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Abstract

We consider a wireless sensor network consisting sénsors, and each sensor has a measurement,
which is an integer value belonging {®,...,m— 1}, so that it can be represented bipg, m| bits.
The network has a special node called the fusion center wioskis to compute a symmetric function
of these measurements. The problem studied is to minimeddtal transmission energy used by the
network when computing this function, subject to the caistrthat this computation is correct with
high probability. We assume the wireless channels are pissammetric channels with a probability of
error p, and that each sensor usés units of energy to transmit each bit, whards the transmission
range of the sensor. For constz(u;ntthe main result in this paper is an algorithm whose energgeisa
K [log, m| n(loglogn) (8 '°2”> , Wwherek = [mw . Then, we consider the case where the
sensor network obs%rveat events. In this case, we demonstrate a network algorithnetwhas energy
usage® (n (M) > per event if the number of events satisfiés= Q(loglogn).

I. NOTATIONS

The following notations are used throughout this paper,rgiven-negative function§(n) andg(n):
(i) f(n)=0(
(i) f(n=Q
Namely,g(n) = O(f(n)).
(iii) f(n)=0(g(n)) means that both (n) = Q(g(n)) and f(n) = O(g(n)) hold.

n)) means there exist positive constantandm such f(n) < cg(n) for all n>m.

o(
(g(n)) means there exist positive constantandm such thatf (n) > cg(n) for all n>m.
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Il. INTRODUCTION

With the wide availability of inexpensive wireless techogy and sensing hardware, wireless sensor
networks are expected to become commonplace because obitbad range of potential applications. A
wireless sensor network consists of sensors that havenggraimputation and wireless communication
capabilities. Each sensor monitors the environment sudiognit, collects and processes data, and
when appropriate transmits information so as to coopeigtiachieve a global detection objective.
Here, we consider the common situation where there is aesifuglion center, and the network goal
is to cooperatively provide information to this fusion aemso it can compute some function of the
sensor measurements. In this paper we will investigateptoblem in multi-hop networks with noisy
communication channels where the measurement of eachrsemssists of[log, m| bits; the goal is
for the fusion center to compute symmetric functions — thiwgections determined by the frequency-
histogram of the measurements. To achieve this, we wouldttkdesign a distributed algorithm while
minimizing the total transmission energy consumed by thevowek.

Specifically, distributed symmetric function computatiorhieh is also called a counting problem in
this paper, is as follows: the measurement of each node istager belonging td0,...,m— 1}, and
the fusion center needs to decide, using information tratetinfrom the network, the number of sensors
having valuel, for all | € {0,...,m—1}. When nothing is known about the structure of the function to
be computed, all measurements must to be transmitted tautienf center, and this is purely a routing
problem when the channels are reliable. When the wireleaarais are unreliable, the use of channel
coding (see, for example, [1]) makes it possible to convdgrination in a point-to-point fashion with
arbitrarily small amounts of error. However, the use of paiapoint error-correction coding without any
in-network processing may result in high energy cost andydéur focus in this paper is computation
of symmetric functions in a noisy wireless sensor networlemltotal energy consumpticis a major
concern.

The algorithms we consider in this paper are related to theriéthgns for distributed computation over
noisy networks, which are studied in [2], [11], [12], [108]] and references within. In both problems,
the goal is to compute the value of some function based onnfloeeniation of the nodes. Our work is
closely related to parity computation and threshold d&irdn noisy radio networks studied in [2] and
[9], respectively, where a broadcast network is assumedhich all nodes can hear all transmissions,
and each node has either a “1” or a “0.” The goal in [2], [9] wasnestigate the minimum number

of transmissions required to compute the parity or decidethdr the number of nodes in state “1” has



exceeded the threshold value. Note that parity and thrésthetiection are special cases of counting on
binary data, since both of these are determined if we know imamy nodes have a “1.”

While the problems considered in [2] and [9] are similar ta pwblem, there are two differences.
First, in our model, the measurements can tal@ifferent values instead of just two values, which is the
assumption in [2] and [9]. The second difference is that eatermay not be able to hear every other
node in the network. The reason for this is that energy consampan be an important consideration in
wireless networks and it is well-known that energy usagetlmareduced significantly if the transmissions
are carried out in a multi-hop fashion. This is a consequeffitkeowell-known propagation model used
to model wireless communication channels, whereby theggnerquired to transmit over a distance of
r is proportional tor?, wherea > 2 is a constant depending upon the environment. The detatlsiof
model will be discussed in the next section. Thus, insteadachesensor sending its information to
the fusion center directly, it is more efficient from an enempnsumption point of view to send the
information through relay nodes. It may be possible to rederergy consumption even further by using
some form of in-network data processing. This may have fuitlemefits; for instance, if all the sensor
measurements are to be transmitted from the sensors to $ienfaenter, then relay nodes closer to
the fusion center would be depleted of their energy fastan thodes that are further away from the
fusion center. Thus, in-network processing to reduce thebewraf transmissions could be beneficial for
eliminating hot spots. Fundamentally, this is the distmetbetween multi-hop wireless networks used for
communication and multi-hop wireless networks used fosg®n In multi-hop wireless communication
networks, the protocols are designed so that they are ndicappn-specific, and therefore the network
can support a constantly evolving set of applications. a@ting this, in multi-hop sensor networks, the
architecture and protocols can be designed for each spegfflication, exploiting its structure, to reduce
the energy usage within the network. This is the motivatiantiie recent works reported in [3] and [7].
In [3], the authors have designed a block coding scheme tqresa the amount of information to be
transmitted in a sensor network computing some functiomg7], the authors investigate the optimal
computation time and the minimum energy consumption reguio compute the maximum of the sensor
measurements. However, the in-network processing thatomsiaer in this paper is different from the
processing considered in [3] and [7], where the commurinathannels are assumed to be reliable, and
the processing is to primarily exploit the spatial corrielai7] or the spatio-temporal correlations [3]. In
our problem, processing is required not only to reduce tdamdancy in the information to be conveyed
in the fusion center, but also to introduce some redundamcypmbat the effect of the noisy channels in

the sensor network. Our results show that the additionalrréancy required to combat channel errors
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does not significantly negate the benefits of in-network coatfnt used to eliminate redundancy in
the information, and the combination of in-network compiota and channel coding could reduce the
number of transmissions required in multi-hop networkshie same order as the number required in
single-hop networks.

The main results of the paper are as follows:

1) We use the routing protocol in [3] along with ideas fromtidlimited parity computation in noisy
networks ([2]) to devise near energy-optimal algorithms dounting in sensor networks. A key
difference between our work and the work in [2] is that, in dase of sensor networks, the fusion
center does not communicate directly with each of the sen3twus, local computation is necessary
before conveying some aggregate information in a multi-faghion to the fusion center. Further,
we require that the computation be accurate uniformly olleedls. In addition, sophisticated error-
correction coding, not just repetition coding, seems to dppired in the algorithms to minimize
the energy required for counting.

2) Using the above ideas, we first study the case where eacbrdeas only one measurem%nt to
report, and show the amount of energy required for counsingjlog, m| n(loglogn) (8 "ﬁ”) ,
wheren is the number of sensors in the network.

3) We then extend to the case where each sensoNh@a&asurements, and the symmetric function
needs to be computed for each measurement. We show thamhegosmission energy consump-
tion can be reduced t® (n (max{ [log, m] ,'09'%} +m> g@) > per measurement. When

N = Q(loglogn), the energy consumption @ (n (\/@) ) per measurement, which is a tight
bound.

The rest of the paper is organized as follows: In Section lll,imeoduce our sensor network model
and present a straightforward lower bound on the minimumggneeeded. In Section IV, we consider
the case where the sensors have only one measurement to feg@ection V, we investigate the impact
of transmittingN measurements. Finally, in Section VI, we conclude the papeipaimt out some future

research directions.

I11. M ODEL

We consider a network af sensors that are uniformly and independently distributea anit square.
Upon the occurrence of a certain event, setks@cordshy, whereby can be taken value frof0,...,m—

1}, so can be represented hlog, m| bits. The sensors have the capability to transmit this da& ov



noisy wireless channels, and based on the data transmittdtelsensors in the network, a fusion center

tries to compute some symmetric functidfby,...,by), i.e., a function which has the property
f(by,...,bn) = f(o(by,...,bn)),

for any permutationro. Symmetric functions form a large class of functions, whictludes almost all
statistical functions like max, min, mean, etc. A key prapef a symmetric function is that the function
value only depends on the frequency-histogram. So in thismpayge will design algorithms to count the

number of the sensors having the same valUder eachl, i.e., to compute

n
i;]‘{bizl}

for each integet € {0,...,m— 1}, where 1,_, is the indicator function such thatyl, =1 when
bi =1, and Ly = 0 otherwise. Since counting and computation are equivatergyimmetric functions,
we will interchangeably use the terms counting and comjmutah this paper.

Let S denote the location of sensband |S — ;| denote the distance from sensaio sensorj. We

use the protocol model in [6] with some additional assunmstio

(1) A transmission from sensdrcan be received at sensor j only if
Sc— S| = (1+4)[S - S

for each sensok # i which transmits at the same time, whéeyés a protocol-specified guard-zone
to prevent interference.

(2) A binary modulation scheme is used so that each trangmiss either 1 or 0

(3) Even if a transmission is received at the receiver, thereome probabilityp < 1/2 with which

the received bit is flipped, i.e. the channel is a binary symimehannel with error probability.

(4) The power required to transmit to a distanmcis r¢.

By a computation algorithm, we mean a set of protocols (whichy depend om) to convey the
appropriate information from the sensors to the fusion eeand a protocol at the fusion center to
use the received information to compute the frequencyisin of the sensor measurements. Given
an algorithm for counting, we define the energy required byatgerithm to be the maximum energy
required for the computation over all possible values of iieasurements. Our goal is to characterize
the minimum energy required subject to the constraint thatgrobability of error in the computation
goes to zero af — .

Before we investigate the counting problem, we present twed-known results for our convenient

reference. First, we study the error probability when usajggtition coding. Consider a binary symmetry
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channel with error probability where each bit is transmitteéd times, and the receiver decodes the data
using a majority rule. Then we have following well-known bdui] on the error probability.

Lemma 1: Suppose one bit of data is transmitteldtimes over a binary symmetric channel with error
probability p, and the receiver decodes the bit using a majority rule. Thenptobability of decoding

error is no greater than
M

NI

(4p(1-p)

U
We also need the following coding theorem [1] for discretenmogyless channels for our analysis.
Theorem 2 (Gallager’'s Coding Theorem): For any discrete memoryless channel with capaCityany
positive integemN, and any positiveR < C, there exist block codes witM = 2NR codewords of length
N for which the decoding error probability of each codewordeiss than ¢ N& (R whereE, (R) is a
non-increasing function aRr.
U
It is obvious that each sensor has to broadcast its value dinees, we have the following lemma.

Lemma 3 (A Trivial Lower Bound): The minimum total transmission energy required to count is
a
logn
a5

Proof. First, connectivity of the network is a necessary conditibearrect counting. To guarantee
connectivity, it has been shown in [5] that the transmissiange of the sensors should be greater

a

logn Thys. the energy used per sensor transmissioév’@) . There aren sensors in the

than \/==.

network, each of which must make at least one transmisgims, the total transmission energy required

is [log, m| n<\/@>a. [ |

Now, we consider the counting problem in detail. We first defime touting strategy, which is the
same as the one in [3]. To transmit sensor information to tisgoh center, we divide the unit square

area into a regular lattice d@& cells whereB = D? andD is a positive integer. It is easy to see that
. n
E[Number of sensors in each de# B

In [8], [14], [13], it has been shown that the number of seasonreach cell i:n/B with high probability
whenB=0 (L) . Thus, we choose

logn
2
n
>~ (| /o ) @
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according to [13], where; > 0, and have following lemma.
Lemma 4 ([13, Lemma 1]): Suppose that the unit square is partitioned iBtsquare cells, wher8

is chosen as in (2), and further It denote the number of sensors in dellThen, for large enough,

Pr Cllogn<n-<4c logn Vi >1—@ 3
p  ~M=dfald cilogn
O

From above lemma, we know thataéf > 8, all cells have at Ieas@ sensors, and at mostdogn
sensors, which guarantees= ©(logn) for all i with high probability.

Then, we adopt the hierarchical architecture of [3]: For eaelh we choose one sensor as the cell-
center. Then designating the fusion center as the root, e &orooted tree like Figure 1, whose vertices
include all the cell-centers, and whose links can only b&beh cell-centers of adjacent (common edge

or corner) cells. Defind(i) to be the parent of cell-centérC(i) to be the set of the children of cell-

Fusion| Center

O —— T T—e

I\

L4 Cell-center

Fig. 1. A Wireless Sensor Network

centeri in the rooted treelHnax to be the depth of the tree, aht{i) to be the depth of the cell-center

in the tree H(fusion center= 0). Further, fix the transmission range

r= @ @)

which guarantees a sensor can reach any other sensors waitfgoent cells, and thus guarantees the
network is connected if there is at least one sensor in edth ce
Now, given the routing strategy, we will next define protociasintra-cell and inter-cell information

processing and data aggregation. The protocols will havedistinct parts:
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(1) Intra-Cell-Protocol: The information within cells is aggated at the respective cell-centers.

(2) Inter-Cell-Protocol: The information aggregated by -cglhters is transmitted, and aggregated fur-
ther, along the rooted tree to the fusion center.

Throughout papeiB is chosen as in (2) witls; = 8, so

r—gy/ 29"
n

We also defined = —log(4p(1—p)).

IV. AN UPPERBOUND ON THE ENERGY CONSUMPTION

We use the idea in [2] to design an algorithm for which the gneonsumed is

K [log, m| n(loglogn) <8\ / Iogn) ,

wherek = [mw . In wireless sensor networks, transmissions by a sensor edredrd by any
sensor within its transmission range. Suppose theren @ensors in sensd’s transmission range, then
there aren independent receptions for each measurement sent by densbe main idea in [2] is to
use the reception diversity to obtain a good estimate of thasmrement transmitted by senkoBut it
requires additional transmissions among sensors; for pbegrit takesn more transmissions for sensors
to report the measurement they received from seks@ve will show how to use in-network processing
to reduce the number of transmissions required to expleitrdeeption diversity.

Recall thatby is the measurement sendohas. For celi, definel; as the set of indices of the sensors
in cell i, andy as the counting of cell-centérso y is a vector with lengthm such that thd™ entry is

wlll= > L

kel

if the counting is correct.

Now we propose following algorithm, which we call Countiadgorithm-I.

Counting-Algorithm-1:

Adjacent cells may interfere with each other, so we adopt#iescheduling scheme used in [6], [3].
Intra-Cell-Protocol-1 (At cell i):

(i) The sensors in cell take turns to transmit theidog, m|-bit measurement. When it is the turn of

sensolk, it broadcasts its measureme{rft(loglogn)] times. Then, all other sensors in the cell will



receive[% (Ioglogn)] noisy copies from sensde Sensorj decodes each bit df using majority

rule, and obtaingrjx. Then, it setsA; (a vector with lengthm) to be

Al =Ty + 5 Layen
kel k]

after all sensors broadcast their measurements.

(i) Select [Iogrllibgn-‘ sensors in the cell. Each selected sensoepresentsA; using mflog,n;| bits
(Aj[h] can be represented byog,n;| bits), codes it using a block code with ra such that
mE; (Ry)/Ry > 1, and then broadcas#; once.

(iii) Suppose,&j is the output of the binary symmetric channel between theceslter and sensoy
with input A;. Cell-centeri setsy to be any mode of the sequen{:éj}.

Cell scheduling for inter-cell transmissions: (1) Uet Hpax (2) Cells with depthL are scheduled
according to [6], [3]. IfL#0, let L=L—1 and repeat step (2).
Inter-Cell-Protocol-I:

Define a vectom; with lengthm to be the aggregated information of the subtree rooted &terter
i. When cell-center is scheduled, cell-centérsetsn; such that

nl=vll+ ¥ A,
jeC(i)

where ij; is the output of the channel between cell centeand cell centeri with input nj. Since
0<ni[l] <nfor0<I <m, nj can be represented usinglog, n| bits. If i is the fusion center, they = ;.

Otherwise, it transmitg); to cell-centerP(i) using a block code with ratB, such thatmk; (Rz)/Rz > 1.

We now analyze the energy requirement of Counting-Algarih First, in Lemma 5, we show that

under Intra-Cell-Protocol-I,

1
8logn’

Pr(All y are correct | 4logn < n; <32logn Vi) > 1—

Then, in Lemma 6 and Theorem 7, we show that

Pr(y is correct|y is correctVi) > 1— .
(yC |M ) - 2logn

Finally, Theorem 7 quantifies the energy requirement of Cogrmilgorithm-I.
Lemma 5: Suppose 4log < n; < 32logn for all i. Then, by executing Intra-Cell-Protocol-1, the cell-

centers can obtaig with

1

~ 8logn ®)

ni .
Pr(AII y, are correct | 32> ln > 4 V|> >1

log



and the number of transmissions required in ¢édl upper bounded by
K [log, m] ni(loglogn),

4
wherek = [le—pﬁ '

Proof: In the following analysis, we assume 4log n; < 32logn holds for alli. First, the number

of transmissions in each cell under Intra-Cell-Protocd-I i

s o] 2

It is easy to see that for large enough

n; [log, m| H’ (Ioglogn)w + Logrllgnw m[lci;glz ni] < K [log,m| n; (loglogn).

Next we investigate the probability thgtis correct, i.e.,

wlll= > L=

kel
for all I. Recall that sensoj decodes each bit difi using majority rule, so from Lemma 1 and the union
bound, we have

2loglogn

Pr(ajk = bx) > 1 [logom] (4p(1—p))~ 7 .

Note thatA; is correct if aj is correct for allk € 4;. From the union bound, we have

2loglogn

Pr(Aj = kZA. Lip—iy V I) > 1—ni[log,m|(4p(1l—p)) 4

1_ 32[log, m|
logn

Consider step (ii) of Intra-Cell-Protocol-I, from Theorem 2,

- Er(Ry) '
Pr(A =A)) >1—4e R MO%M > q_ gg-loglogn

where the last inequality holds because> 4logn > logn. Thus,

Pr{ Ajll] = > Loy ¥ 5 1 32[logam| +4
ked; |Ogn

Note that{ajx} are i.i.d. for all j € Aj, so {A;} are identical andA;} are i.i.d.. Now define i.i.d.

random variablegl;} such thatlj = 1 if

All=S Ly
j kéi (=1}
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for all I; andl; = 0 otherwise. Since; is the mode of{,&j}, from Lemma 1, we have
. 1
Pr(y is correc} = Pr(y,[l] = ke% Lip—1} VI> > Pr(ZIj > S VI>
i I
1 <4<32[I092m1 +4> <1_ 32[log, m| +4>>2'0@1'09n

logn logn

v

N

> 17ef(logIognflog(64[logzm]+16))z@o—gn >1_e Iogn.

There are at mosg%gn cells in the network, so

1

. N _logn
= — > T A = -
Pr(M[l] kEZAi =1y Vl,l) >1 8logn® 1 8logn’

and the lemma holds. ]
Now, suppose that alf are correct. Sinc@; can be represented using/log, n| bits, each cell-center
hasm(log,n| bits to transmit under Inter-Cell-Protocol-I.
Lemma 6: Suppose all cell-centers have the corngcthen under Inter-Cell-Protocol-1, the probability

that the fusion center obtains the corrggtis bounded as follows:
1

Pr(yc[l] = Zl{bk:” Vi y,[l] = szl l{bk:I} Vl,l) >1- 2Iogn’ (6)

and the number of transmissions require®(®).

Proof: First, it is easy to see that the number of bits transmitte®(is). Now, suppose all cell-
centers have the corregt then y is also correct if alln;’s are correctly received. From Theorem 2,
there exists a block code satisfying the conditions givestap (i) of Inter-Cell-Protocol-1. Thus, for a
giveni,

Er(Rp)

Pr(n; is correctly received > 1— 4e Ry Miogn

> 1—4e 00",

and from the union bound,

Pr(Ye['] = Zl{bkzl} vl

= Pr(AII ni’s are correctly receive

Vlll= > Lipe- Vi,')
kel

(1] :k;i Lt} \ﬂ,l)

4n

1— eflogn
- 8logn
= 1- 1 .
2logn
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In Lemmas 5 and 6, we have shown that, under Algorithm-I, dogris accurate with high probability
when the number of sensors is large enough. Next, we providgper bound on the energy requirement
to solve our counting problem.

Theorem 7: Any symmetric function can be computed accurately with hggbbability and with a

total transmission energy consumption no more than

K [log, m| n(loglogn) (8\ / Iogn) ,

mw . Counting-Algorithm-I is an asymptotically correct algbwrin that achieves

this energy consumption. Specifically, the probability of poation error at the fusion center is upper

wherek = [

bounded byg/zs-

Proof: From inequalities (3), (5) and (6), we have

;
Pr(yc[l] = Zl{bkzl} V') >1- 8logn’

which converges to one whangoes to infinity. So Counting-Algorithm-I is asymptoticallpreect.

Further, from Lemma 5 and Lemma 6, it is easy to see the numbeamdrissions under Counting-
Algorithm-I is not more thark [log, m| n(loglogn). Since the common transmission range i§'«?{%”,

the total energy consumption is

K [log, m| n(loglogn) (8\ / Iogn) . @)

The theorem holds because there may exist other algorithatctimsume less energy. ]

Remark:

(i) In the Counting-Algorithm-I1, block codes are used in step (ii) of the Intra-Cell-Protocol-I and
in the Inter-Cell-Protocol-1. Instead, we could use simm@patition coding. Using the repetition coding
in the step (ii) of the Intra-Cell-Protocol-I will increaskeet number of transmissions, but will not change
the order of magnitude. However, in the Inter-Cell-Protpasing block codes to transmit the aggregated
information n; is crucial to reduce the number of transmissions. To see $higpose we transmit each

bit M times so that each bit is correctly decoded with probabtity. We have

x m[log,n]| > m
8logn 92 8

bits to transmit, and all of them should to be correctly reegi So the probability of obtaining the correct
Ve is upper bounded by
(1-Ew)®.
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To guarantee the error probability to be small, it requEgs= O(%) andM = Q(logn). So the number

of transmissions is

8logn x m[log,n| x Q(logn) = Q(nlogn),

which is much larger tha®(nloglogn).

(i) A simple lower bound has been obtained in Lemma 3. Conmgaii with the upper bound in
Theorem 7, we can see that the upper bound differs by a factanlgf (loglogn) from the lower
bound. But it is still not clear how good our bound is. Consittee case whem = 2 (binary data),

a more general computational problem than ours, i.e., onknofving all the bits in the network, is
considered for a broadcast network in [2]. The number of massions required there is also shown to
beO(n(loglogn)). This suggests that one may be able to improve our upper boutiteognergy usage
since counting is easier than detecting all the bits in thevoik. On the other hand, parity computation
which is a simpler problem than counting is also studied in 2t the number of transmissions needed
is againO(n(loglogn)), the same complexity as Counting-Algorithm-1. To the besbof knowledge,
this is the best upper bound in the literature for parity cotapon in broadcast networks if the error
is required to go to zero whemincreases [4]. Further, our network with its multi-hop atebfure also
requires more transmissions for the data from the sensamsatth the fusion center. This suggests that

our upper bound on energy usage is quite reasonable.

V. THE IMPACT OF LONG-BLOCK MEASUREMENTS

In Section IV, we considered the case where each sensor ha®oalmeasurement to transmit. In
this section, we will investigate the impact of transmijtiN measurements, and each measurement can
take the integer value frofD0,...,m— 1}, and so can be represented Jtgg, m| bits. In such a case, we
will show that block codes can be used in the intra-cellgot, and the number of transmissions can
be further reduced. It will be shown that the energy consionpgber observed approaches to the lower
bound (1) wherN increases, and the lower bound is achieved wiRea Q(loglogn).

Define by to be a vector with lengtiN, andby[h] to be theh™ measurement of senskr The fusion
center is interested in determinirgy 1, -y for all | andh. From Theorem 2, if we havélog, m[N

bits to transmit, there exist block codes with code length
[max{N [log, m[,loglogn} /R]
and the decoding error probability of each codeword less tha

4672 max{N[log, m] loglogn} .
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In the following algorithm, we use additional block codeghe intra-cell-protocol to reduce the number

of transmissions per measurement.

Counting-Algorithm-11:

Cell scheduling for intra-cell transmissions and intdi-é@nsmissions is the same as in Counting-
Algorithm-.
Intra-Cell-Protocol-Il (At cdl i):

(i) The sensors in ceil take turns to transmit their bits. If it is sendds turn, it encode$y using a

block code with code Iengtlﬁma’({N“OQZFTUOQ'OQ”W and suppose that eith8r or n is large enough
such that the decoding error probability of each codewosd than 4-2maxNflogzm|.loglogn} ' The
codeword forby is then broadcast once. Suppasg is the output of the binary symmetric channel
between sensdeand sensoj with inputby. After all sensors broadcast their measurements, sensor

j obtains afmx N matrix, where[l, h] element is
AN ==y 5 Lan=n
kel k]

(i) Select Logrl‘i(')gnw sensors. Each selected sengoepresentsh; usingmN [log, n;| bits (each entry
of Aj can be represented byog,ni| bits), encodes it using a block code with rae such that
mNE; (Ry)/R: > 1, and transmitsA; to the cell center once.

(i) Suppose,&j the output of the binary symmetric channel between theaaiter and sensgrwith
input A;. Cell-centeri setsy to be any mode of the sequen{:&,—}.

Inter-Cell-Protocol-I1:

Define amx N matrix n; to be the aggregated information of the subtree rooted ktesnteri. When
cell-centeri is scheduled, cell-centérsetsn; such that
mill,hf =yl b+ S Al hl,
jec(i)

where j; is the output of the channel between cell centeand cell centeri with input n;. Since

0 < ni[l,hj <nfor 0<I| <m n; can be represented usim [log,n]| bits. If i is the fusion center,

then y. = n;. Otherwise, it transmits); to cell-centerP(i) using a block code with rat& such that

mMNE; (Rz)/Rz > 1.
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Theorem 8: Suppose all sensors haiemeasurements to report, then the frequency-histogram e€an b

computed accurately with high probability and with a totalnsmission energy consumption

0 (n (max{ togymi . 2529%  +m) <W> )

per measurement, and Counting-Algorithm-1l is asympédiyccorrect. Specifically, the probability of

computation error at the fusion center is upper bounde%&%.
Proof: Suppose 4log < nj < 32logn holds for alli. First, consider the number of bits transmitted

under Counting-Algorithm-Il. There are

max{N [log, m|,loglogn} - mN [log, ni] n;
R ! Ry loglogn

bits transmitted in each cell under Intra-Cell-ProtocoldThus, the total number of bits transmitted in

the network under Intra-Cell-Protocol-Il is

C] <n (max{ [log,m], Iogll\logn } + m> >

per measurement. The number of bits transmitted under @eé+Protocol-1l is®(mn) per measurement.

Thus, under Counting-Algorithm-I1, the energy required perasurement is

o (n(max{ o 228"} ) (2221 ).

which implies that the minimum transmission energy reqliper observation is

0(n mes{ e 557} ) 527)')

since there may exist other algorithms that consume lesgene

Next, we study the probability of correct counting under @ing-Algorithm-11. We will show

1
8logn’

. Nj .
P [,h] = 1 _ I,h 2> >4 >1
r(Vn[, ] kezAi {behi=1} i1, ' 32> jogn = VI) >

and the remainder of the proof follows from Lemma 6 and Theorem 7

First, from Theorem 2, we have

Pr(ajk — bk) > 1— 4872max{N[Iogzm],IogIogn}
4
(logn)?’

v

1—

Sincen; < 32logn, from the union bound,

Pr{ Ajll,h] = % L=y V1,h) > 1—nii2 > 1_ﬁ'
KeDy (logn) logn
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Now suppose&j is the output of the channel between the cell center and sgnsith input Aj, so from
Theorem 2,
A —%Rfl)mNbgzni —loglogn
Pr(Aj=Aj)>1-4e R >1-4e ,
and

~ ~ 132
. - k] = _ >1- .
Pr(Aj is correc} Pr(AJ [1,h] keZAi L=} I,h) >1 iogn

Define i.i.d. random variablefl} such thatj = 1 if A; is correct and; = 0 otherwise. From Lemma 1,

Pr(y is correc} = Pr(y;[l,h] = Z Lipn=1y ¥V I,h)
kel

> l—Pr(legz)
Tlo_niﬁ
> 1 (41— 132 132 glog
logn,/ \ logn
_— < 528>2|c>3‘|ogn
- logn
> l_eflogn
for largen.
Thus,
; i n —logn
P > 1- 9
r(y is correctvi) > 8logn
1
1—
- 8logn’

and the theorem holds.
[
From the theorem above, whéh= Q(loglogn), the transmission energy required per measurement
is O (n <\/@) a> . Then, from the lower bound (1), we can conclude that wNea Q(loglogn), the

a
transmission energy required (&(n (w / '°§”> ) , Which is tight.

VI. DIscuUssSION ANDCONCLUSIONS

In this paper, we investigated counting problems in mudfp-metworks with noisy communication

channels. First, we considered sensors, each with a singlsurement, and showed by construction that
a
feasible algorithms exist whose energy consumption iss@)ﬁéﬂogz m| n(loglogn) <w / '°ﬁ’”> > . Then,
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we considered the case where the sensors habés to report, in Wofrwich case the transmission energy
can be reduced to cIa@(n (max{ [log, M| ,'09"%} +m) <\/@> ) per measurement.

There are several directions for future work. First, while @ of the upper bound to the lower bound
is only of the order of loglog, it still needs to be investigated Whetr(ér(ﬂogz m] n(loglogn) \/@j
is the best upper bound. Second, we have shown that the loweadhman be achieved if each sensor has
N = Q(loglogn) bits, it is still an open problem whether loglogs the minimum number of observed

bits needed to achieve the lower bound.
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