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Abstract

We consider a wireless sensor network consisting ofn sensors, and each sensor has a measurement,

which is an integer value belonging to{0, . . . ,m−1}, so that it can be represented by⌈log2 m⌉ bits.

The network has a special node called the fusion center whosegoal is to compute a symmetric function

of these measurements. The problem studied is to minimize the total transmission energy used by the

network when computing this function, subject to the constraint that this computation is correct with

high probability. We assume the wireless channels are binary symmetric channels with a probability of

error p, and that each sensor usesrα units of energy to transmit each bit, wherer is the transmission

range of the sensor. For constantm, the main result in this paper is an algorithm whose energy usage is

κ ⌈log2 m⌉n(log logn)

(

8
√

logn
n

)α
, whereκ =

⌈

4
− log(4p(1−p))

⌉

. Then, we consider the case where the

sensor network observesN events. In this case, we demonstrate a network algorithm which has energy

usageΘ
(

n

(

√

logn
n

)α)

per event if the number of events satisfiesN = Ω(log logn).

I. NOTATIONS

The following notations are used throughout this paper, given non-negative functionsf (n) andg(n):

(i) f (n) = O(g(n)) means there exist positive constantsc andm such f (n) ≤ cg(n) for all n ≥ m.

(ii) f (n) = Ω(g(n)) means there exist positive constantsc andm such thatf (n) ≥ cg(n) for all n ≥ m.

Namely,g(n) = O( f (n)).

(iii) f (n) = Θ(g(n)) means that bothf (n) = Ω(g(n)) and f (n) = O(g(n)) hold.

The research was supported by a Vodafone Fellowship and an AFOSR URI Grant F49620-01-1-0365

The first two authors are with the Department of Electrical and Computer Engineering and the Coordinated Science Lab and

the third author is with the Department of Mechanical and Industrial Engineering and the Coordinated Science Lab.

July 7, 2006 DRAFT



II. I NTRODUCTION

With the wide availability of inexpensive wireless technology and sensing hardware, wireless sensor

networks are expected to become commonplace because of their broad range of potential applications. A

wireless sensor network consists of sensors that have sensing, computation and wireless communication

capabilities. Each sensor monitors the environment surrounding it, collects and processes data, and

when appropriate transmits information so as to cooperatively achieve a global detection objective.

Here, we consider the common situation where there is a single fusion center, and the network goal

is to cooperatively provide information to this fusion center so it can compute some function of the

sensor measurements. In this paper we will investigate thisproblem in multi-hop networks with noisy

communication channels where the measurement of each sensor consists of⌈log2 m⌉ bits; the goal is

for the fusion center to compute symmetric functions — thosefunctions determined by the frequency-

histogram of the measurements. To achieve this, we would like to design a distributed algorithm while

minimizing the total transmission energy consumed by the network.

Specifically, distributed symmetric function computation, which is also called a counting problem in

this paper, is as follows: the measurement of each node is an integer belonging to{0, . . . ,m−1}, and

the fusion center needs to decide, using information transmitted from the network, the number of sensors

having valuel, for all l ∈ {0, . . . ,m−1}. When nothing is known about the structure of the function to

be computed, all measurements must to be transmitted to the fusion center, and this is purely a routing

problem when the channels are reliable. When the wireless channels are unreliable, the use of channel

coding (see, for example, [1]) makes it possible to convey information in a point-to-point fashion with

arbitrarily small amounts of error. However, the use of point-to-point error-correction coding without any

in-network processing may result in high energy cost and delay. Our focus in this paper is computation

of symmetric functions in a noisy wireless sensor network when total energy consumptionis a major

concern.

The algorithms we consider in this paper are related to the algorithms for distributed computation over

noisy networks, which are studied in [2], [11], [12], [10], [9], and references within. In both problems,

the goal is to compute the value of some function based on the information of the nodes. Our work is

closely related to parity computation and threshold detection in noisy radio networks studied in [2] and

[9], respectively, where a broadcast network is assumed, inwhich all nodes can hear all transmissions,

and each node has either a “1” or a “0.” The goal in [2], [9] was toinvestigate the minimum number

of transmissions required to compute the parity or decide whether the number of nodes in state “1” has
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exceeded the threshold value. Note that parity and threshold detection are special cases of counting on

binary data, since both of these are determined if we know howmany nodes have a “1.”

While the problems considered in [2] and [9] are similar to our problem, there are two differences.

First, in our model, the measurements can takem different values instead of just two values, which is the

assumption in [2] and [9]. The second difference is that each node may not be able to hear every other

node in the network. The reason for this is that energy consumption can be an important consideration in

wireless networks and it is well-known that energy usage canbe reduced significantly if the transmissions

are carried out in a multi-hop fashion. This is a consequence of the well-known propagation model used

to model wireless communication channels, whereby the energy required to transmit over a distance of

r is proportional torα , whereα ≥ 2 is a constant depending upon the environment. The details ofthis

model will be discussed in the next section. Thus, instead of each sensor sending its information to

the fusion center directly, it is more efficient from an energyconsumption point of view to send the

information through relay nodes. It may be possible to reduce energy consumption even further by using

some form of in-network data processing. This may have further benefits; for instance, if all the sensor

measurements are to be transmitted from the sensors to the fusion center, then relay nodes closer to

the fusion center would be depleted of their energy faster than nodes that are further away from the

fusion center. Thus, in-network processing to reduce the number of transmissions could be beneficial for

eliminating hot spots. Fundamentally, this is the distinction between multi-hop wireless networks used for

communication and multi-hop wireless networks used for sensing. In multi-hop wireless communication

networks, the protocols are designed so that they are not application-specific, and therefore the network

can support a constantly evolving set of applications. Contrasting this, in multi-hop sensor networks, the

architecture and protocols can be designed for each specific application, exploiting its structure, to reduce

the energy usage within the network. This is the motivation for the recent works reported in [3] and [7].

In [3], the authors have designed a block coding scheme to compress the amount of information to be

transmitted in a sensor network computing some functions. In [7], the authors investigate the optimal

computation time and the minimum energy consumption required to compute the maximum of the sensor

measurements. However, the in-network processing that we consider in this paper is different from the

processing considered in [3] and [7], where the communication channels are assumed to be reliable, and

the processing is to primarily exploit the spatial correlation [7] or the spatio-temporal correlations [3]. In

our problem, processing is required not only to reduce the redundancy in the information to be conveyed

in the fusion center, but also to introduce some redundancy to combat the effect of the noisy channels in

the sensor network. Our results show that the additional redundancy required to combat channel errors
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does not significantly negate the benefits of in-network computation used to eliminate redundancy in

the information, and the combination of in-network computation and channel coding could reduce the

number of transmissions required in multi-hop networks to the same order as the number required in

single-hop networks.

The main results of the paper are as follows:

1) We use the routing protocol in [3] along with ideas from distributed parity computation in noisy

networks ([2]) to devise near energy-optimal algorithms for counting in sensor networks. A key

difference between our work and the work in [2] is that, in thecase of sensor networks, the fusion

center does not communicate directly with each of the sensors. Thus, local computation is necessary

before conveying some aggregate information in a multi-hopfashion to the fusion center. Further,

we require that the computation be accurate uniformly over all cells. In addition, sophisticated error-

correction coding, not just repetition coding, seems to be required in the algorithms to minimize

the energy required for counting.

2) Using the above ideas, we first study the case where each sensor has only one measurement to

report, and show the amount of energy required for counting is κ ⌈log2 m⌉n(log logn)

(

8
√

logn
n

)α
,

wheren is the number of sensors in the network.

3) We then extend to the case where each sensor hasN measurements, and the symmetric function

needs to be computed for each measurement. We show that the total transmission energy consump-

tion can be reduced toO

(

n
(

max
{

⌈log2 m⌉ , log logn
N

}

+m
)

(

√

logn
n

)α)

per measurement. When

N = Ω(log logn), the energy consumption isΘ
(

n

(

√

logn
n

)α)

per measurement, which is a tight

bound.

The rest of the paper is organized as follows: In Section III, weintroduce our sensor network model

and present a straightforward lower bound on the minimum energy needed. In Section IV, we consider

the case where the sensors have only one measurement to report. In Section V, we investigate the impact

of transmittingN measurements. Finally, in Section VI, we conclude the paper and point out some future

research directions.

III. M ODEL

We consider a network ofn sensors that are uniformly and independently distributed on a unit square.

Upon the occurrence of a certain event, sensork recordsbk, wherebk can be taken value from{0, . . . ,m−

1}, so can be represented by⌈log2 m⌉ bits. The sensors have the capability to transmit this data over
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noisy wireless channels, and based on the data transmitted by the sensors in the network, a fusion center

tries to compute some symmetric functionf (b1, . . . ,bn), i.e., a function which has the property

f (b1, . . . ,bn) = f (σ(b1, . . . ,bn)),

for any permutationσ . Symmetric functions form a large class of functions, which includes almost all

statistical functions like max, min, mean, etc. A key property of a symmetric function is that the function

value only depends on the frequency-histogram. So in this paper, we will design algorithms to count the

number of the sensors having the same valuel, for eachl, i.e., to compute
n

∑
i=1

1{bi=l}

for each integerl ∈ {0, . . . ,m−1}, where 1{bi=l} is the indicator function such that 1{bi=l} = 1 when

bi = l, and 1{bi=l} = 0 otherwise. Since counting and computation are equivalent for symmetric functions,

we will interchangeably use the terms counting and computation in this paper.

Let Si denote the location of sensori and |Si −S j| denote the distance from sensori to sensorj. We

use the protocol model in [6] with some additional assumptions.

(1) A transmission from sensori can be received at sensor j only if

|Sk −S j| ≥ (1+∆)|Si −S j|

for each sensork 6= i which transmits at the same time, where∆ is a protocol-specified guard-zone

to prevent interference.

(2) A binary modulation scheme is used so that each transmission is either 1 or 0.

(3) Even if a transmission is received at the receiver, there is some probabilityp < 1/2 with which

the received bit is flipped, i.e. the channel is a binary symmetric channel with error probabilityp.

(4) The power required to transmit to a distancer is rα .

By a computation algorithm, we mean a set of protocols (whichmay depend onn) to convey the

appropriate information from the sensors to the fusion center and a protocol at the fusion center to

use the received information to compute the frequency-histogram of the sensor measurements. Given

an algorithm for counting, we define the energy required by thealgorithm to be the maximum energy

required for the computation over all possible values of themeasurements. Our goal is to characterize

the minimum energy required subject to the constraint that the probability of error in the computation

goes to zero asn → ∞.

Before we investigate the counting problem, we present two well-known results for our convenient

reference. First, we study the error probability when using repetition coding. Consider a binary symmetry
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channel with error probabilityp where each bit is transmittedM times, and the receiver decodes the data

using a majority rule. Then we have following well-known bound [1] on the error probability.

Lemma 1: Suppose one bit of data is transmittedM times over a binary symmetric channel with error

probability p, and the receiver decodes the bit using a majority rule. Then, the probability of decoding

error is no greater than

(4p(1− p))
1
2M.

�

We also need the following coding theorem [1] for discrete memoryless channels for our analysis.

Theorem 2 (Gallager’s Coding Theorem): For any discrete memoryless channel with capacityC, any

positive integerN, and any positiveR < C, there exist block codes withM = 2NR codewords of length

N for which the decoding error probability of each codeword isless than 4e−NEr(R), whereEr(R) is a

non-increasing function ofR.

�

It is obvious that each sensor has to broadcast its value once. Thus, we have the following lemma.

Lemma 3 (A Trivial Lower Bound): The minimum total transmission energy required to count is

⌈log2 m⌉n

(

√

logn
πn

)α

(1)

.

Proof: First, connectivity of the network is a necessary condition of correct counting. To guarantee

connectivity, it has been shown in [5] that the transmissionrange of the sensors should be greater

than
√

logn
πn . Thus, the energy used per sensor transmission is

(

√

logn
πn

)α
. There aren sensors in the

network, each of which must make at least one transmission; thus, the total transmission energy required

is ⌈log2 m⌉n

(

√

logn
πn

)α
.

Now, we consider the counting problem in detail. We first define the routing strategy, which is the

same as the one in [3]. To transmit sensor information to the fusion center, we divide the unit square

area into a regular lattice ofB cells whereB = D2 andD is a positive integer. It is easy to see that

E[Number of sensors in each cell] =
n
B

.

In [8], [14], [13], it has been shown that the number of sensors in each cell isn/B with high probability

whenB = O
(

n
logn

)

. Thus, we choose

B =

(⌊
√

n
c1 logn

⌋)2

(2)
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according to [13], wherec1 > 0, and have following lemma.

Lemma 4 ([13, Lemma 1]): Suppose that the unit square is partitioned intoB square cells, whereB

is chosen as in (2), and further letni denote the number of sensors in celli. Then, for large enoughn,

Pr

(

c1 logn
2

≤ ni ≤ 4c1 logn ∀i

)

> 1−
2n(1−

c1
8 )

c1 logn
. (3)

�

From above lemma, we know that ifc1 ≥ 8, all cells have at leastc1 logn
2 sensors, and at most 4c1 logn

sensors, which guaranteesni = Θ(logn) for all i with high probability.

Then, we adopt the hierarchical architecture of [3]: For eachcell, we choose one sensor as the cell-

center. Then designating the fusion center as the root, we form a rooted tree like Figure 1, whose vertices

include all the cell-centers, and whose links can only be between cell-centers of adjacent (common edge

or corner) cells. DefineP(i) to be the parent of cell-centeri, C(i) to be the set of the children of cell-

Fusion Center

Cell-center

Fig. 1. A Wireless Sensor Network

centeri in the rooted tree,Hmax to be the depth of the tree, andH(i) to be the depth of the cell-centeri

in the tree (H(fusion center) = 0). Further, fix the transmission range

r =

√

8
B

, (4)

which guarantees a sensor can reach any other sensors withinadjacent cells, and thus guarantees the

network is connected if there is at least one sensor in each cell.

Now, given the routing strategy, we will next define protocolsfor intra-cell and inter-cell information

processing and data aggregation. The protocols will have twodistinct parts:
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(1) Intra-Cell-Protocol: The information within cells is aggregated at the respective cell-centers.

(2) Inter-Cell-Protocol: The information aggregated by cell-centers is transmitted, and aggregated fur-

ther, along the rooted tree to the fusion center.

Throughout paper,B is chosen as in (2) withc1 = 8, so

r = 8

√

logn
n

.

We also defineλ = − log(4p(1− p)) .

IV. A N UPPERBOUND ON THE ENERGY CONSUMPTION

We use the idea in [2] to design an algorithm for which the energy consumed is

κ ⌈log2 m⌉n(log logn)

(

8

√

logn
n

)α

,

whereκ =
⌈

4
− log(4p(1−p))

⌉

. In wireless sensor networks, transmissions by a sensor can be heard by any

sensor within its transmission range. Suppose there aren sensors in sensork’s transmission range, then

there aren independent receptions for each measurement sent by sensork. The main idea in [2] is to

use the reception diversity to obtain a good estimate of the measurement transmitted by sensork. But it

requires additional transmissions among sensors; for example, it takesn more transmissions forn sensors

to report the measurement they received from sensork. We will show how to use in-network processing

to reduce the number of transmissions required to exploit the reception diversity.

Recall thatbk is the measurement sensork has. For celli, define∆i as the set of indices of the sensors

in cell i, andγi as the counting of cell-centeri, so γi is a vector with lengthm such that thelth entry is

γi[l] = ∑
k∈∆i

1{bk=l}

if the counting is correct.

Now we propose following algorithm, which we call Counting-Algorithm-I.

Counting-Algorithm-I:

Adjacent cells may interfere with each other, so we adopt thecell scheduling scheme used in [6], [3].

Intra-Cell-Protocol-I (At cell i):

(i) The sensors in celli take turns to transmit their⌈log2 m⌉-bit measurement. When it is the turn of

sensork, it broadcasts its measurement
⌈

4
λ (log logn)

⌉

times. Then, all other sensors in the cell will
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receive
⌈

4
λ (log logn)

⌉

noisy copies from sensork. Sensorj decodes each bit ofbk using majority

rule, and obtainsα jk. Then, it setsA j (a vector with lengthm) to be

A j[l] = 1{b j=l} + ∑
k∈∆i,k 6= j

1{α jk=l}

after all sensors broadcast their measurements.

(ii) Select
⌈

ni
log logn

⌉

sensors in the cell. Each selected sensorj representsA j using m⌈log2 ni⌉ bits

(A j[h] can be represented by⌈log2 ni⌉ bits), codes it using a block code with rateR1 such that

mEr(R1)/R1 ≥ 1, and then broadcastsA j once.

(iii) SupposeÃ j is the output of the binary symmetric channel between the cell-center and sensorj

with input A j. Cell-centeri setsγi to be any mode of the sequence{Ã j}.

Cell scheduling for inter-cell transmissions: (1) LetL = Hmax; (2) Cells with depthL are scheduled

according to [6], [3]. IfL 6= 0, let L = L−1 and repeat step (2).

Inter-Cell-Protocol-I:

Define a vectorηi with lengthm to be the aggregated information of the subtree rooted at cell-center

i. When cell-centeri is scheduled, cell-centeri setsηi such that

ηi[l] = γi[l]+ ∑
j∈C(i)

η̃ j[l],

where η̃ j is the output of the channel between cell centerj and cell centeri with input η j. Since

0≤ηi[l]≤ n for 0≤ l ≤m, ηi can be represented usingm⌈log2 n⌉ bits. If i is the fusion center, thenγc = ηi.

Otherwise, it transmitsηi to cell-centerP(i) using a block code with rateR2 such thatmEr(R2)/R2 > 1.

We now analyze the energy requirement of Counting-Algorithm-I. First, in Lemma 5, we show that

under Intra-Cell-Protocol-I,

Pr(All γi are correct | 4logn ≤ ni ≤ 32logn ∀i) ≥ 1−
1

8logn
.

Then, in Lemma 6 and Theorem 7, we show that

Pr(γc is correct|γi is correct∀i) ≥ 1−
1

2logn
.

Finally, Theorem 7 quantifies the energy requirement of Counting-Algorithm-I.

Lemma 5: Suppose 4logn ≤ ni ≤ 32logn for all i. Then, by executing Intra-Cell-Protocol-I, the cell-

centers can obtainγi with

Pr

(

All γi are correct

∣

∣

∣

∣

32≥
ni

logn
≥ 4 ∀i

)

≥ 1−
1

8logn
(5)
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and the number of transmissions required in celli is upper bounded by

κ ⌈log2 m⌉ni(log logn),

whereκ =
⌈

4
− log(4p(1−p))

⌉

.

Proof: In the following analysis, we assume 4logn ≤ ni ≤ 32logn holds for all i. First, the number

of transmissions in each cell under Intra-Cell-Protocol-I is

ni ⌈log2 m⌉

⌈

4
λ

(log logn)

⌉

+

⌈

ni

log logn

⌉

m⌈log2 ni⌉

R1
.

It is easy to see that for large enoughn,

ni ⌈log2 m⌉

⌈

4
λ

(log logn)

⌉

+

⌈

ni

log logn

⌉

m⌈log2 ni⌉

R1
< κ ⌈log2 m⌉ni (log logn) .

Next we investigate the probability thatγi is correct, i.e.,

γi[l] = ∑
k∈∆i

1{bk=l}

for all l. Recall that sensorj decodes each bit ofbk using majority rule, so from Lemma 1 and the union

bound, we have

Pr
(

α jk = bk
)

≥ 1−⌈log2 m⌉(4p(1− p))
2log logn

λ .

Note thatA j is correct ifα jk is correct for allk ∈ ∆i. From the union bound, we have

Pr

(

A j[l] = ∑
k∈∆i

1{bk=l} ∀ l

)

≥ 1−ni ⌈log2 m⌉(4p(1− p))
2log logn

λ

≥ 1−
32⌈log2 m⌉

logn
.

Consider step (ii) of Intra-Cell-Protocol-I, from Theorem 2,

Pr
(

Ã j = A j
)

≥ 1−4e
−

Er(R1)
R1

m log2 ni ≥ 1−4e− log logn,

where the last inequality holds becauseni ≥ 4logn > logn. Thus,

Pr

(

Ã j[l] = ∑
k∈∆i

1{bk=l} ∀ l

)

≥ 1−
32⌈log2 m⌉+4

logn
.

Note that{α jk} are i.i.d. for all j ∈ ∆i, so {A j} are identical and{Ã j} are i.i.d.. Now define i.i.d.

random variables{I j} such thatI j = 1 if

Ã j[l] = ∑
k∈∆i

1{bk=l}
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for all l; and I j = 0 otherwise. Sinceγi is the mode of{Ã j}, from Lemma 1, we have

Pr(γi is correct) = Pr

(

γi[l] = ∑
k∈∆i

1{bk=l} ∀l

)

≥ Pr

(

∑
j

I j ≥
1
2

ni ∀l

)

≥ 1−

(

4

(

32⌈log2 m⌉+4
logn

)(

1−
32⌈log2 m⌉+4

logn

))

ni
2log logn

≥ 1− e−(log logn−log(64⌈log2 m⌉+16))
ni

2log logn ≥ 1− e− logn.

There are at most n
8logn cells in the network, so

Pr

(

γi[l] = ∑
k∈∆i

1{bk=l} ∀i, l

)

≥ 1−
n

8logn
e− logn = 1−

1
8logn

,

and the lemma holds.

Now, suppose that allγi are correct. Sinceηi can be represented usingm⌈log2 n⌉ bits, each cell-center

hasm⌈log2 n⌉ bits to transmit under Inter-Cell-Protocol-I.

Lemma 6: Suppose all cell-centers have the correctγi, then under Inter-Cell-Protocol-I, the probability

that the fusion center obtains the correctγc is bounded as follows:

Pr

(

γc[l] = ∑
k

1{bk=l} ∀l

∣

∣

∣

∣

∣

γi[l] = ∑
k∈∆i

1{bk=l} ∀i, l

)

≥ 1−
1

2logn
, (6)

and the number of transmissions required isΘ(n).

Proof: First, it is easy to see that the number of bits transmitted isΘ(n). Now, suppose all cell-

centers have the correctγi, then γc is also correct if allηi’s are correctly received. From Theorem 2,

there exists a block code satisfying the conditions given instep (i) of Inter-Cell-Protocol-I. Thus, for a

given i,

Pr(ηi is correctly received) ≥ 1−4e
−

Er(R2)
R2

m log2 n

≥ 1−4e− logn,

and from the union bound,

Pr

(

γc[l] = ∑
k

1{bk=l} ∀l

∣

∣

∣

∣

∣

γi[l] = ∑
k∈∆i

1{bk=l} ∀i, l

)

= Pr

(

All ηi’s are correctly received

∣

∣

∣

∣

∣

γi[l] = ∑
k∈∆i

1{bk=l} ∀i, l

)

≥ 1−
4n

8logn
e− logn

= 1−
1

2logn
.
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In Lemmas 5 and 6, we have shown that, under Algorithm-I, counting is accurate with high probability

when the number of sensors is large enough. Next, we provide an upper bound on the energy requirement

to solve our counting problem.

Theorem 7: Any symmetric function can be computed accurately with highprobability and with a

total transmission energy consumption no more than

κ ⌈log2 m⌉n(log logn)

(

8

√

logn
n

)α

,

where κ =
⌈

4
− log(4p(1−p))

⌉

. Counting-Algorithm-I is an asymptotically correct algorithm that achieves

this energy consumption. Specifically, the probability of computation error at the fusion center is upper

bounded by 7
8logn .

Proof: From inequalities (3), (5) and (6), we have

Pr

(

γc[l] = ∑
k

1{bk=l} ∀l

)

≥ 1−
7

8logn
,

which converges to one whenn goes to infinity. So Counting-Algorithm-I is asymptotically correct.

Further, from Lemma 5 and Lemma 6, it is easy to see the number of transmissions under Counting-

Algorithm-I is not more thanκ ⌈log2 m⌉n(log logn). Since the common transmission range is 8
√

logn
n ,

the total energy consumption is

κ ⌈log2 m⌉n(log logn)

(

8

√

logn
n

)α

. (7)

The theorem holds because there may exist other algorithms that consume less energy.

Remark:

(i) In the Counting-Algorithm-I, block codes are used in thestep (ii) of the Intra-Cell-Protocol-I and

in the Inter-Cell-Protocol-I. Instead, we could use simple repetition coding. Using the repetition coding

in the step (ii) of the Intra-Cell-Protocol-I will increase the number of transmissions, but will not change

the order of magnitude. However, in the Inter-Cell-Protocol, using block codes to transmit the aggregated

information ηi is crucial to reduce the number of transmissions. To see this, suppose we transmit each

bit M times so that each bit is correctly decoded with probabilityEM. We have

n
8logn

×m⌈log2 n⌉ >
mn
8

bits to transmit, and all of them should to be correctly received. So the probability of obtaining the correct

γc is upper bounded by

(1−EM)
mn
8 .
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To guarantee the error probability to be small, it requiresEM = O
(

1
n

)

andM = Ω(logn). So the number

of transmissions is
n

8logn
×m⌈log2 n⌉×Ω(logn) = Ω(n logn),

which is much larger thanO(n log logn).

(ii) A simple lower bound has been obtained in Lemma 3. Comparing it with the upper bound in

Theorem 7, we can see that the upper bound differs by a factor ofonly (log logn) from the lower

bound. But it is still not clear how good our bound is. Consider the case whenm = 2 (binary data),

a more general computational problem than ours, i.e., one ofknowing all the bits in the network, is

considered for a broadcast network in [2]. The number of transmissions required there is also shown to

be O(n(log logn)) . This suggests that one may be able to improve our upper bound onthe energy usage

since counting is easier than detecting all the bits in the network. On the other hand, parity computation

which is a simpler problem than counting is also studied in [2], but the number of transmissions needed

is againO(n(log logn)) , the same complexity as Counting-Algorithm-I. To the best ofour knowledge,

this is the best upper bound in the literature for parity computation in broadcast networks if the error

is required to go to zero whenn increases [4]. Further, our network with its multi-hop architecture also

requires more transmissions for the data from the sensors toreach the fusion center. This suggests that

our upper bound on energy usage is quite reasonable.

V. THE IMPACT OF LONG-BLOCK MEASUREMENTS

In Section IV, we considered the case where each sensor has only one measurement to transmit. In

this section, we will investigate the impact of transmitting N measurements, and each measurement can

take the integer value from{0, . . . ,m−1}, and so can be represented by⌈log2 m⌉ bits. In such a case, we

will show that block codes can be used in the intra-cell-protocol, and the number of transmissions can

be further reduced. It will be shown that the energy consumption per observed approaches to the lower

bound (1) whenN increases, and the lower bound is achieved whenN = Ω(log logn).

Define bk to be a vector with lengthN, and bk[h] to be thehth measurement of sensork. The fusion

center is interested in determining∑k 1{bk[h]=l} for all l and h. From Theorem 2, if we have⌈log2 m⌉N

bits to transmit, there exist block codes with code length

⌈max{N ⌈log2 m⌉ , log logn}/R⌉

and the decoding error probability of each codeword less than

4e−2max{N⌈log2 m⌉,log logn}.
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In the following algorithm, we use additional block codes inthe intra-cell-protocol to reduce the number

of transmissions per measurement.

Counting-Algorithm-II:

Cell scheduling for intra-cell transmissions and inter-cell transmissions is the same as in Counting-

Algorithm-I.

Intra-Cell-Protocol-II (At cell i):

(i) The sensors in celli take turns to transmit their bits. If it is sensork’s turn, it encodesbk using a

block code with code length
⌈

max{N⌈log2 m⌉,log logn}
R

⌉

and suppose that eitherN or n is large enough

such that the decoding error probability of each codeword less than 4e−2max{N⌈log2 m⌉,log logn}. The

codeword forbk is then broadcast once. Supposeα jk is the output of the binary symmetric channel

between sensork and sensorj with input bk. After all sensors broadcast their measurements, sensor

j obtains anm×N matrix, where[l,h] element is

A j[l,h] = 1{b j[h]=l} + ∑
k∈∆i,k 6= j

1{α jk[h]=l}

(ii) Select
⌈

ni
log logn

⌉

sensors. Each selected sensorj representsA j using mN ⌈log2 ni⌉ bits (each entry

of A j can be represented by⌈log2 ni⌉ bits), encodes it using a block code with rateR1 such that

mNEr(R1)/R1 ≥ 1, and transmitsA j to the cell center once.

(iii) SupposeÃ j the output of the binary symmetric channel between the cell-center and sensorj with

input A j. Cell-centeri setsγi to be any mode of the sequence{Ã j}.

Inter-Cell-Protocol-II:

Define am×N matrix ηi to be the aggregated information of the subtree rooted at cell-centeri. When

cell-centeri is scheduled, cell-centeri setsηi such that

ηi[l,h] = γi[l,h]+ ∑
j∈C(i)

η̃ j[l,h],

where η̃ j is the output of the channel between cell centerj and cell centeri with input η j. Since

0 ≤ ηi[l,h] ≤ n for 0 ≤ l ≤ m, ηi can be represented usingmN ⌈log2 n⌉ bits. If i is the fusion center,

then γc = ηi. Otherwise, it transmitsηi to cell-centerP(i) using a block code with rateR2 such that

mNEr(R2)/R2 > 1.
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Theorem 8: Suppose all sensors haveN measurements to report, then the frequency-histogram can be

computed accurately with high probability and with a total transmission energy consumption

O

(

n

(

max

{

⌈log2 m⌉ ,
log logn

N

}

+m

)

(

√

logn
n

)α)

per measurement, and Counting-Algorithm-II is asymptotically correct. Specifically, the probability of

computation error at the fusion center is upper bounded by5
8logn .

Proof: Suppose 4logn ≤ ni ≤ 32logn holds for all i. First, consider the number of bits transmitted

under Counting-Algorithm-II. There are
⌈

max{N ⌈log2 m⌉ , log logn}
R

⌉

ni +
mN ⌈log2 ni⌉

R1

⌈

ni

log logn

⌉

bits transmitted in each cell under Intra-Cell-Protocol-II. Thus, the total number of bits transmitted in

the network under Intra-Cell-Protocol-II is

Θ
(

n

(

max

{

⌈log2 m⌉ ,
log logn

N

}

+m

))

per measurement. The number of bits transmitted under Inter-Cell-Protocol-II isΘ(mn) per measurement.

Thus, under Counting-Algorithm-II, the energy required permeasurement is

Θ

(

n

(

max

{

⌈log2 m⌉ ,
log logn

N

}

+m

)

(

√

logn
n

)α)

,

which implies that the minimum transmission energy required per observation is

O

(

n

(

max

{

⌈log2 m⌉ ,
log logn

N

}

+m

)

(

√

logn
n

)α)

since there may exist other algorithms that consume less energy.

Next, we study the probability of correct counting under Counting-Algorithm-II. We will show

Pr

(

γi[l,h] = ∑
k∈∆i

1{bk[h]=l} ∀i, l,h

∣

∣

∣

∣

32≥
ni

logn
≥ 4 ∀i

)

≥ 1−
1

8logn
,

and the remainder of the proof follows from Lemma 6 and Theorem 7.

First, from Theorem 2, we have

Pr
(

α jk = bk
)

≥ 1−4e−2max{N⌈log2 m⌉,log logn}

≥ 1−
4

(logn)2 .

Sinceni ≤ 32logn, from the union bound,

Pr

(

A j[l,h] = ∑
k∈∆i

1{bk[h]=l} ∀ l,h

)

≥ 1−ni
4

(logn)2 ≥ 1−
128
logn

.
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Now supposẽA j is the output of the channel between the cell center and sensor j with input A j, so from

Theorem 2,

Pr
(

Ã j = A j
)

≥ 1−4e
−

Er(R1)
R1

mN log2 ni ≥ 1−4e− log logn,

and

Pr
(

Ã j is correct
)

= Pr

(

Ã j[l,h] = ∑
k∈∆i

1{bk[h]=l} ∀ l,h

)

≥ 1−
132
logn

.

Define i.i.d. random variables{I j} such thatI j = 1 if Ã j is correct andI j = 0 otherwise. From Lemma 1,

Pr(γi is correct) = Pr

(

γi[l,h] = ∑
k∈∆i

1{bk[h]=l} ∀ l,h

)

≥ 1−Pr

(

∑
j

I j ≤
ni

2

)

≥ 1−

(

4

(

1−
132
logn

)(

132
logn

))

ni
2log logn

≥ 1−

(

528
logn

)

ni
2log logn

≥ 1− e− logn

for largen.

Thus,

Pr(γi is correct∀i) ≥ 1−
n

8logn
e− logn

≥ 1−
1

8logn
,

and the theorem holds.

From the theorem above, whenN = Ω(log logn), the transmission energy required per measurement

is O

(

n

(

√

logn
n

)α)

. Then, from the lower bound (1), we can conclude that whenN = Ω(log logn), the

transmission energy required isΘ
(

n

(

√

logn
n

)α)

, which is tight.

VI. D ISCUSSION ANDCONCLUSIONS

In this paper, we investigated counting problems in multi-hop networks with noisy communication

channels. First, we considered sensors, each with a single measurement, and showed by construction that

feasible algorithms exist whose energy consumption is class O

(

⌈log2 m⌉n(log logn)

(

√

logn
n

)α)

. Then,
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we considered the case where the sensors haveN bits to report, in which case the transmission energy

can be reduced to classO

(

n
(

max
{

⌈log2 m⌉ , log logn
N

}

+m
)

(

√

logn
n

)α)

per measurement.

There are several directions for future work. First, while theratio of the upper bound to the lower bound

is only of the order of log logn, it still needs to be investigated whetherO

(

⌈log2 m⌉n(log logn)
√

logn
n

α)

is the best upper bound. Second, we have shown that the lower bound can be achieved if each sensor has

N = Ω(log logn) bits, it is still an open problem whether log logn is the minimum number of observed

bits needed to achieve the lower bound.
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