf}}

lim inf =0, (31)
p—0 P
where{\1, A2, - - -, \;} are the eigenvalues of the input mat® X and I, denotes the indicator function of the
eventA. o

Remarks: This condition (31) can be interpreted as follovedmost all probability mass is assigned to those
input matricesX such that the eigenvalues XX are either0, or in an arbitrarily small neighborhood of a
constantK. Now consider the case whén = 1, the input matrixX is simply a vector and therefore the only

eigenvalue oX X is || X||2. WhenK = «(r), (31) becomes

IRy ze)
lim inf =
p—0 P

16
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As r approaches capacity(r) goes to infinity. Then this definition is equivalent to the digidbn of theflash
signalingin [22]. Thus, the signaling scheme defined in (31) is esakyth generalized flash signaling scheme.
The next lemma shows that a general flash signaling scherhepedk constraink(r) is necessary to achieve

the best reliability function at rate

Lemma 2 A necessary condition for a sequence of input distributigpse D(p)} to be first-order optimal with
respect to a coding rate is that{g, } is a general flash-signaling scheme with peak constrainy, wherer(r)

is defined by (30).

Proof: We consider two case$:< r < r..;; andr > r..;;, wherer,,.;; corresponds to the maximum ratsuch
that the optimizingp at rater in (16) is1. First we look at the case where> r..;; and show that the lemma
holds.

To see this, we need to go back to the sphere-packing prodi@frem 2. From (71), we know that for any
sequence of input distributiong,

E
lim (rp, qp,p)
p—0 P

, —(1+p)€ [In [ F(Y]0)T57 f(Y|X) ™7 dY ]
lim sup —pr +

p—0 p>0 pTc

c lln det(I+ﬁXTX) ]
)

IN

o
det(I+XX) I+r

= limsup—pr+ N(1+
p_}opzlg p (I+p P

det(I+2-XTX)
& |In ————p"
det(I+XX) T+p

< sup—pr+ N(1+ p)limsup
p>0 p—0 Pl
< sup—pr+ N(1+p) Sup—lnw (33)
p>0 >0 L (14 z)TFe
1 (14 L=
= sup —pr+N(1+p) sup—ln(iprpp) (34)
0<p<1 >0 T (1 + ;p)m

= E"(r)

Equation (34) holds here because we assumerthat..;;, which indicates the optimizing in (33) is between

0 andl.
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For {g,} to be first-order optimal, all three inequalities above $thdwld as equalities. For (33) to hold as

an equality, we need

¢ lln det(I+ 12 XTX)]

o* p*
: L (%)
lim sup det(+X1X)Hen I sup — In #, (35)

p—0 pTc x>0 T (1 + .fL')liT

wherep* € [0, 1] is the optimizingp for (33). We know for any rate € [0, N), p* > 0. Further,x(r) is the
optimizing x for (35). Givene > 0, let {(¢) be such that

1 1+L22 1 1+ 2Lz
Sup—ln%—g(e)z sup —ln%.

e>0 T (] 4 )7 e—r(r)[>e T (1 4 g)TF"
Note that such &(e) exists sinces(r) = x,~ maximizesf(x). Now, the left side of (35) (without the limit) can

be further written as

P [ln det(I+ 12 *XTX)‘|
det(I+X1X) T+p*
e
YFe € |In () A”]
_ (1+A) T
B pT,
T, (I+55N) A+ M)
1€ ln”ipf{m —r(r)|<ey| T € |In 7”” Ioa - nmzﬁ}]
_ L (142 7 (1+)\l)1+”
B pTe
_l (14155 k(1) (14225 (1)
Y E |y In 7“” Agin—r(r)<ep | T € (ﬁlnim’ o —5) Alf{xz—wnze}}
< I (1 (r) T (14+(r)) TF7 (36)
=~ pTc \
(142 k(1))
A iy I E (] - €€ {/\lI{Ml—li(r)\Ze}}
_ (1 (r) TF77
e
1+ L*w I & )‘lI —k(r)|>e
_ suplln( Loy ) ey [ {I\=r(r)[2 }} 37)
0T (] 4 )T o ple

The inequality in (36) follows from the definition gf

By takinglim sup of the expression in (37) and comparing it with (35), we have

T E NN n—r(r)|>e
T 7

p—0 P

=1

Since)\; > 0, (31) follows and we know{g, } must be a flash signaling scheme with peak constrginy.
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Next we look at the other case where= [0, r..;;). We claim that a necessary condition for a sequence of

input distributions to be first-order optimal at any rate r.,.;; is that

Ei‘;,(rcm, Q) = Eii’,(rcm)- (38)

To see this, we bound the straight-line exponen&¢fp, ¢,, p), where the input distribution is chosen to be

qp, In a similar way as in the proof of the straight-line part ofedhem 2:

E
E"(r,q,) = i (rp;;qmp)
< lm Eq(rp, ap,p)
p—0 P
i f?"’ r 1 - L/ E O; ) L/ES ! ) )
— 11m m > ( r ) ( qp p) + r p(rp qp p) (39)
p—0 p
1-"—)E 0,p) + —L—Eop(Teri y dp
< lim (1 = 7=)E(0,p) + 7= Esp(reritp, dps p) (40)
p—0 P
r lp r lp
< (1 - )Esl (0) + Esp(rcrity QP) (41)
Terit Terit
r Ip Tl
< (1- E EP(re 42
= ( Tcm’t) sl (0) + Forit sp(r t) ( )
r ! L
< (1 ==——)EP0) + —E(rerit) (43)
Terit Terit
= E"(r) = E"(r). (44)

The first three steps in the sequence of equations aboveraightfiorward. For the inequality (40), since we
are considering the case wher< r.,.;;, we simply choose’ = r..;; which will yield an upper bound for (39).
We also boundE(0, g,, p) by E(0,p), which is obviously true. For the inequality (41), we applg thound
E™®(0) = lim,_o % < E'(0) from Theorem 2. The inequality (42) is trivial Sindg? (re,it) is equal to
Eg;(rmt, qp) optimized over all choices af,. We have proved that for the MIMO block fading channel in the
proof of Theorem SEZ’(O) < E(0). Thus, (43) must be true. (44) is trivial since (43) is simplg straight-line
part in the random-coding bound.

For {¢,} to be first-order optimal for < r.;, we need all the inequalities in the above calculations to
hold as equalities. As a necessary condition, we look at dinelition for (42) to hold as an equality, which is
equivalent to requiring that (38) must hold. Applying theuk in the first part of the proof, a necessary condition
for (38) is that{g, } is a general flash signaling scheme with peak constrding.;;). In other words, a necessary
condition for{g,} to be first-order optimal for rate < r.,;; is that{g, } is a general flash signaling scheme with
peak constraink(r..;;). However, it is easy to check thatr) = x(r¢.it) for r < r..+. Thus, we complete the

proof of this lemma. o
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The necessary condition (31) gives us a constraint on theneidues ofXX for a signaling scheme to
be first-order optimal. However, usually it is not that cameat to look at the eigenvalues and try to make
these eigenvalues satisfy certain peakiness conditiarshis purpose, we define the following quantity, which
indicates the level of peakiness we need at the entries dfiplue matrix X, rather than the eigenvalues Xf X,
to achieve the optimal decoding error performance for aacemater. Let F;(r) be the set of sequences of

first-order optimal distributions with respect to rate

Definition 7 We definer(r) to be theminimum signal peakines®r a communication rate- on the MIMO
block-fading channel (1):

7(r)= inf limsup sup ||X io, (45)
( ) {w}eFi(r) p—0 XeA, ” ”

where A, is the alphabet for the input distributiog), and|| X ||« is thel,, norm of matrixX. o

From a practical point of view, it is unreasonable to allowunsignals with arbitrarily large peakiness. Thus,
7(r) is an important parameter which shows how difficult in preit is to achieve the best performance at rate

r. There is a rather simple relation betwegn) and«(r), which is presented in the following theorem.

Theorem 4 For a MIMO block-fading channel (1), the minimum signal peaks to achieve the optimum de-

coding error probability at coding rate is

_ k() T(®)

T(T) - MTC - MTC’ (46)
wherex(r) is defined by (30) and(r) is defined by (22). Thus, the peakiness gain achieved by tMOMI
block-fading channel i8/7..

Remarks: This result is actually quite straightforward if we take asg look at Definition 6 and Lemma 2. It
can be seen there that the only condition required for a bignacheme to be first-order optimal is that for all
input matricesX with a non-trivial probability, the eigenvalues Xff X have to be eithed or some large number,
determined by(r). In other words, there is a peakiness requirement for a signatheme to be first-order
optimal. However, we have the freedom to construct the inpairix to satisfy this condition and minimize the
peakiness requirement in each entry of the matrix. When we haultiple transmit antennas and coherence time
T., one obvious way to do this is to transmit over only one of tlgeeimode, i.e., make all the entries identical
and equal to%}i, which gives us a peakiness %f’% Now we show rigorously that this is actually the best
peakiness level we can obtain to achieve the optimal chaer@rmance at communication rate

20



Proof: We first showr(r) > ;[(;) Suppose-(r) < ;}Q, we can find¢ > 0, such that

K(r)
T(r) < T, —

€.

Thus, we know for some sequence of first-order input distiobs {g,, }, we have for any input alphabet (matrix)
X,
lim sup (|| X|[o0)? < ﬂ —&/2.

p—0 o MTC
Thus, we must have for arly
<& MT.€
limsup A; < limsup ) A = limsup Tr(XTX) < limsup MT.(|X]|))? < k(r) — =, (47)
p—0 p—0 =1 p—0 p—0 2

Choosingt = 75, we have,

limsupg[)\ll{‘)‘l_ﬁ(r)lq}] < limsup max M
p—0 p - p—0 XeA,\{0} HX.H2

From (47), we know whep is sufficiently small/¢ )y, . <3 = 0. Hence,

ENIn —r(r)|<e}]

lim =0
p—0 P
and further
e ENIga ]
lim {A—r(r)[<e}] _ 0.
=0 p
Thus,
T, T,
c EINI 1\ —k(r)>e c EIN] = ENIrn —rir)<e
lim inf i {Pu=r(r)l= }] :Zliminf i) i {u=rn)l< }] =T.>0,
p—0 p -1 p—0 P

which violates the necessary condition (31) for first-ordptimality and thus contradicts the assumption that

{qp} is first-order optimal. Hence, we must hawve:) > ;};)
For the other direction, what we need to show is that therst®x sequence of first-order optimal input
distributions{g,} such that the signal peakinessﬂfjjgﬁ)c.
Consider the following on-off signaling scheme in the fori{(29): for anyp, we choose each entry &,
to be identical and equal t@,%. It is easy to check that for this input matrix, only one nomnezeigenvalue
exists and equal te(r). Thus the first-order sufficient condition in Corollary 2 isisted and{g, } is first-order
optimal. Also it is trivial to check that the signal peakiadsr this signaling scheme %’% o
Remarks: WhenM = N = T, = 1, itis easy to see that(r) = 7(r). Thus,7(r) tells us how peaky the

signaling has to be to achieve a certain point on the reifglaurve for the SISO fast-fading channel(r) can
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Figure 2: The required peakiness at communicationsrate

be computed numerically and is shown in Figure 2. From Fi@ e see that as we get closer and closer to
capacity, we have to use more and more peaky signaling scheme

This theorem also tells us that the role of having more tréinesmiennas and longer coherence time in the low-
SNR regime is to reduce the minimum signal peakiness we meachieve the optimal reliability function. It is
straightforward to see that having larger coherence timehedp us to reduce the signaling peakiness. However,
it is less intuitive that having multiple transmitting ani®s is also helpful in terms of reducing the peakiness we
need to achieve the optimal performance. To give the iotuitiehind this phenomena, we give a simple example
here: consider a fading channel withh = 2 transmit antennag, receive antenna and coherence tifhe= 1 and
compare it with the SISO fast-fading chanii@f = N = 7. = 1). We claim that for any channel performance
(a certain communication rate and a certain decoding eraiygbility) achieved by the SISO channel, we can
achieve the same performance using the 2 transmit anteramaehand only half the signal peakiness. To see

this, we just use the same inpufor the two transmit antennas, and the channel is
y = (h1 + h2)x + w,

with an average power constraifijz|?] = g. Since bothh; andh, are Gaussian with variande iy + ho is also

complex Gaussian with varian@eHence our channel is also equivalent to the following SiSénciel

y:iﬁc%—w,
22



whereh = ’”Lﬁh? is Gaussian with variance andz = /2x has average power. Hence, we can always get
the same performance as a SISO channel by using the samé alidrwh antennas while reducing the input

peakiness by a factor @af

3.3 Fading channels with average and peak power constraint

As we have shown in the last section, to achieve the optini&bikity function, we need peaky signaling
schemes, in the sense that although the average power goewiéohave to keep at least one of the symbols
at a certain energy level, which is not goingltoAs r approaches the capacity, the energy for this symbol ac-
tually goes to infinity, which converges to an extremely pesignaling schemeflash signaling22]. However,

in practice, it is not possible for us to use input symboldiilfinite energy. In this section, we will study the
reliability function of a fading channel (1) with both avgeand peak power constraint, where the average power
constraint goes t0 and peak power constraint remains at a constant level. f8adlyi the peak power constraint

is defined as for any input matriX, we must have
X3 < K. (48)
Our main result in this section is as follows:

Theorem 5 For the MIMO model (1) with an additional peak power congttgi48), we have

Elp(r) = sup —pr+ Eo(p), (49)
0<p<1

whereE,(p) is defined as follows

- 1 1+ L=
Bo(p)=N(1+p) sup —In— L

g (50)
0<x<MT:-Kpm L (1 + ;U)Tp

Proof: We can still apply Theorem 2 here and we compit¢p) as follows:

- 1 det(I+ £-XTX)
E,(p) = N(1+p) sup 5 In L+p —
x£0:1X2 <Ko X[ det(T+ XTX) 75
T, (I+=N)
<110 7(1“1;’%
= N(1+p) sup l
XAOIX[%<Kn S N
< N(1+p) sup —1In w. (51)
0<e<MT.Km T (14 2)T+
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The inequality (51) is true sincgX||2, < K,, indicates that the largest eigenvalueXofX can be bounded as
follows

N <Tr(XTX) < MT.K,,.

Now we have to show that the inequality (51) can be achieveahauality by choosing an appropriate input
matrix X for any p € [0,1]. Assumingz,, is the optimizingz in (51), we choose&X to have identical entries
which are all equal tq% It is easy to see that this choice of input matrix will achiéive equality in (78). The
calculation forEi’;(O) is very similar to the proof of Theorem 3. o
Comparing (50) with (17), it is straightforward to see thédwing properties ofE’?(r) for average and

peak-constrained fading channels

Corollary 3 The low-SNR reliability functior®"” (r) (50) with the additional peak power constraiht,, co-
incides with the reliability functionz'?(r) (17) with average power constraint up to a ratg,, which is the
minimum rate satisfying(r,,) > K,,, and7(r) is the minimum signal peakiness with respect to rates de-

fined in (45). For any rate larger than,,, E'(r) is strictly less thanE'?(r) and intersects the lin& " (r) = 0

at
—ip ~ In(1 + MT.Ky,)
cr=Nt MT.K,
ThusC" is the low-SNR capacity with a peak constralfi, . o

Remarks: One important message here is that in the low-SNR regime aonuations with both average
and peak power constraint, increasing the number of trarsmennas can actually increase both the capaaity
the reliability function for the rate region near capaaigther than being detrimental to the channel performance.
Further, channels with longer coherence time also perfattebthan channels with shorter coherence time. The
role of coherence time is similar to the role of multiple sanit antennas.

Now we look at a few numerical examples. For simplicity, welke= 1 and the peak constraiif,, = 1. In
Figure 3, when\/ = 1 andM = 2, itis easy to check that,, = 0. Thus, the whole reliability curve is below the
reliability function of channels with only an average powenstraint. However, wheh/ > 4, we haver,, > 0
and the phenomena we described in Corollary 3 starts to kickn Figure 4, we show how multiple transmit

antennas improve the low-SNR capacity of a channel with bednage and peak constraint.
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Figure 3: The reliability function for channels with bothessige and peak power constrait. = 1.
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Figure 4: The capacity for channels with both average andl peaer constraintT, = 1.
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4 Correlated MIMO fading channels

In the last section, we studied the MIMO channel model (1hwlite assumption that each entry of the fading
matrix H is an i.i.d. complex Gaussian random variable. Specifically assume that each entry Hf is a
symmetric complex Gaussian random varia®lé(0, 1) and we allow an arbitrary correlation between any two
entries ofH. This correlation is usually referred to as tmatial correlation

In this case, the transition probability density functipfiy |X) is a bit more complicated. We wrif¥ =
(Y1,y2, +»,¥7.), X = (x1,X2, -+, x7,) andW = (w1, wa,---, wr, ), Wherey;, w;’s are column vectors with

dimensionN, andx;’s are column vectors with dimensiavi. We have
yi=Hxj+w;, =12 T.

Define a larger column vectgr” = (y{,y2”,---,y7, ). Given the input matrixX, y* is a joint complex
Gaussian vector with variance

ey =1+E,
whereZ = {¥;;}; 4,7 =1,2,---,Tc and¥;;'s are N x N matrices such that for any,

Eij = (SH [HX@X} HT] .

Thus, we have the following form of (Y |X) :

POV = vm qerr 5 19 279, (52)

For general Gaussian random mathk we cannot always get a closed-form expression for the iktiab

function as in the capacity case [22]. However, we can geipgeiubound on the reliability function.

Theorem 6 For the non-coherent MIMO model (1) with a general fading mxaH, we have
E™(r) = sup —pr+ E,(p), (53)
0<p<1
whereE,(p) is upper bounded by

_ 1 1+ £z
Eo(p) < G(1+ p)sup ~In —£

) (54)
>0 T (1 + yj)m

and G is the maximum channel gain [22] and is defined as

s SBLEXI)
x40 |IX]?
Here \,,... (A) denotes the largest eigenvalue of matAix
26
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Proof: Itis easy to verify

. 1 det(T + 2
E,(p) = (1+p)sup 5 In -
xz0 [IX[* ™ det(1+ =)™

(59)

Assuming{ A1, A, - -+, AnT. } are the eigenvalues &, we have

NT, Te T
Z N=TrE) =Y Tr(S;) = > Tr(faHxxH) = &q[|HX 2.

=1
We boundE, (p) as follows
RN Iy
ZNTcln—w
- Eu[|[HX ] (14+2) T
Eo(p) = (1+p)sup ’
X#£0 HXH2 Zl]\il
ln71+rppf
eallBX)? "
< (14 p)sup su
I TIXE S8 s
1 1+ L2
= G +p)sup—In—2_
x>0 T (1_|_g;)1+p

(56)

The maximum channel gaifd for this case can be computed as

sup Eul|HX]?]

xz0  |IX][?
Zl 1Xl EH[HTH]

X40 X2

S0 Amae (Eu[HTH]) |, 2
X£0 X2

= Aoz (Eu[H'H])

G =

(57)

It is easy to verify the low rate condition (15) is true usimgigar bounding techniques as above and thus the
theorem is proved. o

Remarks: Now we discuss the conditions under which this upper boumdbeaachieved. It is easy to see
that for the equality in (54) to hold, we need both inequaditi56) and (57) to be achieved as equalities. We know
(56) can be made an equality if the eigenvalueS afre either zero ar,. Equation (57) is an equality when for
anyl, x; is in the eigenspace corresponding\tg.. (i [HH]). Unfortunately, sometimes it is not possible for
both conditions to be true. As a simple example, considecdlse wher/ = 1. In this case, the equality in (57)

is trivially true for anyX. However, we will lose control of the eigenvalues=ifsince in this case,

Ez’j = (SH [HHT]Xlx;r
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We claim that for any eigenvalueof £ [HHT], there is a corresponding eigenvalle= A|| X ||? for = = {¥;;}
in the case whet/ = 1. To see this, assumeis an eigenvalue of;[HH'] andv € CV*! is the corresponding
eigenvector. We must have

Ea[HHv = \v.

Let B € C7*Tc be a matrix whos¢i, j) entry iSXiX}L-. Denotea = B1, wherel is the alld vector of dimension

T.. Construct a new column vectérof dimensionNT, as follows

~1 ¢ ¢ ¢
v =(aqv' agv', - anv')

It is easy to check that
26 = A|IX|1%7,

and thus\ || X||2 must be an eigenvalue far. In the case wheéiiz [HH'] has more than one non-zero eigenvalues
which are unequal, we can not make (56) an equality, i.e. enadikhe scaled eigenvalues to be eithen z,.
On the other hand, for the opposite extreme case wen 1, we can check that the upper bound in (54) can be

achieved.

Corollary 4 When we havé/ transmit antennas and one receive antenna, the low-SNabiltly function is

I 1 1+
E(r) = sup —pr + Mmaz(Eag[HH])(1 + p) sup = In ———2 (58)
0<p<1 >0 % (14 x)TFr T

and thus has a performance gainXf,..(Eg[H H]).

Proof: We chooseX such that for any = 1,2,---,7,, x;, = x. WhenN = 1, %;; = Eg[Hxx'H'] =
xIEg[H'H]x = o is a scalar an@& has only one eigenvalugT,.. Choosex such that it lies in the eigenspace
corresponding to\,q. (Ex[H'H]) and ||x||?Ame. T = z, and it is easy to see that both (56) and (57) are
satisfied. o

Now we study the quantity,,...(Eg[HH]). We claim
Amaz (Eu[H'H]) > N, (59)
which is the channel gain under independently faded m&driXo see this, consider
Zm Tr(Ea[HH]) = MN < Moz

Thus for any fading matriH, (59) must be true, which means the reliability function facarelatedd may

be larger than (16). For the case whi&h= 1, (58) tells us that any fading matrid will do better than the
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independent fading case. The independent fading chanrdglmsowidely studied because it can provide better
diversity gainanddegree of freedom gain the high SNR regime, as compared with the correlated fadiiatrix.
To get approximately independent fading paths, we havettthpiantennas physically far apart (more than half
the transmission wavelength), which limits the possipitif having multiple antennas on small communication
devices. However, in the low-SNR regime, tigersity gainanddegree of freedom gaisre not more important
that thepower gain Thus, in this regime, the design goal of utilizing the MIM@stem has changed and it is
might not be a good idea tmakethe fading paths independent at all.

Next we assume that we have control over the fading m&drand explore the best fading matidX in the
sense that we can obtain the best reliability function utitierfading matrix. Specifically, we need to maximize
the reliability function (53) oveH under the constraint th&l is complex Gaussian and each entry has variance

1.

Theorem 7 A fully correlated fading channel matrid (h;; = h; Vi,j) provides the maximum performance

gain and the reliability function for this fading model is

E®(r) = sup —pr+ Eo(p), (60)
0<p<1
whereE,(p) is upper bounded by
. 1. 1+
E,(p) = MN(1+ p)sup —In L (61)

a>0 T (14 :U)%p .
Proof:. This model is a special case of the general fading model weisted above. Given the proof of Theo-

rem 6, it suffices to show here that for aky
Amaz(Eu[HTH]) < MN, (62)

where the equality can be achieved by this choicHoand the two inequalities (56), (57) can be made equalities
for this special fading matrix by choosing an appropriXte

It is easy to see that (62) is true since
Amaz(Ea[HH]) < Tr(Eg[H'H]) = M N.

WhenH has identical entries with variande &g [HH] is a matrix of dimensior/ x M with all entries equal

to N. Thus,\a. (Ea[HTH]) = M N for fully correlated fading.
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Next we choose a scalarand repeat it at all entries of the input matkx First we check that (57) is achieved

as an equality. In this casgX||? = MT.|x|? and
Eul|HX|?] = MANT,|z|*.

Thus,
Eul|HX]?]
X1

For (56), it is also easy to see ttthas only one non-zero eigenvalue which is equafgd||HX|?] =

= MN.

M?NT.|z|. If we choosgz|* = 372%7, we are done. o
Next, we find the minimum signal peakines§&-) for this fully correlated MIMO channel. With the input

matrix we constructed in the proof of Theorem 7, it is stréfighvard to have the following theorem:

Corollary 5 For the fully correlated MIMO channel, the minimum signglipeakiness is

K (r)

™) = 3ENT, (63)
wherer/(r) is defined as
1. (1+ 1 )
K(r)="7 4 = arg max su ———|— 1+ 17*‘0‘
(r) = 7(3;57) = arg max T (A +p)— R

In other words, when we have a fully correlated MIMO fadingmhel, we can achieve a performance gain of

M N and a peakiness gain af/>2NT,, as compared to a SISO fast-fading channel. o

It is not necessary to require thHt has identical entries in order to achieve the optimal perforce gain in

a MIMO channel. Next we consider the case that any two enifi@&$ differ by a phase shift:
g[hnm hn'm'] — ejenmn/m,7 (64)

foranyn,n’ = 1,2,---, N andm,m’ = 1,2,---, M. Further, we assume the correlation between any pair of

transmitter and receive antenna is the product ofrdmesmit correlationandreceiver correlatio1], i.e

Elhnmbnime] = R RE

nn's

whereR" = {R! .} andR’ = {R! ,} are the transmit correlation matrix and the receive caislanatrix, re-
spectively. In our case, where the only difference betwegriio entries oH is a phase shift as in (64), itis easy
to see that this is only possible when all entrieRéfor Rf have magnitudé. Denoteu = (1, e/¥2, - -, efunm)T

andv = (1,e7%2,... "M)T, AssumeR! = uuf andR" = vv'. Physically, this form of correlation matrix
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means that the phase shift betweensthth andm/’-th transmit antenna is,,, — u,,,» and the phase shift between

the n-th andn’-th receive antenna is, — v, (u1 = v1 = 0). Thus,
g [hnm hn/m/] = ej (um_um’ FUn =V, ) . (65)

Let H;, denote the fading matrix with identical entries, as the omeassumed in Theorem 7. The correlated

fading matrix with correlation (65) can then be written as
H=VH,U, (66)
whereU = diag(u) andV = diag(v).

Corollary 6 For a MIMO fading channel with fading matril satisfying (66), we can also achieve a perfor-

mance gain of\/ N and peakiness gain/2NT,.
Proof: For H determined by (66), we can write the channel as
Y =VH,UX +W.
ConsiderX = UX, Y = V-'Y andW = V~'W. We have an equivalent channel
Y =HX+W. (67)

It is easy to check that botti and'V are unitary matrices. Thu# in (67) has the same distribution &%¥.

Further, the power constraint for the input for (67) is
ENIX|’] = E[Tr(XXM)] = £[Tr(UXXTUY)] = €[Tr(XX")] = [ X|] < pTe.

This channel is equivalent to the channel considered in fHmed@ and thus we can also achieve the same perfor-
mance gain of\/ N by choosingX = X* (equivalently,X = U~1X*)) whereX* is the optimal input matrix
we constructed in the proof of Theorem 7. Moreover, it is éasee that the same peakiness gain is achieved by
the same input matrix. o

Now we look at the physical conditions on the antenna spaamuigr which these two fully correlated fading
models are appropriate, using the angular domain repgembpf the MIMO multi-path fading channel [13, 20].
Let A; andA,. denote the spacing distances, normalized by the trangmisgvelength)., between adjacent

transmit or receive antennas andlgtand L, denote the normalized transmit and receive antenna apsifsize
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of the antenna array). Thus, we must hdye= M A; andL, = NA,. The angular basis matrices for both the

transmit and receive sides are defined as

U = (e () e ()
Ui = (e0)elp) el )

wheree;(2) ande, (2) are thespatial signaturevectors and are defined as [20]

1
exp(j2m A Q)

2-

| exp(j2m(M —1)A:Q) |

1
exp(j2mAQ)

2=

| exp(j2m(N — 1)A,Q) |

The physical paths whose transmit solid andlgs= cos ¢;, where ¢, denotes the transmit angle, have
differences withinLit and receive solid angles have differences Witlﬁa are highly correlated and thus are
calledspace unresolvabléBased on this observation, we can divide paths into diftea@gular windows which
correspond to different solid angle intervals of IenQ;&handL% and further, the fading matrid can be connected
to an angular domain fading matt® by

H = U, H"U], (68)

where each entr; of H* denotes the aggregated path gain for all paths starting tihenith transmit angular
window to thei-th receive angular window.

In a richly-scattering environment, when the antenna apestat both the transmit and receive sides are less
than half the wavelength, all the physical paths becomeespacesolvable. Thus, in the angular domain, the
corresponding fading matrid® only has only one non-zero entry, i.&$;, = h, whereh can be assumed to be
complex Gaussian due to large number of paths. Consequintty (68), it is easy to see that the fading matrix
H will have identical entries. Thus, if we put both the transamid receive antennas within half the transmission
wavelength, we can get a fading matkkwith identical entries.

For the other fading model where we assume any two entridd differ by a phase shift satisfying (65),

we consider the following scenario where the physical patbsot evenly distributed across different transmit
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and receive angles. Instead, there is one dominate andietisaicall the non-negligible paths are included in a
neighborhood of this angle. When the space sample reguﬂuﬁipand%t are low enough, or equivalently, when
L, and L,. are small enough,npt necessarily less thaﬁ;,) these paths will fit into the same transmit-receive
angular window pair. Thus, only one space-resolvable peagissand the correspondirid* has only one non-
zero entry, i.e.h{; = h, for somei, j (not necessarily = j = 1). From (68), it is easy to check that in this case
the fading matrixH satisfies (66).

Remarks: Theorem 7, Corollary 5 and Corollary 6 tell us the potentiaifgrmance gain and peakiness
gain we can have with MIMO channels in the low-SNR regimehé# entries of the fading matrild are fully
correlated. The first observation here is that it is impdrtamake the fading correlated in the low-SNR regime.
We can potentially have a reliability function which ig times better than the result with independent fading
matrix. For this model, both the low-SNR capacity and religlfunction increases in proportion to theroduct
of the number of the transmit antennas and the receive aageRiurther, the minimum signal peakiness reduces
by a factor ofﬁ as compared to the independent fading case, which makesch easier to achieve the
reliability function. Thus, in the low-SNR regime with mylle antennas, we should try to make the channel
fading more correlated, (for example, by putting the aréisneiose to each other physically) to fully utilize the
advantage of having multiple antennas.

The reason that spatial correlation is beneficial in thigmegs that in the low-SNR regime, the power gain
directly determines the performance gain. Correlated mélgpaths between transmit and receive antenna pairs
help amplify the transmitted signal and thus achieve a bptwer gain.

Another observation here is that multiple transmit antenten be beneficial. For the independent fading
case, we have shown that multiple receive antennas give es@mpance gain while multiple transmit antennas
only provide a peakiness gain. However, with fully correthfading, we proved that multiple transmit antennas
contribute a peakiness gain 812 and a performance gain al/, while multiple receive antennas give us a
performance gain ofV and a peakiness gain @f. Thus, transmit antennas are very important for low-SNR
communications. To get more insight into this phenomenagcaresider a simple example withi = 2 and
N =T, = 1 and compare it to a SISO channel. Further, assume we hayectullelated fading over the two

paths. The channel can be represented by
y = h(z1 + x2) + w,

with an average power constraififiz;|? + |z2|?] = p. Consider the naive transmitting scheme when we always
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transmitz; = x5 = x. Thus, under this signaling scheme, the channel becomes
y = h(2z) + w,

with an average power constraifif|z|?] = £. For the performance gain, we consider capacity for sintglici
Let Cjs denotes the capacity with/ transmit antennas. The quantity of interest in the low-SHg§ime is

Cy(0) = lim,_o CQT@. Itis easy to se€(p) = C1(2p) and thus

C5(0) = lim =201(0),

where we find our performance gain. For the peakiness gasanas: is the minimum peakiness for the SISO
channel, which means an on-off signaling scheme vyithas the non-zero symbol is optimal for a certain point
in the reliability curve. With the same fading, for the twasismitter channel, the same on-off signaling scheme

is still optimal except now we only neét = /x and thugz|? = 7> which gives us the peakiness gain.

5 Conclusions

In this paper, we investigated the tradeoff between comaatioin rate and average probability of decoding error
for a non-coherent multiple-antenna fading channel in a%NR regime, using the framework of error-exponent
theory. We started with the assumption that the fading m&irhas i.i.d. entries. In this regime, we showed that
using M transmit antennas amdl receive antennas allow us to realized a performance gaw and peakiness
gain M. Further, if the channel is constant ev@tysymbols, we can see a further peakiness gaifi. o owever,
neither increasing/ or T, can improve the asymptotic communication rate or the riitialfunction of the
channel. Further, when both the average and peak power astrained, having larget/ or T, can improve
both the channel capacity and the low-SNR reliability fimrct

In the low-SNR regime, channel correlation can actuallyrioep the channel performance. In the extreme
case where the fading is fully correlated, in the sense tieentries of the fading matrild are either identical
or differ by a phase shift, we can achieve a performance dai & and a peakiness gain 8f2NT,. Thus,
the advantage of having multiple antennas is best realizezhwve have fully correlated fading channels. This

suggests that the antennas should be placed close togetherlow-SNR regime.

A Proof of Theorem 2

We prove Theorem 2 in the following three subsections.
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A.1 Sphere-packing bound

First, we consider the sphere-packing bound (7) and show
Elp(r) < E?I’,(T).

We start with the expression fd#,(p, p) in (8):

/ < / ¢()ePb@) ) f(ymﬁdlq)up "
= /f y0) (/ B(b(z)— [f } >1+pdy
> (/f y[0) / B(b(z)— [f } dmdy) Lip N

p 1 I+p
— ([awerewrn / f(yIO)mf(ylw)wdydm)
1+
_ (/q(m) Bb(x) ) o [ J10)TH f(yle)T 1pdyd$> ’

1

> 40) elln [ F(510)T57 f(yle) 57 dy) (70)

The inequalities (69) and (70) are two applications of Jesseequality, due to the convexity of the two functions

f(t) =t""?andgy(t) = e'. From here, it is easy to see that

Eo(p.p) < sup sup—(1+p)5[1n/f(y|0)ﬁf(y|x)r%dy]

a€D(p) =0
s ) Y aw i [ 0 Sl iy ()
q€D(p) k=0
Note thesup in (71) is over all possible choices of the finite discretehalpetzg, x4, - -, x5, and all possible
probability assignmentg(z), ¢(z1),- - -, g(xx) under the constraint that =, q(zx)b(xx) = p. However, if

for somek, x, = 0, it is easy to check that

In / F]0)T5 f(ylax) o dy = 0.

Thus, we can remove the zero-cost symbol from the summatifril) and we have

Eip.p) < swp ~(1+p) 3 aw)ln [ £l0) 7 Syl Fody
q€D(p) ki, #£0
—(14p)ln 0)TH ) TP d
9€D(P) ki, 40 )
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IN

—(1+ p) In [ £(y]0)T57 f(y|2) 7 dy
E b 2

e 2D IO f(yla) T dy
xe A’ b(x)
= pEo(p)

From the definition of2’?(r) and applying the sphere-packing bound here, we have
E™(r) < limsup Ep(rp,p) < sup —pr + E,(p).
p—0 p p=>0

Remarks: The main modification we have here, as compared to Gallage, is that we apply Jensen’s
inequality in (70), rather than using Gallager's argumdsatsed on the fact that all alphabet symbols ex0epe
larger tharp, which is not true here since we allow the alphabet symbolsizmge with SNR. The equality will
hold in (70) if and only if the expressiog(®) ff(yyo)ﬁf(y\x)ﬁdy takes the same value for all symbols
which occur with non-zero probability. As pointed out in,[8e bound in (70) will be tight if we choose on-
off signaling. With this modification, we next apply (72), izh is motivated by the simple inequality (15) in
[21], to get the sphere-packing bound. The other inequédi® in the above proof is essentially a procedure of
linearizationat low SNR. Using a key inequality established by Gallagé8jnwe will show in next section that
the non-linear terms actually does not affect this firsteoihlculation. Thus, all inequalities used to achieve this
upper bound on the reliability function can be made eqeslibly on-off signaling. This gives us some intuition

about why this seemingly-arbitrary bound is tight.

A.2 Random-coding bound

Next we show the random-coding bound

EP(r) > EP(r).

Consider an on-off signaling scheme as follows,

To wW.p. .t
g(r) = b(o) (73)
0 wp 1- Bza)?

wherez, is an arbitrary non-zero constant not changing witigain, we start with the expression fék,(p, p)
in (8). With this particular choice af, we have a lower bound fak,(p, p),

1 I+p
Epp) = sw-ln [ ([0 fole) ) dy
B20
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1

= swpln [ (1= L)e o)™ 4 et <mﬁ3fﬂd

£>0 ( o)
A
Bb(@o) Lo g
o (i) ) w7

To obtain a further bound, we make use of the following bourehima 1 of [3]):

= Sup1+pﬁp ln/fyIO (
>0

Lemma 3 For anyp € [0, 1], anyx > 0, and anyz € [0, 1],
(1I4+z—2)"P <14+ 1 +p—p2)(x—2z)+zr. (75)
o

_1
By treating ;% asz and ;2 )eﬁb(%) (%) " asz in (74), we can carry out the integral as follows

1\ Hp
P P ooy (S YlT) T
/ﬂmm(l ey e (Fo) ) &

1 17
p | pe®T) (flylzo)\ T p pe) [ f(ylzo) \ T
< [ 16 1+“+ﬂ‘pm%ﬂlb@a (ﬂwm> beo) | | b (ﬂwm> ] "
) ) (140)b(r.)
= 1+(1+p- pﬁ) [ﬁeﬁb(%) /f(yIO)mf(ylwo)mdy - ﬁ} +p1+peb(xpw (76)

It is easy to see that equation (74) can be lower bounded msaigs = 5, = —ﬁ In [ f(y\O)ﬁf(yyxo)ﬁdy.

After doing this, the second term in (76) will vanish and wethe following lower bound fo,(p, p) :

14p e(1+/7)60b(xo)
Eo(p,p) > (1+p)Bop—In{1+p W
€(1+p)5ob(mo) i
> (1+p)Bop — Wp
Thus, we have
ElP(rp)

E®(r) > liminf =/
p—0

(1+p)Bob(xo)
SUPp<,<1 —pP + (1 + p)Bop — eb(ﬁwplﬂ)

> liminf
p—0 p
I 0 1 e(l“"P),Bob(mo) o 77
e — + + o — ———————
im in 0221 pr+ (1 +p)B bz P (77)
Now we claim that we always have
Elp(r) > sup —pr+ (14 p)B,. (78)

0<p<i
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To see this, consider the following two situations. For th&t tase, assume the optimizipgn (78) isp* > 0.
The corresponding, equals ta3;. In this case, we utilize (77) and we have

(149")B5b(xo)

lp s % ®\ 2k 0
EP(r) = limipf—p"r+ (1+p")5 o) P
= —pr+(1+07)5,

= sup —pr+(1+4p)f,.
0<p<1

For the second case, consider the optimizing (78) is p* = 0. For this case, it is easy to check that the
correspondings} = 0. Thus, the right side of (78) is actually zero. Since we alwagge F(r) > 0, we again
have (78).

So far, we have proved that for amy > 0, we always have

E'"(r) > sup —pr — (1 _'_p)lnff(yyo)mf(y‘xo)mdy'
0<p<1 b(xo)

However, sincer, # 0 is arbitrary, we have

I 1
1 i+ o) ted
Elp(T) > sup sup —pr — (1 +p) Ilff(y‘O) Pf(y’(L’ ) ray
To€ A 0<p<1 b(,)

p 1
In [ f(y|0)T+r T d
= sup —pr+ sup —(1+p) n ) Sl0) ™ flylzo) e dy
0<p<1 zo€A! b(x,)
= sup —pr+ Ey(p).
0<p<1

This finishes the proof of the random-coding bound.

Remarks: In this part of the proof, as compared with [3], the modifiocatwe made is first to choose an
arbitraryz, € A’ to be the symbol used in the on-off signaling scheme, instéatioosing an optimal symbol
as in [3], where the alphabet is fixed@shrinks. Then we use a similar procedure, especially thenesyuality
(75), as in [3] to achieve the bound for this arbitrary onsaffnaling. Then in the final part, we use the fact that

x, can be arbitrarily chosen from’ and get the same lower bound as the sphere-packing bound.

A.3 Straight-line bound for low-rate region

Next we show the straight-line bound. We start with the felltg expression for the straight-line bound, which

is equivalent to the definition in Theorem 1:

. R R ,
E%Aftp)—-ﬁgggl-—}g)EULp)+-E§EqAR,p) (79)
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What we need to show here is the following

. r r
E"(r) < inf (1 - 5)Ef(0) + ZE(r), (80)

r'>r
whereE'?(0) is defined by (14).

To see this, we first state the following lemma which is a cquneace of Theorem 5 in [3]:

Lemma 4 If the zero-error capacity is zero, then

. E(0,p) El=In [ fyle1)? f(ylza)2dy)
T =P El(a) |

and thesup is over all possible probability distributions with a diste and finite alphabet set.

(81)

Proof: To prove this lemma, we just need to go through thefpsb®heorem 5 in [3], keeping in mind that we
are not fixing the alphabet. The achievability argumentgitive expurgated bound is not needed here since we
only state our Lemma as an upper bound. For a given SNR teviel any input distributiong € D(p), it is
easy to see that inequality (78) in [3] is always valid, whitiessup is over probability distributions which have
the same alphabet gsWe can further upper bound (78) by relaxing the alphabettcains of thesup to be any
discrete and finite alphabet as in (81). From here, (81)vallo o
Note we define the right side of (81) to béf(o) as in (14). Assuming for a given r* is the optimizing

r’ > rin the right side of (80), we have

E
EP(r) < limsup Z0PP)
p—0 p
. infr’ZT(l _ %)E(()?p) + %ESP(T/ILP)
= limsup
p—»O p
1-)E 7= Egp(r™p,
< limsup( ) B0p) + 32 By, )
p—0 p
r l T *
< (1= 2)EJ0) + S BE(r)

= inf(l-~

P>y 7! sl

1 T
JEL(0) + S EB(),

which completes the proof of Theorem 2.

B Proof of Lemmal

We first show

det(I+ A + B) _ det(I+(I+A)'B)

det(I+ A)det(I+B) det(I+ B)
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det(I+B — (I— (I+A)"HB)
det(I + B)
= det@— (I (I+A) HBI+B)™})

= det(I-AT+A)'BI+B)™).

Now it suffices to show that(A (I + A)~'B(I+ B)~!) c [0, 1], i.e., all the eigenvalues of the matrix(I +
A)~'B(I+ B)~!lie in the interval0, 1]. To show this, we have to use the following property of the migéies

of a product matrix, quoted from [6] (Corollary 1.7.7, Pa@@,Gvhich we state as a theorem here.
Theorem 8 LetC,D < CM*M |f C is positive semi definite, then
o(CD) C F(C)F(D), (82)
whereF'(C) is the field of values of and is defined as follows
F(C) = {x'Cx : x e M ||x|* = 1}. (83)
<&

ConsiderC = A(I+ A)~'andD = B(I + B)~!. Now we claim that bothC andD are positive semi
definite matrices. To see this, we start with the singulanevalecomposition [5] oA = UAUT and we writeC

as
C=UAU(I+UAUN ' =UAI+A)"'UT.

Assumes(A) = {A1, A2, -, Aar}. Itis easy to see that

. )\1 /\2 >\M
U(C)_{1+A1’1+>\2’”"1+AM}'

Since\; > 0 for anyl, we haveC > 0 and furthero(C) < [0, 1]. Similarly, we can showD > 0 and

o(D) C [0,1].

Thus, we can apply Theorem 8 here and we have
0(CD) C F(C)F(D).
Further, it is easy to see thay(C) C [0, 1] since
0 < x'Cx < Anaa (C)Ix[|* < 1.
Similarly, F'(D) c [0, 1]. Hence, we must have
o(CD) =o(AI+A)"'B(I+B)™) co,1],

which completes the proof of Lemma 1.
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