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Diffusion Approximations for a Single Node
Accessed by Congestion-Controlled Sources

Atanu Das and R. Srikant

Abstract—We consider simple models of congestion control in
high-speed networks, and develop diffusion approximations which
could be useful for resource allocation. We first show that, if the
sources are ON–OFF type with exponential ON and OFF times,
then, under a certain scaling, the steady-state distribution of the
number of active sources can be described by a combination of two
appropriately truncated and renormalized normal distributions.
For the case where the source arrival process is Poisson and the ser-
vice times are exponential, the steady-state distribution consists of
appropriately normalized and truncated Gaussian and exponential
distributions. We then consider the case where the arrival process
is a general renewal process with finite coefficient of variation and
service-time distributions that are phase type, and show the impact
of these distributions on the steady-state distribution of the number
of sources in the system. We also establish an insensitivity to ser-
vice-time distribution when the arrival process is Poisson. We use
these results to relate the capacity of a bottleneck node to perfor-
mance measures of interest for best effort traffic, such as the mean
file transfer time or probability of congestion.

I. INTRODUCTION

T RADITIONALLY telephone networks have provided a
guaranteed bandwidth to each call, and when the capacity

of a link is exceeded, further calls would be rejected. When the
arrival process is Poisson, traffic engineering for such networks
can be performed using the well-known Erlang-B formula
[6]. The Erlang-B formula is extremely useful due to the
well-known insensitivity to the service-time distribution. Often,
in telephone networks, routing phenomena such as overflow do
not preserve the Poisson nature of arrivals at a particular link.
Under these circumstances, to obtain blocking probabilities
or other performance measures, one has to take into account
the statistics of the arrival process and service times. A precise
computation is extremely difficult. An appealing alternative is
to use heuristics obtained from weak convergence theory and
diffusion limits to obtain approximations to the performance
measures of interest [40]. In fact, diffusion limits can also be
useful in predicting the behavior of the system over finite-time
intervals (not just steady state) [32], [33].

Even for the simple loss models, diffusion ap-
proximations are useful in providing simple rules-of-thumb re-
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Fig. 1. Instantaneous model of congestion-controlled best effort traffic.

lationships among between offered load, capacity, and perfor-
mance measures such as blocking probability. For example, the
results in [40] and [32] indicate that, under critical loading (i.e.,
the offered load is roughly on the order of the capacity), the
exact values of the offered load and capacity are not impor-
tant. For the purposes of traffic engineering, the factor that de-
termines the blocking probability is the difference between the
offered load and capacity, measured in units of the square root
of the offered load (or capacity). Thus, if the offered load is
increased, using the diffusion approximation, one can approx-
imately compute the required increase in provisioned capacity
to maintain the same blocking probability.

In this paper, we develop similar diffusion approximations for
congestion-controlled systems. The basic model is illustrated in
Fig. 1. We consider a single node with capacity(measured
possibly in bits per second). At any instant in time, the node
is accessed by several sources performing such tasks as Web
browsing, file transfer, etc. We assume that the access lines for
each sources have a capacity of one unit each. Thus, when the
total number of sources using the node is less than or equal to,
the sources areaccess limited, i.e., the response of the network is
limited by the access link capacities. However, when the number
of active sources is greater than, then we assume that there is
some congestion-control mechanism that attempts to divide the
capacity fairly among the competing sources. This model was
proposed and analyzed for Web traffic in [16].

The interest in such a model is due to the dramatic develop-
ment of best effort services over the last few years. Unlike tra-
ditional telephone networks, best effort traffic is not allocated a
fixed bandwidth in the network. Rather, the available capacity is
divided among various competing sources in a fair manner. The
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two most common approaches to this are TCP and ATM ABR
[38]. In the Internet, the well-known TCP protocol (see [18]
for the original congestion avoidance scheme in TCP and [23],
and references within, for subsequent modifications) is a feed-
back-control mechanism that probes the network for available
capacity, and increases or decreases the rate at which sources
are sending traffic into the network, depending upon the con-
gestion in the network. In the context of asynchronous transfer
mode (ATM) networks, the available bit-rate (ABR) service per-
forms the congestion-control function, again through a feedback
control mechanism [4], [30], [19], [1], [2], [5]. In either case,
typically, the sharing mechanism that allocates the node’s ca-
pacity to the competing sources is not efficient. For instance,
[16] presents an analytical model to quantify this inefficiency in
the case of TCP. According to their model, when the number of
active sources is greater than, a fraction (denoted by) of the
total capacity is shared equally by the active sources. Thus,
the factor will depend on the feedback control mechanism that
is used to perform the congestion control. We assume this model
in this paper. The intuitive reason for such a model is as fol-
lows: consider a single TCP source which increases its window
size until it detects congestion due to lost packets, then drops its
window size, and repeats this cycle. Thus, instead of operating
at the node’s data rate, the rate at which a TCP source gener-
ates data follows a cycle starting from near zero, and reaching
a peak rate which is larger than the rate that can be sustained
by its bottleneck node. Thus, thegoodput, i.e., the rate of suc-
cessful data transfer, seen by the source would be smaller than
the bottleneck node’s capacity. We refer the interested reader to
[16] where extensive simulations have been used to justify this
model.

From this congestion-control scenario, we derive two mathe-
matical models for the congestion-controlled best effort traffic.
In the first one, we assume that the number of sources accessing
the network is fixed, and that the sources switch from an active
(ON) state to an inactive (OFF) state and vice versa according to
a Markov chain. This model is appropriate in a scenario where
the traffic is predominantly Web browsing, and was considered
in [16]. We develop a diffusion approximation for this model by
scaling the bottleneck capacity and the number of sources ap-
propriately. The steady-state distribution of the number of ON
sources in this model is known to be independent of the ON
and OFF time distributions [16]. Thus, our diffusion approxima-
tion is primarily useful in understanding the relationship among
the capacity, offered load, efficiency factor, and performance
measures, much like the diffusion approximation in the case of
the classical Erlang loss model.

In the second model, we assume that the number of sources in
the system is not a constant. We suppose that the sources arrive
at the system according to some stationary renewal process with
finite interarrival time variance. We believe that this model is
more generally applicable in situations where the traffic consists
of a mixture of Web browsing, file transfers, and other possible
uses for the Internet. Each source brings a certain amount of
work to the network. This work can be thought of as the file
size for a file transfer. We assume that file sizes are distributed
independently according to a phase-type distribution, which we
describe precisely later.

The above models are not intended to capture the complex
dynamics of congestion-control schemes such as TCP. The idea
is to simply use the fact that any congestion control attempts
to fairly distribute the available bandwidth, even though the ac-
tual implementation may fall short of this goal. Our aim is to
build a model that can be useful for network provisioning, not to
precisely model the dynamics of the congestion-control mech-
anism. It is also interesting to note that, in the case of ON–OFF
models, the ON time is a function of the congestion in the net-
work. This is an appropriate model for Web traffic only. The ra-
tionale for this is as follows [16]: a user first downloads a Web
page, and waits for the page to be fully downloaded. After this
download is completed, the user may pause for a further amount
of time, and follow a hyperlink on the downloaded Web page,
which results in a new data transfer. This model may not be ap-
plicable more generally, and therefore, we consider the second
model.

For both models, we consider two performance measures.
The first is the mean file transfer time. When the capacity of
the bottleneck node is infinity, the mean file transfer time would
simply be the mean file size divided by the speed of the access
link. Thus, a relevant measure of the quality of service (QoS)
perceived by a user is the mean file transfer time (or the in-
crease in it) due to the finite capacity of the bottleneck link.
The second performance measure that we consider is the prob-
ability of congestion, i.e., the probability that the sum of the
access link speeds of the active sources exceeds the capacity
of the bottleneck link. As mentioned earlier, for the ON–OFF
source model, both of these performance measures are indepen-
dent of the ON and OFF time distributions. However, in the case
of the renewal arrival process model, these performance mea-
sures vary with the interarrival and service-time (file-size) dis-
tributions. In general, this relationship can be complex and dif-
ficult to characterize exactly. Thus, we provide simple approxi-
mations of these performance measures that relate the values of
performance measures under general distributions to the values
of the performances measures for the case of Poisson arrivals
and exponential service times. The idea here is that the solution
for the case of Poisson arrivals and exponential service times
is easy to obtain by solving a simple birth–death Markov chain,
and thus, the simple approximation can be exploited to calculate
these performance measures for general distributions. Once we
have such a simple relationship between the traffic parameters
and the performance measures, traffic engineering is straight-
forward. One can simply increase or decrease the capacity of
the bottleneck node until the desired performance is attained.

The rest of the paper is organized as follows. In Section II,
we consider both the ON–OFF and the models, and
derive the diffusion approximation for both cases. Section III
derives the diffusion approximation for the model,
and obtains explicit expressions for the stationary distribution.
In Section IV, we prove the insensitivity of the stationary distri-
bution to the service-time distribution in the model.
Section V deals with the model, and lays the ground-
work for the weak convergence proof in Appendix III by com-
puting the drift vector and diffusion coefficient matrix for the
limiting diffusion process. In Section VI, we use the diffusion
limits to obtain expressions relating the traffic statistics to the
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QoS delivered to the user by the network. Section VII presents
numerical results to support the diffusion approximations, and
concluding remarks are provided in Section VIII. Appendixes I
and II provide alternate derivations of the stationary distribu-
tions in the case of ON–OFF models and models,
using Stirling’s formula and the central limit theorem.

II. EXPONENTIAL INTERARRIVAL AND SERVICE TIMES

A. ON–OFF Sources

Consider ON–OFF sources which switch between an active
(ON) state and an inactive (OFF) state. Let us suppose that the
sources access a bottleneck node with transmission ratebits/s,
and that each source accesses this node via an access link whose
transmission rate is 1 bit/s. In other words, when the number of
ON sources in the system is less than or equal to, each source
is served at rate 1. Let be the number of sources that are
in the ON state at time. We assume that a modified form of
processor sharing is in effect, i.e., when the number of sources
exceeds , there is some form of congestion-control mechanism
such as TCP [16] or ATM ABR rate control [2] that divides the
available capacity to all of the sources equally. However, most
congestion-control schemes are not perfect, and therefore, as
will be made precise later, we introduce an efficiency factor to
account for this. This model was used by Heymanet al.[16], and
we will call this type of service disciplinemodified processor
sharing(MPS). We assume that the OFF times are exponential
with mean . Once a source enters the ON state, it remains in
this state until it receives an exponentially distributed amount of
service whose mean is bits. Since the access rate is 1,
would be the mean time in the ON state if the number of sources
is less than . Thus, we will refer to as thenominalmean
ON time. In general, the time spent in the ON state by a source
will also depend on the number of other sources that are ON.

We emphasize that this model assumes a fixed number of
sources accessing the node, with some sources being ON and
the others being OFF at any time. In a Web-browsing applica-
tion, a user typically downloads a Web page, and looks at it for
a while before generating another request for a new download.
Thus, since we have assumed a fixed number of total sources,
when there are many sources in the ON state, the rate at which
new files are generated also slows down. We refer the reader
to [16], [3] for a justification of this model using actual traffic
traces.

Let be the transition rate from state to
in the associated birth–death process. Then,is

given by

(1)

and

if
if

(2)

where is a factor denoting the efficiency of the conges-
tion-control scheme. Note that, with and , this
becomes the well-known processor-sharing service discipline
which has been studied extensively; see [24, ch. 4.4] and ref-
erences within.

Let us consider the following diffusion scaling for the above
process:

(3)

and define

where is the offered load per source. We
are interested in the behavior of as . The
scaling for and reflects the fact that we are interested
in studying the behavior of systems where the number of
sources is large and the capacity of the system is increased
such that . Such a scaling is referred to as the
critical-loading regime. For systems with a large number of
sources, other traffic regimes of interest are theheavy-loading
regime where , and thelight-loading
regime where . Service providers
typically operate their network in thecritical-loading regime,
and thus, it is of most interest for traffic engineering purposes.
We only study thecritical-loading regime here. The reason for
the particular choice of the scaling is addressed later in this
section in Remark 1. With , the above scaling is well
known for infinite-server [17], [9], [39], [13], [14] and loss
models [10], [40], [31], [32].

Let us first consider the case , which is equivalent
to . Then, the drift and diffusion coefficients are
given by

(4)

and

(5)

respectively. For the case or, equivalently ,
the drift is given by

(6)

and the diffusion coefficient is the same as before.
The steady-state density for this process is obtained by

solving (see, for example, [21])

(7)

For , solving the above equation as in [21] yields

for some constants and . Since should be integrable
about , . Thus,

for (8)
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for some constant . For , solving (7) gives

Again, since should be integrable about , we
obtain

(9)

To explicitly show that has the form of two different normal
densities in the regions and , we rewrite (8)
and (9) as

for (10)

for (11)

where, by abusing notation, we use to denote a new constant.
Then, for , the normal density is centered at zero, while
for , the normal density is centered at

.
To solve for and , we have the following two condi-

tions: the continuity condition

(12)

and the normalization condition

(13)

where is the complementary cumulative distribution func-
tion (ccdf) of the Gaussian random variable . The above
discussions lead to the following theorem, whose proof can be
found in Appendix III.

Theorem 1: Suppose that ; then

where denotes weak convergence in , the space of
all right continuous functions with left limits. The convergence
is with respect to the Skorohod’s topology [7]. The limiting
process is described the stochastic differential equation

(14)

with given, is given by (4) and (6), is given by
(5), and is a standard Wiener process. The steady-state
distribution of is given by (10) and (11).

The above results have a technical gap that we have not ad-
dressed. We can show the weak convergence of the process,
and we know the stationary distribution of the limiting process.
However, this does not immediately mean that the stationary
distribution of the th system converges in the limit. By consid-
ering , we show that this convergence indeed occurs
in Appendix I, by directly working with the Markov chain of the

th system.

B. Poisson Source

Consider a Poisson arrival process with rateand exponen-
tially distributed service times with mean . As before, let the
maximum number of sources that can be served by the system
without processor sharing taking effect be. In this case, the
transition rates for the birth–death Markov chain describing the
number of active sources is given by

(15)

and

if
if

(16)

where is the efficiency factor defined earlier.
In this case, we consider the following scaling:

and (17)

As before, we define , where is the
number of active sources at time. Then, is given by

if

if
(18)

and given by

(19)

For stability, we require that . This implies that
. Proceeding as before, we get

if

if
(20)

Thus, in the case of a Poisson source model, the diffusion ap-
proximation for the steady-state density function consists of a
renormalized normal density and an exponential density.

In this case, using the continuity and normalization conditions
as in the previous subsection, we can obtain

(21)

and

(22)
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From these expressions, we can compute the steady-state prob-
ability that the system is in a congested state, i.e., the number of
sources in the system is greater than, and is given by

(23)

The above derivation can be summarized in the following the-
orem, the proof of which is a special case of the proof for the

model in Appendix III.
Theorem 2: Suppose that ; then

where is given the stochastic differential equation (14),
is given by (18), and is given by (19). The steady-state

distribution of is given by (20).
Remark 1: We note that the case (or, equivalently,

) was considered by [15]. In that case, the drift
is continuous. However, when , is discontinuous,
and we cannot use Stone’s theorem [34], [17, Theorem 3.2] to
prove the weak convergence of to . Further, in the
case , should be scaled as we have done; otherwise,
one cannot establish the desired weak convergence, nor can one
directly work with the Markov chain to obtain the stationary
distribution as . In fact, it is straightforward to check
that the required condition is that the limit
exists.

The fact that the steady-state distribution
of the th system converges to the corresponding steady-state
distribution of is verified in Appendix II. However, this
alone may not be sufficient in practice [28], [26], [27]. A de-
sirable result would be the following: given , there exists
an such that for all . For our problem,
this is easy to verify as follows. As in [15], for each, can
be stochastically upper bounded by another process obtained
by placing an impenetrable lower barrier at . Fur-
ther, can be stochastically lower bounded by an
system. Since the upper bound is an queue and the
lower bound is an system, they are easy to analyze.
Starting from an empty system, it is well known that the number
of customers in an queue stochastically increases to
its steady-state distribution. For the system, starting
from an empty system, the number in the system at any time
time is a Poisson random variable. Using these facts, the de-
sired result can be proved easily.

III. QUEUE WITH MPS

Let us now suppose that the arrival process is a renewal
process with arrival rate and squared-coefficient-of-vari-
ation (SCV), i.e., the variance divided by the square of the
mean, of the interarrival times . As in [39], we will consider
a diffusion limit for the number of sources as seen at arrival

epochs. Let be the number of sources seen by theth
arrival. We define the state of theth system to be

and the interpolated process as

We assume that the rate of departures between successive ar-
rivals remains unchanged. The error due to this approximation
is asymptotically negligible [39].

We compute as

where is the interarrival time with mean and is
a Poisson random variable with

if

if

The diffusion coefficient is computed as

Carrying out the above calculations yields

if
f

(24)

(25)

Let denote the steady-state density as a function
of the parameters, , and , where . Then, by
substituting (24) and (25) in (7), we get

if
if

(26)

where

(27)

and

(28)

Comparing (26) to (20), it is easy to see that

(29)

The weak convergence result for the model is a
special case of the model studied in Section V. How-
ever, we consider the two models separately because, in the
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case, the stationary distribution of the limiting dif-
fusion process can be explicitly calculated as we have shown,
whereas this is not the case for the model. Unlike
the model, we do not provide a proof of the fact that
the stationary distribution of theth converges to the stationary
distribution of the limiting diffusion process. We do not con-
sider this problem further in this paper, but we simply remark
that it may be possible to show this along the lines of a similar
result for the FIFO queue in [15]. We summarize the
main results of this section in the following theorem. The proof
of this theorem is in Appendix III.

Theorem 3: Suppose that ; then

where is given the stochastic differential equation (14),
is given by (24), and is given by (25). The steady-state

distribution of is given by (26).

IV. I NSENSITIVITY IN THE MODEL WITH MPS

Let us first revisit the model. We denote the steady-
state probability that there aresources in the system by .
The local balance equation for is given by

(30)

where

if
if

(31)

We want to show that this steady-state distribution is insensi-
tive to the service-time distribution in the model with
MPS. We can appeal to the results in [22] to prove this. It is easy
to see that our model is a special case of the symmetric queue
considered in [22], and thus, the result follows. We also provide
a simple, alternate proof here along the lines of the proof in [16].
To this end, define to be the state of the system, whereis
the number of sources in the system andis an -dimensional
vector of the remaining service times of thesources. More
precisely, , the first component of , is the remaining service
time of the first source chosen at random from thesources,

, the second component ofis the remaining service time of
the second source chosen at random from the remaining
sources, and so on. Let be the steady-state density of the
Markov process, and define to be the set of all permutations
of the vector . By considering some time in steady state with
the state , and some other time units prior to this time,
we obtain the following backward equation:

where is the service-time pdf, denotes the -di-
mensional vector obtained by removing theth component from

, denotes the -dimensional vector obtained by
adding zero to , and is a vector whose elements are all equal
to one. We have ignored terms in the above equation. In
the limit , we get

(32)

We want to show that

(33)

where is the complementary cumulative distribution
function (ccdf) given by . The intuition behind the
above form for is obtained from a similar result for

queues in [37]. The form of is equivalent
to showing that, conditioned on there beingsources in the
system, the remaining-life distribution of each source is the
stationary-excess distribution given by

(34)

Substituting (33) in (32), using the fact that there arepermu-
tations of an -dimensional vector , and rearranging terms, we
obtain

Using the balance equation (30), it is easy to see that the above
equation is indeed satisfied, thus proving the insensitivity prop-
erty.

V. QUEUE WITH MPS

Let us consider a two-phase phase-type service time distribu-
tion consisting of two randomly stopped sequence of exponen-
tial phases. After spending a mean time of in the first phase,
the source enters the second phase with probability, where the
mean time spent is again . Thus, the probability that the cus-
tomer leaves the system after phase 1 is . Let
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and define

and

where and are the number of customers in phases
1 and 2, respectively, at theth arrival epoch. Also, as in Sec-
tion III, define and as the interpolated versions
for and , respectively, and let . Now,
as in Section III, we derive the following quantities.

For , For ,

Let denote the drift vector whoseth element is ,
and denotes the matrix whose th element is . For
the two-phase phase-type distribution,is a two-dimensional
vector and is a 2 2 matrix. In general, for a -phase
phase-type distribution, will be a -dimensional vector and

will be a matrix, both of which can be calculated as
in the two-dimensional case. The derivation is similar to the
two-phase case, but more tedious, and hence is not shown here.
Our weak convergence result for the model is given
below, and the proof is presented in Appendix III.

Theorem 4: Consider the th system with ar-
rival process and service times distributed according
to a -phase phase-type distribution, where each phase has
an average duration , and with probability , a customer
in phase enters phase , and with probability , it
departs from the system. Thus, the overall mean service time
is . Here, is an arrival process with rate 1
and interarrival time SCV . Let denote the number
of customers in phase, , at time , and let

denotes the -dimensional vector whoseth component
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is . Also, let be the total number of customers in
the system at time, i.e., . Let us define

let be the vector whoseth element is , and let
. We assume that . Let us define

to be the -dimensional diffusion process which is the solution
of the stochastic differential equation

given

where is a -dimensional Brownian motion. Then,

where , and is the th component of
.

Remark 2: We point out that we have proved the weak con-
vergence of , and not of . It is an open issue as to whether
or not converges. For our purposes, the convergence ofis
sufficient. As in the case [39], the limiting process
is not a Markov process. However, unlike the model,
it is not even a Gaussian process here.

Remark 3: We note that the above diffusion coefficients and
drift vector are different from the queueing model
with FIFO service studied in [15]. In the FIFO case, in addition
to the number of customers in each phase that are currently in
service, one also has to keep track of the number of waiting
customers. Thus, even for a two-phase service-time distribution,
the Markov chain has a three-dimensional state vector. In our
case, due to the MPS service policy, the dimension of the state
space is equal to the number of phases as in the infinite-server
model [39]. Further, in the FIFO case, weak convergence to the
diffusion limit could not be established in [15], while we can
prove this for the MPS policy, as shown in Appendix III.

Unlike in the case, it does not seem possible to ob-
tain the stationary distribution of this limiting diffusion process.
In Section VI, we resort to approximations. However, the fact
that this scaling allows us to show weak convergence partially
justifies using the approximation.

VI. TRAFFIC ENGINEERING FORBESTEFFORTSOURCES

We consider the two QoS metrics to evaluate the performance
of the congestion-control scheme. We know that the average
service time for a source is given by if . If

, let denote the mean response time for a source. Here,
response time refers to the total time spent in the system by
a source. Then, our performance measure for the congestion-
control scheme is the ratio of to , i.e.,

(35)

The resource allocation or traffic engineering problem is to
choose such that , where is some desired per-
formance level. Another performance measure that may be of
interest is the probability that the system is in a congested state,
i.e., the network, and not the access speed, is the bottleneck:

(36)

In the following subsections, we consider these performance
measures in the context of the diffusion limits developed ear-
lier.

A. ON–OFF Source Model

As mentioned before, for the ON–OFF source model, the sta-
tionary distribution has been proved to be insensitive to the ON
and OFF time distributions in [16]. Thus, one can directly com-
pute the performance measures of interest by solving for the sta-
tionary distribution of a birth–death Markov chain [16]. How-
ever, the diffusion approximation gives remarkably simple rules
of thumb for capacity planning, just as in the case of the classical
Erlang loss model. For instance, consider the case , i.e., the
congestion-control scheme is very efficient, and the probability
of congestion is the performance measure of interest. Now, sup-
pose that the system is being operated assuming that the number
of sources at any instant of time is some fixed amount. If, due
to traffic changes, the number of sources increases, then the
amount of additional capacity needed to maintain the desired
performance can be computed simply by noting that, as long as

remains the same, the performance of the
system remains the same.

Suppose that response time is the performance measure of in-
terest. Let be the number of ON sources in steady state. Then,
the mean utilization of the system is , where was de-
fined in (31). Since the average number of ON sources is ,
the average rate delivered to each source is . Thus,

Assuming , and using the diffusion approximation, this
can be computed approximately as

For large values of ,

or, equivalently,

Thus, when increases, if we increaseto maintain a constant
value of , then remains the same, and decreases, which
are both desirable. The above conclusions hold evenwhen.
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B. Renewal Process Model for Source Arrivals

From Little’s law,

where . For the general model with MPS,
we do not have the limiting distribution of. However, for the

model, we have the exact form of the steady-state
distribution of the diffusion limit process given by (26). For
the model, Theorem 4 in Section V shows that the
scaling is appropriate for convergence to a well-defined sto-
chastic process in the limit, i.e., con-
verges weakly. Thus, we borrow the following heuristic sug-
gested for loss models in [40]. For the model, we
assume that the steady-state distribution satisfies

(37)

where is given by

(38)

is the service-time distribution, and . In
other words, we simply assume the same relationship as in the

case, but with redefined appropriately. The factor
is the heavy-traffic approximation to thepeakednessparameter
commonly used in teletraffic engineering [11]. Peakedness is
the ratio of the variance to the mean number of busy servers in
a model. Unlike the case of loss models, in addition
to , and also have to be divided by . This is partially
justified by our results for the case in Section III.
Note that, for the Poisson source model, , and hence

. This is consistent with our result on the insensitivity of
steady-state distribution of the queue with MPS to
the service-time distribution.

Now, we compute for general interarrival and ser-
vice-time distributions, and develop a simple formula relating
this to the when the arrival process is Poisson and the service
times are exponential

(39)

Thus,

(40)

Since we have for the case, to compute the
performance measure for general renewal arrival processes and

general service-time distributions, we simply computefor an
appropriate model with MPS, and substitute it in (40)
to obtain the desired result.

A similar result also holds for the other performance measure
(36), i.e., the probability of congestion:

(41)

Thus, the probability of congestion can be computed for any
general interarrival and service-time distributions by solving a
corresponding model with MPS.

VII. N UMERICAL AND SIMULATION RESULTS

In this section, we present some numerical and simulation
results to support the results of the previous sections.

Example 1: We consider ON–OFF sources with exponential
ON and OFF times. The pdf and cdf of the scaled number of
active sources are plotted in Figs. 2 and 3 for various values
of , the number of sources. The shapes of the curves in Fig. 2
validate that two Gaussian densities make up the pdf. The curves
in Fig. 2 show that, with proper scaling, the cdf’s of the number
of ON sources are very close to each other, independent of the
total number of sources.

Example 2: Figs. 4 and 5 show the pdf and cdf offor a
Poisson source model. The figures lead to a similar conclusion
for Poisson sources as Example 1 does for ON–OFF sources.

Example 3: We consider and models
with MPS. The interarrival and service times are taken to
be hyperexponential distributions with balanced means, with

, corresponding to the exponential distribution. Simu-
lation results are compared with theoretical results in Tables I
and II. By theoretical results, we mean the computation of
the performance measures using appropriately scaled
models based on the formulas (40) and (41). The simulations
are based on million arrivals divided into batches for
each case. The tables show that the simulation and theoretical
results agree reasonably well. The results for the
case, especially , are better than the corresponding results
for the case. This is to be expected since the ap-
proximation for the is only partially justified, as
discussed in Section VI.

VIII. C ONCLUSIONS

We have developed diffusion approximations, and have es-
tablished weak convergence results for congestion-controlled
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Fig. 2. Example 1: ON–OFF sources pdf,� = � = 1, k = 2, 
 = 1.

Fig. 3. Example 1: ON–OFF sources cdf,� = � = 1, k = 2, 
 = 1.

queues which serve best effort traffic. Here, congestion control
is modeled as a modified processor-sharing policy. The main
theoretical result is the weak convergence of an appropriately
scaled number-in-the-stem for models. When the
service times are exponential, we are further able to explicitly
compute the stationary distribution. These results could be
helpful in engineering networks which support best effort traffic,

where the traffic patterns have nonexponential interarrival and
service times. Several numerical examples support the use of the
approximations.

There are several possible extensions of this work that would
merit further study. As in [32] for loss models, it would be inter-
esting to study the applicability of the diffusion approximations
in estimating the behavior of the congestion-controlled system



DAS AND SRIKANT: DIFFUSION APPROXIMATIONS FOR A SINGLE NODE 1793

Fig. 4. Example 2: Poisson source pdf,� = 1, k = 0:5, 
 = 1.

Fig. 5. Example 2: Poisson source cdf,� = 1, k = 0:5, 
 = 1.

over finite-time intervals. A second extension would be to study
the case where the access link speeds are different for different
sources. Finally, numerical results suggest that there are other
approximations which could perform better than diffusion ap-
proximations [25]. The work in [25] for the queue is
particularly relevant since it is a special case of the
model with MPS where . It would be interesting to study
the extensions of [25], and numerically compare our approxi-

mation to it. In addition, as in [32, Sect. 1.5], one may have to
do further refinements based on empirical observations to accu-
rately estimate discrete probabilities using diffusion approxima-
tions. If one is interested in estimating discrete probabilities (as
opposed to averages or complementary distributions as in this
paper), it would be worthwhile to study further refinements to
the diffusion approximations or to consider alternate approxi-
mations such as [25].
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TABLE I
SIMULATED VERSUS THEORETICAL RESULTS FORGI=M=C CASES

TABLE II
SIMULATED VERSUS THEORETICAL RESULTS FORGI=M=C CASES

APPENDIX I
LIMIT THEOREM FOR THEPROBABILITY OF CONGESTION IN

THE ON–OFF SOURCEMODEL

As seen previously in Section II-A, the MPS system with
ON–OFF sources can be modeled as a birth–death process with
transition rates given by (1) and (2). We can solve for the
steady-state distribution as

(42)

and

(43)

where

(44)

Using the diffusion scaling

and

we want to obtain the expression for , where
. Define the following:

(45)

and

(46)

From (11) we can find , shown in (47) at the bottom of the
page.

Our goal in this section is to show that . We
can rewrite in (45) as

(48)

where

(49)

and

(50)

Now, we show the desired result by establishing several in-
termediate facts.

Fact 1:

(47)
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Proof:

where is a binomial random variable with mean and
variance . Substituting and using
the central limit theorem, we get the desired result.

Fact 2:

where and .
Proof:

(51)

Note that , where is given by

Substituting in (51) proves the fact.
Next, we rewrite as

where

and

Fact 3:

Proof:

where is a Poisson random variable with mean
variance . Recall and .
Using the central limit theorem, we get the desired result by
using the fact that

Let , where

Fact 4:

Proof:

where are i.i.d. Bernoulli random variables with mean
and variance . Thus, as shown in the equation at the
bottom of the page, where the last line above follows from the
central limit theorem.

Fact 5:

Proof: Applying Stirling’s formula, ,
and letting ,
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Noting the fact that
,

Recalling and , and using the
fact that

proves this fact.
The following result is an immediate consequence of

Facts 3–5.
Fact 6:

Using Facts 1 and 6 in (48), we get the expression forgiven
in (47).

APPENDIX II
LIMIT THEOREM FOR THEPROBABILITY OF CONGESTION IN

THE POISSONSOURCEMODEL

As seen previously in Section II-B, the MPS system with
Poisson sources can be modeled as a birth–death process with
transition rates given by (15) and (16). We can solve for the
steady-state distribution as

(52)

and

(53)

where

(54)

Using the diffusion scaling

and

define the following:

(55)

and

(56)

From (20) in Section II-B, we find that

(57)

Our goal in this section is show that . We
can rewrite in (55) as

(58)

where

and

Now, we show the desired result by establishing the following
intermediate facts.

Fact 7:

Proof:

where is a Poisson random variable with mean and variance
both equal to . Substituting and applying the
central limit theorem, we prove the fact.

Fact 8:
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Proof: Applying Stirlings formula to yields

Using

we have

Finally, substituting , and using the facts that

and

yields the fact.
Using Facts 7 and 8 in (58), we get the expression forin

(57).

APPENDIX III
PROOFS OFTHEOREMS1, 3,AND 4

We first give the proof for the case (Theorem 3),
and later point out the modifications necessary to complete the
proof for the model (Theorem 4) and the ON–OFF
model (Theorem 1). The basic idea of the proof is as follows.
Consider the scaled, centered, and interpolated process sampled
at arrival epochs, denoted by . We first construct two pro-
cesses and , which upper and lower bound ,
respectively. We use the results in [12, ch. 7, Corollary 4.2,
p. 355] to show that , and
as . Then, using the results in [36] on the convergence
of diffusions, we show that both and weakly con-
verge to . Thus, we would have proved that .
To do this, we need the limiting martingale problem to be well
posed. Standard results show that a process, defined by a
stochastic differential equation with a discontinuous drift as in
our problem, has a weak solution [20, Proposition 3.6, p. 303],
and thus, the martingale problem is well posed [20, Proposition
4.11, p. 318]. For a discussion of weak convergence in another
context where there is a discontinuity in the state dependence,
see [29, Remark, p. 277].

Let us define as the number of sources at
time in the system whose departure process is given by

, where is a unit Poisson process and
is given by

Similarly, define by defining the departure rate
as

In the above construction, we simply increase the departure rate
when the number of busy servers is in the interval
to obtain , and we decrease the departure rate in

to obtain . Thus, it is easy to see that, for all
and ,

w.p. 1.

The above bounds can be rigorously obtained by coupling the
three processes appropriately as follows. At time , let the
above inequality hold w.p. 1. Let all three processes have the
same arrival process sample paths. Then, make the downward
jumps of a subset of the downward jumps of ,
and further, make the downward jumps of a subset of the
downward jumps of , which gives us the desired ordering.

As before, define and as

and

respectively, where and are the number of
sources seen by theth arrival in the respective systems. Let

and be the interpolated processes:

and

By our construction of and ,

w.p. 1.

As in Section V, we consider the imbedded Markov chain at
arrival epochs, and derive the drift and diffusion coefficients.
From [39, Sect. 3.2], the error due to the assumption that the
number of sources in the system does not change between arrival
instants is asymptotically negligible, and further, the difference
between the process at arrival instants and any instant converges
to zero. Thus, using [12, ch. 7, Corollary 4.2, p. 355], it follows
that and , where the process has the
drift vector

and the process has the drift vector

The above construction is necessary since one cannot apply [12,
ch. 7, Corollary 4.2, p. 355] if the limiting diffusion process has
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a discontinuous drift. By our construction, and
are continuous functions of. The diffusion coefficient remains
the same as that for , i.e., .

Now, from [36, Theorem 11.3.4, p. 278], upon verification of
some conditions [36, eqs. (3.4)–(3.8), p. 274], it follows that
and weakly converge to the same process in the limit
as , thus completing the proof for the case. For
the lower bound, the condition [36, eq. (3.4), p. 274] requires
that

(59)

, where is the set
of all functions with compact support, and which possess con-
tinuous derivatives of all orders. Even though there is a division
by (which goes to zero) in the definition of , it is easy
to check that

, and thus, by the Lebesgue dominated convergence the-
orem [8, p. 213], condition (59) is verified. A similar verification
can be done for the upper bound also. The rest of the conditions
of [36, Theorem 11.3.4, p. 278] are easy to verify.

Finally, to prove the weak convergence for the
model, we simply outline the steps, and the rest is similar to
the case. If there are phases in the service-time
distribution, as in Section V, we would have a-dimensional
Markov chain at arrival instants with state vector

As before, we define new departure rates, one larger and one
smaller, to upper and lower bound . Note that we do
not have element-by-element bounds on; rather, we upper
and lower bound the total number of customers in the system as
follows. We allow the original system, and the upper bounding
and lower bounding systems to have the same arrival process
sample paths. In addition, at each arrival instant, we populate
each system with a customer whose service time is is drawn
from the -phase phase-type distribution. Let the state of the
upper and lower bounding Markov chains be and ,
respectively. Then, it is easy to show that, ,

w.p.1 if the initial conditions are so ordered, and the re-
maining service times of at least customers, where

, are the same w.p.1 in all three systems. Next,
as in the case, we can show the convergence of
centered and scaled versions of and , denoted by
and , respectively, to the processdefined in Theorem 4,
where the limit is first taken as , and then , as
before. Since summing the elements of a vector-valued random

process is a continuous mapping, we have the desired weak
convergence result from the continuous mapping theorem [7].

Finally, for the ON–OFF model, define the upper and lower
bounding Markov chains by defining new departure rates as be-
fore. Here, instead of coupling arguments, we directly observe
that there is a stochastic ordering relationship among the the
three stochastic processes by checking the simple conditions in
[35 ], Proposition 4.2.10, for birth–death Markov chains. The
rest of the proof then follows as before.
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