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Abstract— We consider a cellular network consisting of a base For example, we may require the queue overflow probabil-
station and N receivers. The channel states of the receivers arejty to be small or require small delays. The performance
assumed to be identical and independent of each other. The goal ot gjifferent scheduling policies under QoS constraints has
is to compare the throughput of two different scheduling policies . b .

(a queue-length-based policy and a greedy policy) given an upper recelve.d' much attention recently. For reasons of analytica
bound on the queue overflow probability or the delay violation tractability, much of the prior work assumes that the ché&ne
probability. We consider a multi-state channel model, where each to all the receivers are independent and statisticallytidai
channel is assumed to be in one of states. Given an upper Under this assumption, and assuming identical user @sliti
bound on the queue overflow probability or an upper bound on opportunistic scheduling policies become greedy polidies

the delay violation probability, we show that the total network ; . . . .
throughput of the queue-length-based policy is no less than the which the base station transmits to the receiver with thé bes

throughput of the greedy policy for all N. We also obtain a lower channel state. In [12], the author studies a simple network
bound on the throughput of the queue-length-based policy. For consisting of two users where the channels are assumed to be
sufficiently large N, the lower bound is shown to be tight, strictly  independent, identically distributed ON-OFF channelsntJs
increasing .Wlth N, and strlctly. larger thap the throughput of the large-deviations techniques, it is shown that the totaivoek
greedy policy. Further, for a simple multi-state char_me_l model — throughput of the QLB policy is larger than the throughput
ON-OFF channel, we prove that the lower bound is tight for all . )
N. of the greedy policy under the queue overflow constraint. In
[6], a wireless network witiN users and ON-OFF channels
is considered. It is assumed that the arrivals are identical
and Poisson, and the capacity when the channel is ON is
one packet per time slot. It is then shown that, when the
|. INTRODUCTION number of users increases fravto 2N, the expected sum of
gueue lengths is non-increasing under the QLB policy, wihile
Multiuser wireless scheduling has received much attentigmcreases linearly under the greedy policy. Further, in {5
in recent years. Consider a cellular network consisting ofl®havior of the greedy policy for Rayleigh fading channsls i
base station an®l users (receivers), where the base statigtudied and it is shown that under a delay constraint, tha tot
maintainsN separate queues, one corresponding to each usstwork throughput of the greedy policy increases iniiall
Assume time is slotted and the channel states of the reseivgith the number of users, but eventually decreases and goes
at each time slot are known at the base station. Then, tleezero when the number of users is sufficiently large.

base station can decide which queues to serve according @ qivated by these prior results, in this paper, we study the
their channel states. In this paper, we assume that the bgsformance of the two scheduling policies (greedy and QLB)
station operates in a TDMA fashion, i.e., the base staligg, 5 wireless network with multi-state channels and cantsta
can serve only one queue in each time slot. Two scheduliggs. Using sample-path large-deviations technigties

policies have been widely studied in the literature: (i) lzse ove peen used in [2], [12] and [13], we obtain the following
station serves the user with the best (weighted) channi sta,q jis:

(opportunistic scheduling) [16], [8]; or (ii) serve the onéth

the best queue-length-weighted channel state (queughleng 1) Assuming a multi-state channel model and a constant
based (QLB) scheduling) [15], [6], [10], [11], [4], [1], [9] arrival rate in each time slot, under the QLB policy,
While the QLB scheduling is throughput optimal (i.e., can we compute a lower bound on the large-deviations
stabilize any set of user throughputs that can be stabilized exponent of the probability that at least one queue in

Index Terms— Multiuser wireless scheduling, Large deviations,
Wireless networks, Queue-length-based policy, Greedy policy.

by any other algorithm), opportunistic scheduling maxiesiz the network exceeds a large threshold. We obtain lower
the total network throughput if all queues are continuously  bounds on the maximum network throughput under the
backlogged. If the arrival rates to the users are identicdlthe QoS constraints, and for largd, the lower bounds
channel state distributions to the receivers are identtban are tight, strictly increasing, and strictly greater than
these two scheduling policies have the same stability regio the throughput of the greedy policy. For the ON-OFF
While stability is the first concern of scheduling policies, channel model, we prove that the lower bounds are tight

quality-of-service (QoS) is equally important in applicas. for all N. It was conjectured that in [12] that, for the ON-



OFF channel model, the complexity of the calculatioh states{0,...,L — 1}, the probability that the channel is in
of the large-deviations exponent increases exponentiafiiatel is pf (the superscript “c” indicates it is the probability
with increasingN, but we show here that a simpledistribution of the channel states), we can transmit at ripst

closed-form expression can be obtained.

bits/slot when a channel is in stdteandF > F if k> 1. Also

whereQ;[t] is the queue length of usert the beginning
of time slott. In the ON-OFF channel model, this policy
chooses the user with the largest queue length from ON

2) Consider ON-OFF channels and the QLB policy. In [6lassume that the arrival rate is equalitgN bits/slot for each
under the assumption that the channel capacity is onser and the bits are deposited in the queue at the beginning
packet per time slot, for a different model, it is showrf each time slot. In this paper, we will also analyze a specia
the expected sum of the queue lengths is nondecreasi@ge of the multi-state channel model — the ON-OFF channel
when the number of users increases frdinto 2N. model — in detail, wheré =2 andFy = 0.

In this paper, for the ON-OFF channel model, we We will study the total network throughput of two differ-
show that the maximum network throughput is strictlent scheduling policies under two different quality-ofssee
increasing inN under the delay-violation constraint or(QoS) constraints. The two scheduling policies that will be
queue overflow constraint. Our result does not oniywvestigated are:

compare perfqrmance witN users and ® users, but 1) Queue-length based (QLB) policy: Choose ugeto

at all intermediate values as well. Our result also holds ~ a3nsmit if

even when the capacity of the network is greater than . _

one packet-per-slot. Further, for the general multi-state ' €ag rr?am Qi

channel model, the maximum throughput is shown to be

strictly increasing withN for large N.

3) For the greedy policy, we analytically show that the

throughput goes to a constant under the queue overflow

; X channels.
gonstralnt, a}nd depreases to zero under the delay waa—z) Greedy policy: Choose uséf if
tion constraint. This result holds for the general multi-
state channel model, and is consistent with the numerical i* € argmaxy[t].
results for Rayleigh fading channels in [5]. !

4) Under the QoS constraints, we show that the through-

put of the QLB scheduling policy is no less than the
throughput of the greedy policy. This conclusion was

If more than one user has the best channel state, we
assume that the base station is equally likely to choose
any one of those users.

also obtained in [12] for a two-user system and under the two QoS constraints that will be considered are:

the queue overflow constraint. Here, we prove that it is
true for networks withN users N > 2) and multi-state
channels.

1)

The rest of the paper is organized as follows: In Section
II, we describe our system model in detail. In Section IlI, we

study the QLB policy. Then, in Section IV, the greedy policy

is investigated. In Section V, we compare the performance

of the QLB policy and the greedy policy. In Section VI, we
study the performance of the QLB policy and the greedy
policy for Rayleigh fading channels using simulations.dHiy
concluding remarks are provided in Section VII.
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Fig. 1. Single-hop Network

Consider the downlink of a time-slotted cellular network
shared byN users, where only one user is allowed to transmit

in each time slot. An example witN = 3 is shown in Figure

1. Each user is associated with a channel and all channel-

state processag[t] are independent and statistically identical.

We consider multi-state channels — where each channel has

Queue overflow constraint:
Pr(m_ain (0) > B) <eEg,
I

whereQ;(0) is the stationary queue length. So this QoS
constraint requires the steady-state probability that the
gueue length is larger thaB to be small. Instead of
studying this constraint as above, we study the approx-
imation to the constraint given by

Bs(N,A) = éian—%Iog Pr(miain (0) > B) >0, (1)

where the large-deviations exponef is a function

of the number of users and the total arrival rate. The
exponentd can be related te for large B using the
approximatione %8 = ¢.

Delay violation constraint: DefinB(t) to be the maxi-
mum delay experienced so far by any bit in any of the
queues in slot, andD(0) to be the stationary maximum
delay. Assuming that the system starts at tirre, the
steady-state delay violation constraint that we consider
can be expressed as follows:

Pr(D(0) > D) <e.

Since the arrival rate is constant, it is easily seen that

Pr(D(0) > D) = Pr(miain (0) > £|D> .



Thus, the delay violation constraint can be expressed ahifted time so that the discrete time unitslQ..,BTs have
A now become the continuous time interjalTs,0]. For each

Pr(miain(O) > ND) <E t, the variables%B)(t) is the amount of (scaled) time in the
interval [—Ts,t] that the system is in state Next, define the
As before, we study the following approximation to th&ystem channel rate processes usitg'auple —u(t), where
constraint: u(t) is nonnegative, integrable, argk_;*u;(t) = 1. Further,

AD for B large enough, we have for ay<t,

6b(N,A) = DIir;nm—%log Pr(miain (0) > N) >0. (2)

ty 1
¥ (t2) - s (ta) - / uj(9)ds) < =

6]
Next, define the Kullback-Leibler distance [3]

Note that the delay as defined above is the “virtual delay” and
not the actual delay of a packet. From the above description

of the two quantities, it is clear that the two large-devias
exponents are related as follows: L1 uj(t)
D(u(t)([p) = % uj(t)log——.

tp(N, ) = ABIN:A) %(N.A) ©) 1= Pi
DA N 0 _ .

Thus, we will primarily consider the queue overflow proble %ﬁgiiaogf_nzigi&ﬁz'|£c))s(jtsp?2t§::aem903t function, and we define
when we analyze the wireless system using large deviations. . '
In this paper, we usé to denote the large-deviations QLB o
exponents, where the subscript indicates the QoS coristrain B (N.A) = ITanJ /,T D{u(s)llp) ds (©)
(“B” indicates the buffer overflow constraint and “D” indes |\ here T > 0, Gi(—T) =0 for all i, maxq(0) = 1, and the
the delay-violation constraint), and the superscript daths QLB poIiEy is used. We usE*

: . y . ) andu*(t) to denote the optimal
the scheduling policy used (*Greedy” is for the greedy policsq|tion, and user*(t) to denote the corresponding trajectory.
and “QLB" is for the queue-length based policy).

It is obvious that the scaled tim& should be chosen such
that T* <Ts. In Lemma 3, it will be shown thal* is finite
Ill. QUEUE-LENGTH BASED PoLiCY for Fp < A < [, so we assumds > T* in this paper.
In this section, we will investigate the performance of the Theorem 1.
wireless system under the QLB policy. Consider a multiestat o 1
channel system and define the state of the system using the 88 (N;A) = é@mflog Pr(miaxqi 0) = 1),
composite state of all the channels, so there latesystem i }
states. Each system state can be represented astaple Where6s™(N,A) is defined as (6), and queues are scheduled
in {0,...,L—1}N. To simplify the notation, we use integer@ccording to the QLB policy. _ _
j€1{0,...,LN —1} to represent the system state, and define Proof: The proof is a straightforward extension of

max
i

the system state variab®&t) as follows: Theorem 6.1 in [12]. o =
Note that the minimum cost problem is intuitively obvious:
St) = NZ1 (t)Li 4) among all possible channel state trajectories that cowdd le
o izo 4 ' to overflow, we pick the one that is “closest” to the mean

valuep. Givenu(t), we callf?T D (u(s)||p) ds the cost of the

trajectory generated bu(t). Thus, Theorem 1 tells us that
the probability of the QoS violation is related to the minimu
cost problem (6).

In general, the minimum cost problem (6) can be hard to
L . solve. In this paper, since the channels are symmetric, arlow
system is in statg, and bound can be obtained for the general multi-state channel

N model, and further for the ON-OFF channel model, the lower
H= zo (miasz11-> P, (5) bound turns out to be tight. To obtain the lower bound, we
1= first show the following important property of the optimal
which is the maximum throughput the network can suppdifajectory.
without the QoS constraints. Note that the system is unstabl Lemma 2 (Order Property): Under the QLB policy, given
if A > u; and large buffer overflow and large delay violatio@ny trajectory, we can find another trajectory that has theesa
will not happen ifA < Fy. Thus, we assumBy < A < L. cost and the property such thatiif k, then
For sufficiently largeTs, we defines® (t) on [~Ts, 0] using a() > a)
i(t) > .

S(t) on [0,BT] as follows: Proof: This lemma holds because the channels are
®) 1 B(Ts+t) Kk symmetric, and the QLB policy is based on the queue lengths
s (1) =3 > gk, fort= g~ Ts and k={0,...,BTs} and the channel states. So the indices of two queues can be

k=0 swapped after the two queue lengths become equal, without
where for values of which are not of the fornk/B, define affecting the cost of the trajectory. The proof is given in
s‘f(t) by linear interpolation. Notice that we have scaled antippendix A. ]

Sometimes, we will also use thé-tuple representation of the
system state, and define ahtuple S in {0,...,L —1}N to
denote the stat¢. Let § be thei' entry of S, it is also the
state of channalwhen the system is in system statd-urther,
define a probability vectop where p; is the probability the

3



In the next lemma, we prove that* is finite whenky < Proof: From Lemma 2, we only need to consider ordered
A< U trajectories. Given any ordered trajectory, we segnjefft ]
Lemma 3: The optimal solutionT* of the minimum cost into small intervals{[tm,tm+1)}. For each intervaltm,tm.1),
problem (6) is finite wherip < A < [1. there exists arMpy, such that for anyt € (tm,tmy1), we have
Proof: The proof is available in Appendix B. B gyvoi(t) =...=0dn-my(t) > On-my,-1(t). Now define anLN-
We have showiT* is finite and derived a useful propertytuple K™ such that
of the optimal trajectory — the order property in Lemma 2. 1 /

Tl
Next, defineay | to be the set of system stat¢such that K" = uj(s)ds.

‘ . tm1 —tm Jim
max § =1= miaxsj, Since D(u(t)||p) is convex inu(t), from Jensen’s inequality

i>N-M
- . , _[nl4], we have
and letZy | denote the probability that the system state is i

A, D (U(9)[p) dS> (tmet — tm) DK™ ).

| Mo M | N-M "
Py — c| _ c c . 7y Define Zw,(a(t)) to be the set of the system states such
M ((kzopk> (kzopk> ) (kzopk> % that one of users{N —My,...,N —1} will be scheduled

under the QLB policy if the queue lengths agét). Thus,

Further, definest = (Ul'-;oldw)c, and if qn_1(tmi1) — On-1(tm) = hm, we have
L-1 MmA tmi1
Py=1-YS Py,. 8 Mmhmz(tmﬂ—tm)——/ > R ) Uj(S)ds,
. 2, M ®) N je%Mmm(s»( )

Now, we define optimization problem @®,N,h) and show where lj m,, = masz,MmSj. Now, consider system statp
that the solution of this optimization problem provides us guch thatj e Uf;()lﬂmm.l- From the definition ofey, |, one

lower bound to the objective in (6). of users{N — Mpn,...,N — 1} will be scheduled, so we have
L-1 . — i
OP(M,N,h) : CN(h) = inf, 7 TD(u||p) @ UZo Pnt © B (A1), 1M =1 foOr j € i, and
Subjectto: T(MA—y-1 - ui ) ) =Mh (10 tme L1
J (22153 (Rzie ) =Mn o) o a2 [T 5 (R 5w ds
Siotuj=1 (11) tm (S J€ S
up>0 Vj, (12) Mo Lol
_ . mA m
Notice from (10) that = (tmia—tm) N l;) R je;M | K :
T M hoosef h th |
= _ ) Now chooseT,, such that
%A - Z:_:Ol (FI Yo ui) -
S0 Mmhm = -Icm (Mﬁ)\ N (H ; ij)) )
() —inf P —relw). (2) TN 16
NA — 250 (Fl 2 jedh Ui) then T < (tmy1 —tm). Since {Tm,K™} is a feasible solution

Further,D(u||p) is a strictly convex function ofi, so for a Of OP(Mm, N, i), we have

fixed T, the solution of optimization problen®) is unique. /tm“ > _ M) > T m
We useuy, andTy; to denote the optimal solution of problem/y,, D(u(s)llp)ds = (tm+1—tm)DKTP) = TmD(KTIP)
(9). >

Ch,y () > minCh (),
In the optimization problem (9)-(12), the schedule feditjbi M
constraint (i.e., schedule the queue with the largest vafue and
the product of queue length and available service rate) has (0 N N

been removed, which gives a lower bound. Further, in this /4 D(u(s)l[p)ds > %”,ylncm(hm) =minCy (1),  (14)
optimization problem, we only serve thé queues when they ) )

have the best channel state (recall the definitionsf;), thus  Where the last equality follows from (13). Inequality (14)ds
reducing the service rate available to them. This reduces {R" any ordered trajectory, sé§*(N,A) > minw Cfj (1).

overflow time which gives a further lower bound. From relation (3), we also have

In the following theorem, we show that mirC}(1) is a o A N
lower bound to the cost in (6). 05" (N,A) = N rr'vlnCM(l).

Theorem 4. For an N-user system with multi-state chan- -
nels, the objec.tiveNof the minimum cost problem (6) is lower gypposek € argminyCN (1), the lower bounds are tight
bounded by mip Cy (1), thus if the overflow time of the trajectory generated by channel

o N o AN processesi is T¢. This is not true for the multi-state channel

65" (N.A) = minCy (1) and 657(N,A) > 5minCyu(1).  system in general. However, we will show later that these



lower bounds are tight for larghl. But first, we prove that Furthermore, from (19) and (10), we know th@t,uj) is a
the lower bounds are tight for all for the ON-OFF channel feasible solution of OfN,N,1). Thus,
model. N Al N

Theorem 5. For anN-user network with ON-OFF channels, Cn (1) < TD(uk[p) = G (D),
the optimal channel rate processes that solve (6) are unstghich contradictsN ¢ U.

and thus Recall thatk € U, so from all of the above, we can conclude

. 1 . that there exists a trajectory under the QLB policy which
— N _ N
65°(N,A) =minCy (1) and  65°(N,A) = 5minCy(1).  nas the minimum costR(1). Thus, 88°(N,A) = CR(1) =

Proof: DefineU = {M:C}}(1) = minyCj(1)}. We will  miny CN(1). ]
show that there exist& € U such that under channel rate Now, we focus on the optimization problem (9). It is hard to
processesly and the QLB policy, the overflow time i§;. obtain a closed-form expression f6f} (1). Instead, we solve

First, it is obvious that ifN € U, uy, generates a feasiblethe following problem:
trajectory under the QLB policy because all queues are iden-
tical underuy,. So we only need to consider the case wher . N N '
N ¢ U. Supposek € U and Rate (.M) Ry (1) =inf <T+M é A JE;M uj | J29)
1 -1 1 K Subject to : TD(u|lp) =6 (21)
— ug i < ——— TV (15) N_
K J-:z%« I N-K le Kl shotuj=1 (22)
o u>0 Vi, (23)
where uy ; is the j" entry of uj;. Then, we argue that the
queue length dynamics will satisfy Note that the objective in (20) is the expressionfoobtained
N from the constraint (10) in problem OR(N, h) by lettingh =
N_1 — 5/\ _E 2t U (16) 1. Further, (21) in Rat®{,M) is a constraint on the objective in
i:qu' - N ! .7;4 K.J» OPM, N, h). Thus, if OPM, N, 1) is viewed as an optimization
= NK problem for computing a lower bound on the large-deviations
N-K-1 N —K 2 -1

G = A—F Z U ;. 17) exponent given an arrival rate, then R&tg{l) can be viewed
go N =) g as an optimization problem for computing a lower bound on

) ) the maximum arrival rate that the network can support given
To see this, note that from the symmetric structure of the QoS constraint expressed in terms of the large-deviations
optimal problem (9), queu¢ and queuek have the same exponent. It can be verified that the optimal solutiogy, Ty;)
channel state. processesijk < N—K or i,k>N-—-K. Thu_s, of (9) is also the optimal solution of (20). Let$(N,6)
under dynamics (16) and (17), we will hagg(t) = qk(t) if  genote the maximum throughput the system can support given
i,k<N—-Kori,k>N-—K. If condition (15) holds, then the constraint Rmax Q;(0) > B) < e 8 and define

On-2(t) = ... = On—k (t) > On—k-12(t) = ... = Qo(t). AZE(N,6) = n,z/ilnR,’t‘,l(l).

Then, this trajectory generated by (16) and (17) is a feasit,om Theorem 4, we have

trajectory under the QLB policy (i.e., when a user{iN —

K,...,N—1} is ON and a user if0,...,N—K — 1} is also Ag°(N,0) > Ag*(N,9).

ON, then the user ifN —K,...,N —1} is scheduled as the

QLB policy dictates), and the cost of the trajectoryC$(1).
Otherwise, ifK € U and condition (15) doesn't hold, then

The lower bound is tight ifN € argminy RY (1), but not so
in general. In the next corollary, we obtain the closed-from
expression oRY(1).

we have Coroallary 6: Suppose the QLB policy is used. For the
1 N1 X 12V-1 i multi-state channel model, given the queue-overflow cairstr
K Z Uk,j 2 N > Uk (18)  g2*(N,A) = 6, the maximum total throughput of the network
j=2N-K =1 satisfies
ChooseT such that e _ N L-1 g
A N g Ag°(N,6) = .y —5|09 |;)e WP+ P | | (24)
T(A-F Y uj)| =N (19)
= given the delay-violation constraif3°(N,A) = 6, the max-
Si imum total throughput of the network satisfies
ince
2N_1 QLB QLB i
T (E s uh) k. AG*(N,6) > AZ*(N, 6) = minw, (25)
j=2 whereAy, is the positive solution of
from inequality (18), we can conclude that< T¢, which L g - NRo
implies log (Zfo e "M Py + L@M)
TD(uk Ip) < TeD(ui [Ip) = CR (1). 1=- 6 | (26)



Further, the lower bounds are tight for the ON-OFF channslich thatfg(x) > 0 for any x > x§. So the lower bound can

model. be rewritten as
Proof: The proof is available in Appendix C. ] o _ ) N
We have obtained the lower bounds on the maximufs (N.€)= m'n{m'nlsMSmin{XENfl} (— % (logfs(M))),
throughput under the QoS constraints. In the next theorgm, b _% (log fa(N))} .

analyzing the closed-form expressions, we are able to prove

that the lower bounds are tight for largé The main idea Since 1-e™*>0 andpi_1 =1, we have

is to show thatN € argminy Ry (1) when N is large. Since N 10

from (36), all users are symmetric unders;, Ty), RN(1) is —E(Iog fg(M)) > —5|09 <1+ (e“" —1> (1- 5’&"_2)) :
achievable and

A8°(N,8) =A8*(N,6) = RN(1)

. N

for large N. Jim — (log fg(M)) = .

Before we present the theorem, we note from (26) that, . _ . _
it requires m”'ﬂ/I |Og% >0 to guaranteeAQDLB(N’ 6) > 0. Further,/\gLB(N7 6) S FL,]_ SlnceFL,]_ is the maximum service
From the definition OA{QZM, we have #y < 1—p°_, and rate one user can receive at each time slot. So there ¥jsts
limy—eo 21 = 1~ p{_y, which implies thaif < log —— is a such that for amyN > N,
necessary and sufficient condition to guarant@&(N, 6) >0 LB _ N _
for all N. So in the following theorem, we investigate the delay Ag"(N,6) = [Z] (log fa(N)) = RN(2).
violation con.stramte such thatd < qu I-pf 1" It is obvious thatRN(l) is achievable since all users are

Theorem 7: Suppose_the QLB policy is used. For the _mUIt"symmetric under(us,, %), so the lower bound is tight for
state channel model, given the buffer overflow constr@lint  \/ - N: and
0, there exists positivéNg, such that for anyN > N3, -®

LB LB LB LB N Lil Feé
Ag®(N,8) =Ag*%(N,08) and AZ*(N,0) <A§®(N+1,0); Agﬂmey;@ﬂNﬁy:_emg<Zfhym>7
iven the del traint log-L 6 >0, th ist =

given € delay constrain W > >0, ere exists

Note thatxg is independent oM, so for anyM € [1,xg],

positive N, such that for anyN > N, where #y = 0. Further, we have
A8°(N,08) =AR°(N,8) and AZ®(N,0) < A3®(N+1,0). A8 (N+1,0)
For the ON-OFF channel modeNj = Nj = 1. Another > A8° <N+1,(N+1)9)
consequence is that, fof > N5 (N > N3), the lower bound on N
the large-deviations expone@§®(N,A) (65°(N,A)) givenin N CR18 o N A8 RN
Theorem 4 is the large-deviations exponent itself. ) log{e "V Py + I; e ¥ -e N )b

Proof: We first study the network throughput under the L1
buffer overflow constraint. Defin@_7 =0 and i = ¥} _o pg . _N log o A (eF'N19 _ e'jf) BN
for 1 > 0, note thatpy is the probability that a channel is in 0 L1 -1
one of stateq0,...,I}. Then, from (24), = A8®(N,6).

Ag°(N,0)

L-1 L-1
min _N log % eﬁwepl +1— ; o Next, we ir)vestigate the network throughput under the delay
1<M=N 6 1= = constraint. First from (26), we have

) N L1/ Re 0 L-1 NRO _NR__46
R —§|09 1+|;) (e M —1) P, e l;}e Vi Pw+ Pu < 1— (1—9 Mim >=@M,L1

where oy = (M —pM ;) M. Define fg(x) for x > 0 as

_ NF__46
< ()
follows:
' Re ~N proa)” where the last inequality holds sinc#&y 1 > pf_;. Since
fa() =1+ I; <e " _1) P (1_ ( B ) ) ’ e®>1-p° ;, we can conclude that
so the derivative offg(x) is Ay > NF_16 27)
e o \X ~ M(logpf_; —log(e~® - (1-pf_,)))
/ Fob R o ' TeT X b1
B = —z€ h +|; —2 P <F|GHQ (fn) Define
~ X ~ F-16
2( P-1 L Pi—1 A — 7
(55) (1% )oa). ™ oart,~Toa(e 7 (15 )

. b1\ b1\ " we haveAy > Amin, Which implies
Since p'ﬁf andx? % converge to zero wher goes M = Zimin P

to infinity, there existsxg > 0, which is independent oiN, Amin <AZP(N,0) <F 1.




Now define
Pi—1

we T (o

))

then
|:
ofp e NFR 6 Boi\”
> x2 2 ( A L UB
=1 P
Pr—1 p| 1 NF09 _NRB
)tx X .
() (e Yoo 52 ) + e
ConsiderAmin <A <F _1 andx> IoglogN’ wherea = F)L\r;ilne,
we have
dfp NFo6 e )
2 V00 oYl 4 gL e o (A%
FO (Pi-1 B logN 1 B
*E(T) —X (T) (8- &) 109225 )
NR 6
> MmO TNl g (BY
RO (P-1 2 (Pi-1 B
_@(T) —X (T) log g ).
. o X o] X
Slnce(% andx? % converge to zero whexgoes to

infinity, there exists<; > 0, which is independent oN, such
that ‘”D > 0 for any x > max{xy, IoglogN} ChooseN; such

orN of
that IogIoéN > Xp, we have72 >0 for N> Ny, x> IoglogN
andAmin <A <F__1. Further,fp(A,X) is a strictly increasing

function of A, so for anyN > Ny,
/\M } )

min "
a
1=M< 5gTogn

A2%(N,6) min{)\N,

whereAy andAy satisfy (26). From (27), it is easy to see that

limn_ewAm = o for M < aN/loglogN. So we can conclude
that there exists a positivid such thatA3*(N, 8) = Ay for

any N > Nj. SinceAy is achievable, we further have for any

N > Np,
AS®(N,8) = An.
Next define
L-1 rg
f(AN) = ZjeiT@N.l
|=
_FR_16 -1 Lle _Re\
= e 1 pLﬁ‘Z( _e)‘)plva

so f(A,N) is strictly increasing witht , and strictly decreasing
with N. ConsiderAy and An1 such that

—log(f(Any1,N+1)) _ —log(f(An,N))

=1
C] 2] ’
it is easy to see thaty < An41, SO
A3P(N,0) <ASP#(N+1,0)

for N > Nj.

Finally, consider the ON-OFF channel model. We can solve

A from (25), and obtain

9NF1

—(1- pl)
—(1-pH)M

Ag(N.6) = 1<m|v|i2N

M (o9 (*=55r))

Define
M (log(e® — (1 - p§)M) —log (1 — (1 pHHM))’

we will show Z < Zy'™ and 2 < Z\ 1. It is trivial to
show thatZ}y < %y *. Now consider%Zy 1, we have

N1 OF,
N+l (log(e® — (1— p$)N+1) —log (1— (1 p§)N+1))
1
= 0K 5
—6_1
g 1+ =)
1
> 06K
ef9-1
log (1+ @ )
= &
Thus, we can conclude that

AS2(N,6) < AS®(N+1,6),

which also implies63®(N,A) < 653*(N+1,A). Then, from
relation (3), we have

03°(N+1,1) RPN+ 1,4) >

65°(N,A),

andAg§®(N, 6) < Ag*(N+1,0) holds. ThusNj =Ng =1 for
the ON-OFF channel model. ]
Remark:

(1) The lower bounds are shown to be tight for sufficiently
large N. From numerical examples, the lower bounds
appear to be tight for small or moderate valuesNof
For example, consider a three-state channel system with
pg=0.5 p{=0.4, p;=0.1, Fp=0, F, =05, andF =
1. Fixing the buffer overflow constraint to b@& = 2, it
can be shown that the lower bound is tight fér> 9.
Fixing the delay-violation constraint to k= 0.15, the
lower bound is tight folN > 3.

GSLB(NM\)

N+1
A

(2) WhenN goes to infinity, we have
. . =1 Re
Mﬂ))\g (N,6) = '\Ilanm—glog I;e L
. N A8
= lim —5log (e A Y
L-1 0 0
- Z <e W e ﬁ'v) A 1)
= R,

where the last equality holds sincp._1 = 1 and
lIMN_ o ﬁlN =0 for | <L—1. Similarly, we can obtain
that

,!‘iTmASLB(N, 9) =FR_1
Note thatk__; is the maximum throughput the network
can support because it is the maximum service rate the
user can receive at each time slot. In the next section,
we will mvestlgate the greedy policy and show that
Ag¥(N, 0) < % and A5**(N, 8) = 0 for large
N. So we can conclude that the QLB policy is better
than the greedy policy for largs.



IV. GREEDY PoLicy Since 1- P = %, we can conclude that
In this section, the greedy policy is considered. Under the Nloa ((1—B..) (e F-16 _1)41
greedy policy, the probability “that a user is in stateand lim AS*(N,0) < lim — 9 (1= Pun) )+1)

is picked to transmit is given by '\rm or 0
— e —

1 L-1 N L-1 \N = 5 .
p==(11- > pf)] —(1->pf) |. (28)
N j:ZH ) ,Zy ' Now, suppose the delay-violation constrafig=*(N,A) =6,

we haveA is supportable if

and the probability that a user is not selected is
L NRE
|Og <Z|L01 pe 2+ + pnull)

L-1
f)null =1- f" . (29)
2

1<
— 9 )
From the symmetry of the channel states and the gree\%ich requires
scheduling scheme, we know that
L-1 NF 6
Pr(ci(0) > 1) < Pr(maxg;(0) > 1) < NPr(g;(0) > 1), e’ Puz 3 p et >0
|=

which implies
1 1 Since liM\_e P = 1, there existsa > 0 such thae ¢ < p..
—éim B logPr(gi(0) > 1) = —éim EPr(miaxqi(O) >1). for any N > a, which impliesA**(N,8) =0forN>a. =
o Greedy . Note that% <R _y for 6 > 0. So from Theorem
Thus, we can obtain 65 *N,A) by calculating
. 1 ! 7 and Theorem 8, we can conclude that the throughput of
limg .., 5-Pr(gi(0) > 1), which means that under the h lioy i ity | han the th h f th
reedy policy, the large-deviations exponents of the systé e QLB pOlicy 15 strictly larger than the throug pu_t 0 .t €
9 ' reed policy for largeN. Further, under the delay-violation

are same as the large-deviations exponents of a single uderoo P ! : ;
L oristraint, since the maximum throughput of the greedycpoli
So we can compute the large-deviations exponents under gﬂe

greedy policy by considering a single user system with akriv ecreases to zero, but the throughput of the QLB converges

rate A /N and probability vecto, where p; is defined by Ejor;:rl_n_alt,iggﬁypgi:‘:g:rej]r?tnvc\:/?lé)r;dt?:faer;v(\alo scheduling schemes are

(28) and (29).
Theorem 8: Suppose the greedy policy is used. Given the

buffer-overflow constraintf5**N,A) = 6, the maximum V. QLB PoLiCy vs GREEDY PoLicY
throughput the network can support is We have shown that the QLB policy performs better than
N Nlog (S--2eRep + p., the greedy policy for largdN. In this section, we show it is
Ag"(N, 0) = — (315 5 ")7 actually true for allN. Since the ON-OFF channel model is a
simple multi-state channel model, we only prove the fact for
and .
ey 1—e bR the general multi-state channel model.
,!I'an)\s (N) < 9 We first define the system states and the channel rate

processes for al-user system under the greedy policy. We
use {(j,i)} to indicate the state of the system, where-
SO, ...,LN—1 represents the composite state of all the channels,

Given the delay-violation constraif§**(N,A) = 6, the max-
imum throughpuf5°*(N, 8) the network can support satisfie

| L1 —% R andi indicates the channel which is chosen to transmit. Let
09| o he " + Pru lj be the best channel state when the system is in $fated
1=-— m; be the number of channels in stdjewhen the system in
0 ) J ; Y
. . statej. Then, we have
and there exists > 0 such that ifN > a, _
Greed ip |f SJ — |
)\D y(N) =0. f)]l — m; K .J’
Proof: The expressions of the throughput of the greedy 0, otherwise .

policy can be obtain by applying Corollary 6 to a single-user__ . o Lo
network with arrival rateA /N and probability vectop, and eUsep to denote the probability vector. Further, defifis; (t).}
to be the channel rate processes under the greedy policy.

it is obvious that the lower bounds are tight for a singleruse Thearem 9: For anN-user system, the maximum through-

system. .
Next we consider the behavior of the throughput for Iarg%uet ;?g:(;;h;oﬁclf policy is no less than the throughput under

N. First we have

AGreedy(N 6) _ o N Iog (z:—;ol e7F|9 ﬁ| + ﬁnull) )\SLB(N7 9) Z )\greedy(N7 9) and )\SLB(N) 9) Z )\Sfeedy(N’ 9)
B ’ - 0 Proof: Theorem holds if
A~ A —F_16
< . N|Og (pnull + (16 pnu\l)e 1 ) 6§LB(N,A) Z egreedy(N’A) and GSLB(N,A) Z elgreedy(N’A )
Nlog ((1_ f)nu“)(e*FL—le —1)+ 1) Since Bg(N,A) = %9D(N,)\), we only need to show
= - 0 - B8°(N,A) > 65°¥N,A). The idea is that for any(t) under



the QLB policy, there exits d@i(t) under the greedy policy
such that

0 0
| pwElp)ds> [_D@s)p ds
J-T -7

whereT andT are the overflow times undéu(t), QLB policy)
and ({i(t), Greedy policy, respectively. Then, we have

65°(N,A) > 65N, A),

(30)

and from which the result follows.

For any channel rate procesag$) under the QLB policy,
we define a new channel rate proces@gy for the system
under the greedy policy such that

3 uit), if §=1;
u“(t):{ J() SI -I
otherwise.
It is easy to verify that

DE®)[IP) = D(u(®)l[p),

so inequality (30) holds iff <T. _ _
Define.7 to be the set of system states such $at, > §

1
m

0 (1)

for all i. So userN — 1 has the best channel state when the

system is in statg € o7, and under the greedy policy,

A S Rginal).

jeet

Gn-1(t)

N

Further, the queue length of uskr— 1 is no less than other
users, so under the QLB policy, usdr— 1 will be served at
Ieastmij of the time the system in state and

uj(t)

A
< —— ’ .
= iy

an-1(t) N

>h
jes

From (31), we can conclude thé_1(t) > dn_1(t), soT <T,
and the theorem holds. [ |

VI. SIMULATIONS

In this section we study the performance of the Greed' os,
and the QLB policies for realistic channel models. We wish
to compare the behavior of the schedulers with the analytid

results, and investigate whether similar behaviors arerobg

can outperform the Greedy SchedulerNfis large enough.

In Figure 2(a) we study the maximum throughput levels
attainable by each of the schedulers when the delay comistrai
areD = 100 ands = 0.001. The dotted lines correspond to the
case when the arrivals to each queue is Poisson distributed
with mean equal toA packets/slot. The solid lines, on the
other hand, corresponds to deterministic arrivals at vate
packets/slot.

T T T
o
"

St it SRR S
.

+- QLB - Poisson arr.

O Greedy - Poisson arr.

x- TDM - Poisson arr.
—+— QLB - Deterministic arr.
—5- Greedy - Deterministic arr.
—»— TDM - Deterministic arr.

=
>
T

=
N
T

Total throughput in packets/slot
)
® -
T

o
o

o
=

0.2

I & I I I
10 12 14 16 18
Number of users

L L L &
0 2 4 6 8 20

(a) The Maximum Throughput under the Delay Constraint

2

181

—— QLB
—&- Greedy

=
)
T

I
IS
T

- o o——1
o, e oo oo O —6—©

o

Total throughput in packets/slot

I
N
T

I I I I I
10 12 14 16 18
Number of users

L L L L
2 4 6 8 20
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Straint

under the realistic conditions. For this purpose, we carsid9- 2. The Maximum Throughput for Rayleigh Fading Channel
a Rayleigh fading channel that is independently distritbute
across theN users and across the time slots. It is assumedIt is not surprising that the randomness in the arrivals

that the time slots are of duratioft = 1 msecs, and the
available bandwidth for transmission\lg = 1.25 MHz. The
traffic entering the buffers is measured jpackety/slot for
convenience. Here, packet is defined to be of siz&/ x T, =
1.25 Knats.

cause a decrease in the total throughput achievable for each
of the schedulers. However, each scheduler is affected to a
different extent. For example, we observe that the TDM polic
contrary to the deterministic arrival case, no longer pssse

an advantage over the Greedy policy for aNyunder the

EXPERIMENT 1: We assume symmetric channel conditionsandom arrival scenario. We also observe that for both the

where the Signal-to-Noise RatidcS\R) between the base
station and each of the users is equal ti83In addition to the

deterministic and Poisson distributed arrival processes,
behavior of the QLB and Greedy policies are very similar

QLB and Greedy Schedulers, we also include the performarioethose predicted in our analysis.

of a Time-Division-Multiplexing (TDM) Scheduler, which

In the second part of the experiment, we study the maximum

provides service to the users in a periodic fashion regssdlechievable total throughput levels of the QLB and Greedy

of the channel conditions of that user in the slot that it

igolicies under the buffer constraint. Figure 2(b) depitts t

served. It has been observed in [5] that the TDM schedulersults wherB = 20 ande = 0.001



Both of these simulations support the predicted behaviaftert. It is also easy to see that if we have more than two
of the policies for channel processes other than the ON-OFEeues with the same length at tilyehen we can swap any
model, and even under the case of random arrivals. Ne&tjo of them aftert to get a new trajectory with the same cost.
we compare the QLB and Greedy policies under asymmetiiibus, give any trajectory, we can get a new trajectory with th
channel conditions. same cost such thaf(t) > ok(t) if i >k [ |

VIl. CONCLUSIONS APPENDIX B: PROOF OFLEMMA 3

In this paper, we used a large deviations analysis to inves- proof: First consider channel rate processgs) such

tigate the performance of different scheduling policiestf@ that iy = 1 and uj = 0 for j # 0. Under these channel rate
downlink of a cellular network under QoS constraints. FQfrocesses, it is easy to see that

a multi-state channel model, we proved that the throughput . .

of QLB policy is no less than that of the greedy policy. Go(t) = ZQN—l(t)

Furthermore, we computed lower bounds on the network

throughput of the QLB policy, and showed that for lafgethe

lower bounds are tight, strictly increasing with and strictly 63°(N,A) < D (LT||p) =9, (32)

larger than the throughput of the greedy policy. Partiduylar

under the delay violation constraint, with the number ofrssewhere

increases, the throughput of the QLB policy converges tq, 0— _

but the throughput of the greedy policy decreases to zero. A—Fo
Acknowledgment: The second author gratefully acknowl- From [3, pp. 300-301],

edges a conversation with Prof. John Tsitsiklis, MIT, which
2
(ulp) = ( 3 - m) 3 (maxu - pil) . @3

stimulated this work.
ecall thatT* andu*(t) are the optimal solutions of problem
6), andg*(t) is the corresponding trajectory. LigtC [—T*,0]

and the overflow tim& = -N_. Thus, we have

2

log p§.

APPENDIXA: PROOF OFLEMMA 2

Proof: This lemma exploits the fact that the channel
are symmetric. First we prove following statement: givea t . .
channel rate processesgt) and suppose; (f) = G(f) at time :fzthe Zetgzuch thﬁt maj(t) — pj| = € for all t € I. From
t. Then, there exists another trajectdift) such thatg{t) = (32) and (33), we have
ak(t) anddi(t) = gi(t) for t >t, and two trajectories have the — . 1,7
same cost. This claim essentially states that the indicesaf © = / D(u*(t)[[p)ds > / D(u(t)[[p)ds=> ¢ '/ls ds. (34)
gueues can be swapped after the two queue lengths become h her h £1) for i o
equal, without affecting the cost of the trajectory. On the other hand, sinag_,(t ) > G (t) fori<N-1 itis

To prove the above claim, define new channel rate proces§&SY t0 show that when mﬁxl —Pj| < & the service rate
a(t) such that received by useN —1 is no Iess than

ay = W, if t<t; 1 St maxFy | (pj —¢) _H 5 maxF
GO =1 a0, ift>t N J; axkg | (P = J; axkg |-
where d; is obtained fromj by exchanging the" and k" Choose _
elements of theN-tuple expression forj. For example, for pH—A

€=
a two-user system with ON-OFF channels, we will have ZZL -1 (maij)

Uy () = o)1), Uz (t) = loy®): Uog(t) = Uog),
anduy 1)(t) = 01,1y (t). Then, sincegi(t) = gk(t), the dynamics and consider the dynamics of queNe- 1. Sinceqj,_;(0) =1,
of queuel and queug are swapped aftetrunder the channel we have
rate processes, and we will hagiét] = qx(t) anddk(t) = g (t)

z
Z| ™

p ) A n LN-1 _
for t >t in the new trajectory. 1< )i, nAS+ it ope <N - (% —N2j-o (max Fgl))) ds
Furthermore, since the channels are symmetric, it is easy to [ Ads— | 1 (g;,\) ds
seep; = pg;. So we can conclude that the new trajectory will — Jle N JETO0Ne 2\ N '
have the same cost as the original one because which implies
)
/ D(0(s)[|p) ds= / ZUJ log ds / dsg_ZN(//\ds—1>. (35)
[~T*.0\le p—A \JicN
_/ zud Iog / D((9)p)d Thus, from (34) and (35), we can conclude that
2(A N
Now, we have proved that if two queues have the samer* < ds—i—w < 22 _;_Q < oo,
queue length at timé, there exists a new trajectory with the le —A € H—=A
same cost such that the lengths of the two queues are swapped [ ]

10



APPENDIXC: PROOF OFCOROLLARY 6

Proof: Consider optimization problem Rat¢(M) de-
fined in (20). SinceT = 8/D(u||p) from (21), the problem
can be written as

[N N
Rate(\,M) Ry (1) =inf [ =D (u|lp) + — A uj
ul\®o M & _
= JED\ |
Subject to: sHoty =1
uj >0 Vj,

Define the Lagrangian
N1

NI u N L-1
L=— ujlog—+—Z) R ; ui | +x(1-Y u
6 IZO P M&S\ G JZO

The first-order optimality conditions obtained by diffetiai
ing the Lagrangian and setting it equal to zero yield

N uy N N . ]
§|OQE+§+MF| = xforje.an,;
N uy N . ]
EIOQEJFE = x for jeo,
LN-1
= 1.

2 U
J:

Solve {uj} from above equations, we get

Pj —SWFl f H ATE
U]‘F _ Te or J € DM ’ (36)
" for je o/
where
L-1 Fo
R= Pyvi€ ™M+ Py
2,
So
N L=l Re
= —— M
Ry (1) 6’Iog l;e P+ Pw |,
and
. _ L-1 go
Ag (N’9)21§n|\1/||2N fglog I;e M P+ Pw | |- (37)
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From the relation (3) and inequality (37), we also have that,

given 63°(N,A) = 6, A is supportable under the QLB policy
if
L-1 NO

2> log %e—%@w + Py
|=

max
1<M<N 8@

Thus, A is supportable if

L1 fne
%E_WQM,H-«@M ;
|=

1=— max —=lo
1<M<N 0 9

which impliesAS?(N, 8) > miny Au.

Further, from Theorem 5, these lower bounds are tight for

the ON-OFF channel model. [ ]
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