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Diffusion Approximations for a Single Node
Accessed by Congestion-Controlled Sources

Atanu Das and R. Srikant

Abstract—We consider simple models of congestion control in
high-speed networks, and develop diffusion approximations which
could be useful for resource allocation. We first show that, if the
sources are ON-OFF type with exponential ON and OFF times,

then, under a certain scaling, the steady-state distribution of the
number of active sources can be described by a combination of two
appropriately truncated and renormalized normal distributions.

For the case where the source arrival process is Poisson and the ser-
vice times are exponential, the steady-state distribution consists of Node

appropriately normalized and truncated Gaussian and exponential
distributions. We then consider the case where the arrival process
is a general renewal process with finite coefficient of variation and

service-time distributions that are phase type, and show the impact
of these distributions on the steady-state distribution of the number
of sources in the system. We also establish an insensitivity to ser-
vice-time distribution when the arrival process is Poisson. We use
these results to relate the capacity of a bottleneck node to perfor-
mance measures of interest for best effort traffic, such as the mean
file transfer time or probability of congestion.

Access link,
ine rate=1

Bottleneck

Fig. 1. Instantaneous model of congestion-controlled best effort traffic.

|. INTRODUCTION lationships among between offered load, capacity, and perfor-

RADITIONALLY telephone networks have provided amance measures such as blocking probability. For example, the

guaranteed bandwidth to each call, and when the capadggUlts in [40] and [32] indicate that, under critical loading (i.e.,
of a link is exceeded, further calls would be rejected. When tiHa¢ offered load is roughly on the order of the capacity), the
arrival process is Poisson, traffic engineering for such networf¥act values of the offered load and capacity are not impor-
can be performed using the well-known Erlang-B formulfnt. For the purposes of traﬁ!(_: engineering, the factor that de-
[6]. The Erlang-B formula is extremely useful due to th&ermines the blocking p_robab|I|ty is thg dn‘fgrence between the
well-known insensitivity to the service-time distribution. Oftenfféred load and capacity, measured in units of the square root
in telephone networks, routing phenomena such as overflow @fothe offered load (or capacity). Thus, if the offered load is
not preserve the Poisson nature of arrivals at a particular lidRCreased, using the diffusion approximation, one can approx-
Under these circumstances, to obtain blocking probabilitiégately compute the required increase in provisioned capacity
or other performance measures, one has to take into accd@r'@intain the same blocking probability. o
the statistics of the arrival process and service times. A precisdn this paper, we develop similar diffusion approximations for
computation is extremely difficult. An appealing alternative iggngesnon—cont_rolled systems. The pasm model is illustrated in
to use heuristics obtained from weak convergence theory dnid- 1. We consider a single node with capaditymeasured
diffusion limits to obtain approximations to the performancB0Ssibly in bits per second). At any instant in time, the node
measures of interest [40]. In fact, diffusion limits can also & accessed by several sources performing such tasks as Web

useful in predicting the behavior of the system over finite-tim@rowsing, file transfer, etc. We assume that the access lines for
intervals (not just steady state) [32], [33]. each sources have a capacity of one unit each. Thus, when the
Even for the simpleM /M /s/0 loss models, diffusion ap- total number of sources using the node is less than or eqdal to
proximations are useful in providing simple rules-of-thumb rdh€ sources arccess limited.e., the response of the networkis
limited by the access link capacities. However, when the number

) . ) of active sources is greater thah then we assume that there is
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two most common approaches to this are TCP and ATM ABR The above models are not intended to capture the complex
[38]. In the Internet, the well-known TCP protocol (see [18llynamics of congestion-control schemes such as TCP. The idea
for the original congestion avoidance scheme in TCP and [28],to simply use the fact that any congestion control attempts
and references within, for subsequent modifications) is a fedd-fairly distribute the available bandwidth, even though the ac-
back-control mechanism that probes the network for availakleal implementation may fall short of this goal. Our aim is to
capacity, and increases or decreases the rate at which soubtélsl a model that can be useful for network provisioning, not to
are sending traffic into the network, depending upon the coprecisely model the dynamics of the congestion-control mech-
gestion in the network. In the context of asynchronous transtamism. It is also interesting to note that, in the case of ON-OFF
mode (ATM) networks, the available bit-rate (ABR) service pemodels, the ON time is a function of the congestion in the net-
forms the congestion-control function, again through a feedbaafork. This is an appropriate model for Web traffic only. The ra-
control mechanism [4], [30], [19], [1], [2], [5]- In either casetionale for this is as follows [16]: a user first downloads a Web
typically, the sharing mechanism that allocates the node’s gege, and waits for the page to be fully downloaded. After this
pacity to the competing sources is not efficient. For instanocggwnload is completed, the user may pause for a further amount
[16] presents an analytical model to quantify this inefficiency iof time, and follow a hyperlink on the downloaded Web page,
the case of TCP. According to their model, when the numberwhich results in a new data transfer. This model may not be ap-
active sources is greater théh a fraction (denoted bg) of the plicable more generally, and therefore, we consider the second
total capacityC is shared equally by the active sources. Thusodel.
the factord will depend on the feedback control mechanism that For both models, we consider two performance measures.
is used to perform the congestion control. We assume this modigk first is the mean file transfer time. When the capacity of
in this paper. The intuitive reason for such a model is as fdhe bottleneck node is infinity, the mean file transfer time would
lows: consider a single TCP source which increases its windamply be the mean file size divided by the speed of the access
size until it detects congestion due to lost packets, then dropdliit&k. Thus, a relevant measure of the quality of service (QoS)
window size, and repeats this cycle. Thus, instead of operatipgrceived by a user is the mean file transfer time (or the in-
at the node’s data rate, the rate at which a TCP source gereeease in it) due to the finite capacity of the bottleneck link.
ates data follows a cycle starting from near zero, and reachifilge second performance measure that we consider is the prob-
a peak rate which is larger than the rate that can be sustaiaddity of congestion, i.e., the probability that the sum of the
by its bottleneck node. Thus, tlgodput i.e., the rate of suc- access link speeds of the active sources exceeds the capacity
cessful data transfer, seen by the source would be smaller tiohthe bottleneck link. As mentioned earlier, for the ON-OFF
the bottleneck node’s capacity. We refer the interested readestmrce model, both of these performance measures are indepen-
[16] where extensive simulations have been used to justify thdent of the ON and OFF time distributions. However, in the case
model. of the renewal arrival process model, these performance mea-
From this congestion-control scenario, we derive two mathsdres vary with the interarrival and service-time (file-size) dis-
matical models for the congestion-controlled best effort traffitributions. In general, this relationship can be complex and dif-
In the first one, we assume that the number of sources accesdiagjt to characterize exactly. Thus, we provide simple approxi-
the network is fixed, and that the sources switch from an activeations of these performance measures that relate the values of
(ON) state to an inactive (OFF) state and vice versa accordingaerformance measures under general distributions to the values
a Markov chain. This model is appropriate in a scenario wheoé the performances measures for the case of Poisson arrivals
the traffic is predominantly Web browsing, and was considereohd exponential service times. The idea here is that the solution
in [16]. We develop a diffusion approximation for this model byor the case of Poisson arrivals and exponential service times
scaling the bottleneck capacity and the number of sources &peasy to obtain by solving a simple birth—death Markov chain,
propriately. The steady-state distribution of the number of O&hd thus, the simple approximation can be exploited to calculate
sources in this model is known to be independent of the QNese performance measures for general distributions. Once we
and OFF time distributions [16]. Thus, our diffusion approximahave such a simple relationship between the traffic parameters
tion is primarily useful in understanding the relationship amorand the performance measures, traffic engineering is straight-
the capacity, offered load, efficiency fact8rand performance forward. One can simply increase or decrease the capacity of
measures, much like the diffusion approximation in the casetbie bottleneck node until the desired performance is attained.
the classical Erlangd{/M/s/0 loss model. The rest of the paper is organized as follows. In Section II,
In the second model, we assume that the number of sourcew@ consider both the ON-OFF and thé&/A//C models, and
the system is not a constant. We suppose that the sources adaéve the diffusion approximation for both cases. Section Ill
at the system according to some stationary renewal process wdghives the diffusion approximation for th&! /M /C model,
finite interarrival time variance. We believe that this model iand obtains explicit expressions for the stationary distribution.
more generally applicable in situations where the traffic considtsSection IV, we prove the insensitivity of the stationary distri-
of a mixture of Web browsing, file transfers, and other possiblaution to the service-time distribution in tie/GI/C model.
uses for the Internet. Each source brings a certain amountSgfction V deals with thé&'l /G /C model, and lays the ground-
work to the network. This work can be thought of as the filevork for the weak convergence proof in Appendix Il by com-
size for a file transfer. We assume that file sizes are distributpdting the drift vector and diffusion coefficient matrix for the
independently according to a phase-type distribution, which Wmiting diffusion process. In Section VI, we use the diffusion
describe precisely later. limits to obtain expressions relating the traffic statistics to the
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QoS delivered to the user by the network. Section VII presentsLet us consider the following diffusion scaling for the above
numerical results to support the diffusion approximations, ampdocess:
concluding remarks are provided in Section VIII. Appendixes |

and Il provide alternate derivations of the stationary distribu- S, ==, C, =np+/npy, Fo=1- 0 (3)
tions in the case of ON-OFF models anfl/M/C models, Ve
using Stirling’s formula and the central limit theorem. and define
[I. EXPONENTIAL INTERARRIVAL AND SERVICE TIMES xp(t) = N(t\)/: np
n

A. ON-OFF Sources

ConsiderS ON-OFF sources which switch between an actiwghere p 2 A/(A + p) is the offered load per source. We
(ON) state and an inactive (OFF) state. Let us suppose that &g interested in the behavior af,(t) asn — oc. The
sources access a bottleneck node with transmissiog'taits/s, scaling forS,, and C,, reflects the fact that we are interested
and that each source accesses this node via an access link witbsgudying the behavior of systems where the number of
transmission rate is 1 bit/s. In other words, when the numberssiurces is large and the capacity of the system is increased
ON sources in the system is less than or equél teach source such thatS,, p/C, — 1. Such a scaling is referred to as the
is served at rate 1. Lé¥ () be the number of sources that argritical-loading regime. For systems with a large number of
in the ON state at time. We assume that a modified form ofsources, other traffic regimes of interest are ieavy-loading
processor sharing is in effect, i.e., when the number of sourdégime wherdim,, . ..(S.p/C,) > 1, and thelight-loading
exceed€, there is some form of congestion-control mechanisf@gime wherelim,, ...(S,p/C,) < 1. Service providers
such as TCP [16] or ATM ABR rate control [2] that divides thdypically operate their network in theritical-loading regime,
available capacitg’ to all of the sources equally. However, mos@nd thus, it is of most interest for traffic engineering purposes.
congestion-control schemes are not perfect, and therefore Vég only study theeritical-loading regime here. The reason for
will be made precise later, we introduce an efficiency factor the particular choice of the scaliny, is addressed later in this
account for this. This model was used by Heyregal.[16], and  section in Remark 1. Witl, = 1, the above scaling is well
we will call this type of service disciplinenodified processor known for infinite-server [17], [9], [39], [13], [14] and loss
sharing(MPS). We assume that the OFF times are exponentiapdels [10], [40], [31], [32].
with meanl /. Once a source enters the ON state, it remains inLet us first consider the casé(t) < C, which is equivalent
this state until it receives an exponentially distributed amount §f z(t) < ~v/p. Then, the drift and diffusion coefficients are
service whose mean is/; bits. Since the access rate isl¥y ~ given by
would be the mean time in the ON state if the number of sources

E<xn(t +6) — 2, (1) ‘ () = x)

is less tharC'. Thus, we will refer tol /i« as thenominalmean m(z) 2 %in%

ON time. In general, the time spent in the ON state by a source

will also depend on the number of other sources that are ON. =—(A+pe (4)
We emphasize that this model assumes a fixed numbera%f

sources accessing the node, with some sources being ON angi

the others being OFF at any time. In a Web-browsing applica- 2, \ 4 .. (zn(t +6) — za(1))* _

: . _ o*(z)=lim E zn(t) =2

tion, a user typically downloads a Web page, and looks at it for 5§—0 )

a while before generating another request for a new download. =2pp (5)

Thus, since we have assumed a fixed number of total sources,
when there are many sources in the ON state, the rate at whighPectively. For the cas€(t) > C or, equivalentlyz(t) > v,
new files are generated also slows down. We refer the readfeg drift is given by

to [16], [3] for a justification of this model using actual traffic

traces. m(z) = —Az + puy/p(6 — ) (6)
Let g;; be the transition rate from staf@V(t) = ¢} t0  and the diffusion coefficient is the same as before.
{N(#) = j} in the associated birth—death process. Thenis ~ The steady-state density for this process is obtained by
given by solving (see, for example, [21])
Qi1 = (5 — D), i <5 (1) 1 d? d
] (o (z)p(z)) = . (m(z)p(x)). (7)
and * v
(i ifi <O . Forz < v,/p, solving the above equation as in [21] yields
-1 =9 gop, fi>C

pup(a:)e(()""“)’”Q/?””) -0 /x ((AF+m)y®/2p1) dy + Cs
wheres < 1 is a factor denoting the efficiency of the conges- 0
tion-control scheme. Note that, with = 1 and = 1, this  for some constant§; andCs. Sincep(z) should be integrable
becomes the well-known processor-sharing service discipliggoyty = —oo, ¢; = 0. Thus,
which has been studied extensively; see [24, ch. 4.4] and ref- ,
erences within. p(zx) = Kiem(OFw=" 2o - forp <~y /p  (8)
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for some constank’;. Forz > ~,/p, solving (7) gives The above results have a technical gap that we have not ad-
i dressed. We can show the weak convergence of the process,
pup(z)elt/ PR /Dty /pAe—pbe) and we know the stationary distribution of the limiting process.
B U ) (N2 ) 2) 4 vy —rin56) Hiow_eve.r, this does not immediately mean that. the stationary
= 03/2 ¢ dy + Ci. distribution of thenth system converges in the limit. By consid-

! ering P(N > C), we show that this convergence indeed occurs

Again, sincep(z) should be integrable about = —oo, we  in Appendix I, by directly working with the Markov chain of the
obtain nth system.
p(z) = Ky PO/t py/prm—pn/ph) (9) B. Poisson Source

o _ Consider a Poisson arrival process with ratand exponen-
To explicitly show thap(z) has the form of two different normal i)y gistributed service times with medriz. As before, let the

densities in the regions < v,/p andx > v, /p, we rewrite (8) maximum number of sources that can be served by the system

and (9) as without processor sharing taking effect e In this case, the
. transition rates for the birth—death Markov chain describing the
plz) =Kie /207 fore <yyp (10) number of active sources is given by
() = Kye— /200 a=(0=1) =)/ VA

forz > vy/p (11) Tiit1 = A (15)

where, by abusing notation, we ukg to denote a new constant.and
Then, forz < v,/p, the normal density is centered at zero, while Qi1 = {iu, ?f i <0 (16)
for x > ~,/p, the normal density is centered @ — v)(1 — v BCu, ifi>C
PP . . whereg < 1 is the efficiency factor defined earlier.
To solve forK; and K-, we have the following two condi- In this case, we consider the following scaling:
tions: the continuity condition ’ '

0
Ky (v /20(1=p) A=np, C=n+~vyy/n, and g=1- I 17)
- K2(3—(1/2(1—17))(”rﬁ—((f)—“r)(l—ﬂ)/ﬁ))2 (12)
As before, we define(t) = N(t) — n/+/n, whereN (¢) is the
and the normalization condition number of active sources at timeThen,m(z) is given by
| —px, if o<y
6 — (1 - ando?(z) given b
Wvﬁi—-( T;% p) (z) 9 y
+ K3/ 27(1 — p)Q =) =1 (13) o(z) = 2u, V. (29)

For stability, we require tha8,,C,,» > n. This implies that

whereQ(z) is the complementary cumulative distribution funcy ~ 6 > 0. Proceeding as before, we get

tion (ccdf) of the Gaussian random variat¥¢0, 1). The above { Kle—’”Q/?, it o <~

discussions lead to the following theorem, whose proof can be p(z) = )
Koe=0=07 if 1 > 4.

found in Appendix IIl.
Theorem 1: Suppose thatV(0) — np//n) = z(0); then

(20)

Thus, in the case of a Poisson source model, the diffusion ap-
proximation for the steady-state density function consists of a
= z(-) renormalized normal density and an exponential density.

Vn Inthis case, using the continuity and normalization conditions

as in the previous subsection, we can obtain

N(n-) —np

where=- denotes weak convergence iN0, o), the space of

all right continuous functions with left limits. The convergence 1
is with respect to the Skorohod’s topology [7]. The limiting Ky = e~ (21)
process:(t) is described the stochastic differential equation V2r(1 = Q) + 7
5=
dx = m(z)dt + o dw (14) and
with =(0) given, m(z) is given by (4) and (6) is given by Ky = e Pe® __ 22)
(5), andw(t) is a standard Wiener process. The steady-state e /2

distribution ofz(¢) is given by (10) and (11). o V2r(1- Q) + P
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From these expressions, we can compute the steady-state peplochs. LetV (k) be the number of sources seen by ftik
ability that the system is in a congested state, i.e., the numbemgafival. We define the state of theh system to be
sources in the system is greater tlianand is given by

uth) = YO0

tlim P(N(t) > C) v
_): Plz > 7) and the interpolated process(t) as
_ e/ (23) xn(t) = &u(k), E<t<k+1

CV2r(y— 01— Q(y)) + e/

We assume that the rate of departures between successive ar-

The above derivation can be summarized in the following thEY@lS rémains unchanged. The error due to this approximation
orem, the proof of which is a special case of the proof for tHa Sjymptotlcally negligible [39].
GI1/M/C model in Appendix Ill. e computen(x) as

Theorem 2: Suppose thatV(0) — n//n) = z(0); then m(z) = T}E}g@ E<£"(k +11/)n_ Enl(k) £(k) = x)
% = () — lim V(14 B(Dy (eva+n)|a,))

o o ) ] whereaq,, is the interarrival time with meah/np andD(-|-) is
where z(t) is given the stochastic differential equation (14)y poisson random variable with

m(z) is given by (18), and is given by (19). The steady-state )

distribution ofz(¢) is given by (20). & E(D, (vnz +n)|a,) = {N(\/ﬁx +n) an, !f x <y
Remark 1: We note that the casé, = 1 (or, equivalently, pCrBrnan, if 2> .

6 = 0) was considered by [15]. In that case, the driffz)

. . oo : The diffusion coefficient?(x) is computed as
is continuous. However, wheth # 0, m(z) is discontinuous,

and we cannot use Stone’s theorem [34], [17, Theorem 3.2] to o(z) = Tim E (En(k+1) — &u(K))? en(k) =
prove the weak convergence ©f (¢) to x(¢). Further, in the n—oo 1/n "
casel # 1, /3, should be scaled as we have done; otherwise, . 2

) : = lim E{E(1- D, n .
one cannot establish the desired weak convergence, nor can one e ( ( (x\/ﬁ + n| “ )) )

directly work with the Markov chain to obtain the stationary Carrying out the above calculations yields
distribution asn — oo. In fact, it is straightforward to check

that the required condition is that the lirfiitn,, .. /7(1—5,) m(z) = { 0—~, fz>~ (24)
exists. o -, fo<y
The fact that the steady-state distributiBQV,,(cc) > C,) o2(x) =1+c2. (25)

of the nth system converges to the corresponding steady-state _ )
distribution of z(¢) is verified in Appendix II. However, this ~ Letp(z;v,6,z) denote the steady-state density as a function
alone may not be sufficient in practice [28], [26], [27]. A def the parameters, §, andz, wherez = (1 + c7)/2. Then, by
sirable result would be the following: given> 0, there exists Substituting (24) and (25) in (7), we get

anz such thatP(|z,(t)| > «) < eforall n,¢. For our problem, {Kle—“’z/h, it o <~ 26

Koe=O=02/2 i £ > ~

this is easy to verify as follows. As in [15], for eaghz,,(¢) can p(z) =
be stochastically upper bounded by another process obtained

by placing an impenetrable lower barrier &, = C,. Fur- Where

ther,z,,(t) can be stochastically lower bounded by A /oo 1

system. Since the upper bound is &fyA//1 queue and the K= o7 /22 27)
lower bound is anV/ /M /oo system, they are easy to analyze. V2r2(1 — Q(v/y/72)) + CEOING
Starting from an empty system, it is well known that the number (y=0)/v=
of customers in anM/M /1 queue stochastically increases t@nd

its steady-state distribution. For thé /A /oo system, starting

from an empty system, the number in the system at any time K, =
time is a Poisson random variable. Using these facts, the de- _

sired result can be proved easily. Va1 = QO/VA) + (v=0)/V=

C'yz/Qzefﬂ'y/z

(28)

e—'yz /2z

Comparing (26) to (20), it is easy to see that
. GI/M/C QUEUE WiITH MPS
X

Let us now suppose that the arrival process is a renewal p(z;7,0,2) = %p<7; %, %J) . (29)
process with arrival ratey, and squared-coefficient-of-vari- i #VE VR
ation (SCV), i.e., the variance divided by the square of the The weak convergence result for thd /M /C model is a
mean, of the interarrival times . As in [39], we will consider special case of th& /GI /C model studied in Section V. How-
a diffusion limit for the number of sources as seen at arrivalrer, we consider the two models separately because, in the
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GI1/M/C case, the stationary distribution of the limiting dif-z, {,0} denotes thén + 1)-dimensional vector obtained by
fusion process can be explicitly calculated as we have shovalding zero tea, andl is a vector whose elements are all equal
whereas this is not the case for t6d/GI/C model. Unlike to one. We have ignore@($?) terms in the above equation. In
the M /M /C model, we do not provide a proof of the fact thathe limit § — 0, we get

the stationary distribution of theth converges to the stationary .

distribution of the limiting diffusion process. We do not con- B Z dp (n)

sider this problem further in this paper, but we simply remark = ay; !
that it may be possible to show this along the lines of a similar Y
result for theGI /M /C FIFO queue in [15]. We summarize the = Z p(n+Ly)r(n+1)
main results of this section in the following theorem. The proof yEP({=,0})
of this theorem is in Appendix Ill. ~
Theorem 3: Suppose thatV(0) — n//n) = =(0); then > D pr Ly
i=1 yeP(a\2;)
N(n)—n
e 0 =X D pny). (32)
\/7_1 yEPx

wherez(t) is given the stochastic differential equation (14)W t to show that
m(x) is given by (24), and- is given by (25). The steady-state o o 0" e
distribution ofz(¢) is given by (26). & n
p(n,x) = mpp” H Fe(x;) (33)

IV. INSENSITIVITY IN THE M /G /C MODEL WITH MPS =t

Let us first revisit thelZ /M /C model. We denote the steadyWhere [°(«) is the complementary cumulative distribution
state probability that there aresources in the system by,. function (ccdf) given by[.™ f(s) ds. The intuition behind the

The local balance equation fay, is given by above form forp(n,x) is obtained from a similar result for
M/GI /oo queues in [37]. The form of(n,z) is equivalent
Aty = pr(n 4+ D) (30) to showing that, conditioned on there beingsources in the

system, the remaining-life distribution of each source is the

where stationary-excess distributiafi. () given by

N, ifn<C -
rin) = {/30, ifn > C. (1) Fu(z)=p / Fo(s) ds. (34)
0

We want to show that this steady-state distribution is insensi-

tive to the service-time distribution in thiel /G /C model with  Substituting (33) in (32), using the fact that there arpermu-
MPS. We can appeal to the results in [22] to prove this. Itis eat#fions of am-dimensional vectot, and rearranging terms, we
to see that our model is a special case of the symmetric quél!iéa'”

considered in [22], and thus, the result follows. We also provide n

a simple, alternate proof here along the lines of the proofin [16]. (n — 1)!u"* Z (mpr(n)p — Amp_1)

To this end, definén, z) to be the state of the system, wheris i=1

the number of sources in the system anid ann-dimensional

vector of the remaining service times of thesources. More .
precisely,zy, the first component af, is the remaining service

time of the first source chosen at random from theources,

x3, the second component ofis the remaining service time of = nlp” (H F“(a:j)> (Trg1r(n + 1) — Amp).
=1

11 Fc(%’)) f(#:)

j=1,j#i

the second source chosen at random from the remainirgl )

sources, and so on. Letn, ) be the steady-state density of the

Markov process, and defin@z to be the set of all permutationsUsing the balance equation (30), it is easy to see that the above
of the vectorz. By considering some time in steady state witlequation is indeed satisfied, thus proving the insensitivity prop-
the statg(n, ), and some other timé units prior to this time, erty.

we obtain the following backward equation:

V. GI/GI/C QUEUE WITH MPS
ST ety = > pla+lyr(n+1)s fer/eQ

Let us consider a two-phase phase-type service time distribu-

vers veri=on tion consisting of two randomly stopped sequence of exponen-
+ Z p(n—1,9)A0f () tial phases. After spending a mean time gf. in the first phase,
YEP(z\z:) the source enters the second phase with probapilithere the
+ Z p(n,y) (1 — A6) mean time spent is agairi;:. Thus, the probability that the cus-
yeP(x+1r(n)s) tomer leaves the system after phase (lis- p). Let
wheref(z) is the service-time pdf \ z; denotes thén — 1)-di- An(14p)

mensional vector obtained by removing ttlecomponent from "~ v Op=n+yv/n, fn=1-0//n
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and define 03o(1,2)
, E+1)—&(K)\
N Nl(k)—n/(l —|—p) = lim ¥ M 51(]{}):.771,52(/{})2372
E1n(h) = NG nos 1/n
— lim BROANG (k)P E(az) | BnCnlNa(k)puE(ay)
and n—oo  (N1(k) + Na(k))? Ni(k) + Na(k)
(p B pQ)ﬁnOan(k)uE(an)
Nao(k) — pn/(1 + +
oy = 2B /0 1) N(8) + Nah)

Ve o BanCaik)  BRCNAEWAE(a)
whereN; (k) andN»(k) are the number of customers in phases <(N1( k) + No(EDAn — (N1(k) 4+ No(k))2 )
1 and 2, respectively, at thieh arrival epoch. Also, as in Sec- 2pB2C2 N1 (k) N2 (k)p* E(a?)
tion Ill, define z1,,(¢) andz,,(¢) as the interpolated versions (N1 (k) + Na(k))?
for &1,(k) and&z, (k), respectively, and let = z1 +x2. Now, = 2p
as in Section 11, we derive the following quantities.

Forz > ~, Forz < 7,
. Ni(k
my(xy, T2) k1) — 6 08) my (1, x0) = nlgr;o N {1 _ N)\;()}
= lim E[ 2 D2 (k) = @y, Ea(k) = 2o "
= lim \/ﬁ[l = (N[?/:;l;in]]\\;l((:))))\ } ma(r1,@2) = lim v/n {_MIQU{) + “Ni(k)p}
n—oo 1 2 n n—oo n n
= lim vn =1 +p)(pr1 — 22)
n 2 = lim 1— Ny (k)uE(an) + N2(E)p2E(a?)
\/ﬁl’l +n o011 (@1, 22) i 1 n 1 n
(n+yv/n)(1—6//n) <W —1te

LT (VA e F /() Pa(er,ea) = Tin —Na(BuE(en)

E= v —pr1 + T2 + Nl(k)N2(k)u2E(a721) - pNIQ(k)NQE(arQL)

m2($1,$2) 2 ~ —.p 2
i (S0 ) ey o) ohlanas) =l M) + N Bl
e /n + (0 = P )Mi(R)nE(an)
= m Vo + PR(uNL(R) + N2 E(a2)
. [ —1No (k)3 C, pN1(k)Cy Bnp } — 2pNy (kB)No(k)p? E(a?)
An(N1(k) + Na(k)) — An(NV1(k) + Na(k)) =2p.
=(1+p)(pz1 — 22)
o2 (z1,T2) Letm(z) denote the drift vector whoséh element isn; (x),
— lim and X denotes the matrix whosg, j)th element iss;,;. For
n—eo the two-phase phase-type distributiam,is a two-dimensional

vector andX is a 2 x 2 matrix. In general, for & -phase
phase-type distributionp will be a K-dimensional vector and
32 will be a K x K matrix, both of which can be calculated as
in the two-dimensional case. The derivation is similar to the

.E<<£1<k+11/>n—€1<k>) E1(k) = 21, &x(k) = 2

PuCnNi(R)pE an) | BrCaNi(k)*p?E(ar)

= lim 1-

e Ni(k) + Na(k) (N1(R) + Na(k))? two-phase case, but more tedious, and hence is not shown here.
=1+c; Our weak convergence result for thd /GT/C model is given
o1y (w1, 72) below, and the proof is presented in Appendix III.
b E E1(k+1) — &(k)\ [ Lok + 1) — &(k) _ Theorem 4.an5|der thenth GI_/GI/Q system with ar-
o 1/n 1/n rival processA(nit) and service times distributed according
to a K-phase phase-type distribution, where each phase has
&i(k) =x1,&(k) = x2> an average duratioth/x., and with probabilityp, a customer
in phasek enters phasé + 1, and with probabilityl — p, it
— lim _PuCnlNa (k) pEan) departs from the system. Thus, the overall mean service time
n—oo Ni(k) 4+ Nao(k) is Y1 p*=1/u. Here, A(t) is an arrival process with rate 1
B2CIN1 (k)N (k)p?E(aZ)  pPBrC2N7(k)u*E(a?)  and interarrival ime SC\2. Let Ny, (¢) denote the number
(N1(k) + Nao(k))? — (Nu(E) 4 Ny(k))? of customers in phask, £ = 1,2,---, K, at timet, and let

=—p N(t) denotes thd(-dimensional vector whoseth component
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is Npn(t). Also, let N,,(¢) be the total number of customers inThe resource allocation or traffic engineering problem is to
the system at timeg, i.e.,N,,(¢) = {;1 N, (t). Let us define  chooseC such that/}. < J*, whereJ* is some desired per-
formance level. Another performance measure that may be of

K interest is the probability that the system is in a congested state,
Nin(t) — nph—t Zpﬂ—l i.e., the network, and not the access speed, is the bottleneck:
j=1
Vk=1,2,---,K

In the following subsections, we consider these performance
measures in the context of the diffusion limits developed ear-

let z,, be the vector whoséth element iszy,, and letz, = g,

Zi‘:l Zrn. We assume that,, (0) = z(0). Let us definex(¢)
to be theK -dimensional diffusion process which is the solutioln,, ON—OFF Source Model

of the stochastic differential equation As mentioned before, for the ON—OFF source model, the sta-

tionary distribution has been proved to be insensitive to the ON
and OFF time distributions in [16]. Thus, one can directly com-
pute the performance measures of interest by solving for the sta-

dz = m(x)dt + Xdw, z(0) given

wherew(t) is a K -dimensional Brownian motion. Then, tionary distribution of a birth—death Markov chain [16]. How-
ever, the diffusion approximation gives remarkably simple rules
zn () = x(-) of thumb for capacity planning, just as in the case of the classical

Erlang loss model. For instance, consider the éasd), i.e., the

wherexz(t) = Y1 x,,(t), andax(t) is thekth component of congestion-control scheme is very efficient, and the probability
z(t). B ¢ ofcongestionis the pfarfor_mance measure of interest. Now, sup-
Remark 2: We point out that we have proved the weak corROS€ that the systemis belng_operated assuming that the number
vergence of:,,, and not ofz,,. It is an open issue as to whethef sources at any instant of time is some flxgd amount. If, due
or notz,, converges. For our purposes, the convergeneg, i © traffic changes, the number of sources increases, then the
sufficient. As in theT /G /oo case [39)], the limiting process amount of additional capacity ngeded to maintain the desired
is not a Markov process. However, unlike &/GI /oo model, performance can be computed simply by noting that, as long as
it is not even a Gaussian process here. v=(Sp— C/\/S_p) remains the same, the performance of the
Remark 3: We note that the above diffusion coefficients angyStem remains the same. .
drift vector are different from th&I/GI/C queueing model Suppose that response time is the performance measure of in-
with FIFO service studied in [15]. In the FIFO case, in additioffrest- LetV be the number of ON sources in steady state. Then,
to the number of customers in each phase that are currenthy}}§ mean utilization of the system(r,y ), wherery was de-
service, one also has to keep track of the number of waitiffged in (31). Since the average number of ON sourcéXi¥),
customers. Thus, even for a two-phase service-time distributid#® 2verage rate delivered to each sourdg(isy )/ E(NV). Thus,

the Markov chain has a three-dimensional state vector. In our pE(N)
case, due to the MPS service policy, the dimension of the state Jé = Eora)
space is equal to the number of phases as in the infinite-server ()
model [39]. Further, in the FIFO case, weak convergence to tAgsumingé = 0, and using the diffusion approximation, this
diffusion limit could not be established in [15], while we cartan be computed approximately as

prove this for the MPS policy, as shown in Appendix Ill.

Unlike intheGI /M /C case, it does not seem possible to ob- /Oo (VSz+5p)p(z) dx
tain the stationary distribution of this limiting diffusion process.;1 _ —oo
In Section VI, we resort to approximations. However, the fact” W o0 '
that this scaling allows us to show weak convergence partially | (VSz+Sp)p(x) da’""/\f (Sp+7v/Sp)p(x) dx
justifies using the approximation. e
For large values of,
VI. TRAFFIC ENGINEERING FORBEST EFFORT SOURCES . oo T
. . VSp(Je = 1)~ / <— - ’7) p(z) dx
We consider the two QoS metrics to evaluate the performance wF \VP
of the congestion-control scheme. We know that the average )
service time for a source is given by if ¢ = . If C < O equivalently,
oo, let R~ denote the mean response time for a source. Here, . 1 oo T
response time refers to the total time spent in the system b Jemlt —— <— - ’V) p(z) dx.
P P y y ¢ \/S_p P \/ﬁ

a source. Then, our performance measure for the congestion-
control scheme is the ratio étc to 1/, i.e., Thus, whers increases, if we increaggto maintain a constant
value ofy, thenJZ remains the same, ank}. decreases, which

J& = pRe. (35) arebothdesirable. The above conclusions hold even when.
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B. Renewal Process Model for Source Arrivals general service-time distributions, we simply compatfer an
appropriateM /M /C model with MPS, and substitute it in (40)
to obtain the desired result.

wE(N) T A similar result also holds for the other performance measure

A NG (36), i.e., the probability of congestion:

From Little’'s law,

wherez = E(x). For the general?! /GI /C model with MPS,
we do not have the limiting distribution af. However, for the (
GI1/M/C model, we have the exact form of the steady-state ~ P(x(v,0,2) > )

distribution of the diffusion limit process given by (26). For _ /°° p(x,y,0,7) de
the GI/GI/C model, Theorem 4 in Section V shows that the . T
scaling is appropriate for convergence to a well-defined sto- |
chastic process in the limit, i.ex,,(t) = (N(¢) — n/4/n) con- = / ﬁp(x/\/;v V/VZ:0/V7 1) de
verges weakly. Thus, we borrow the following heuristic sug- oo
gested for loss models in [40]. For tii&/ /GI/C model, we = o(z,v/V7%,0/z,1) dx
assume that the steady-state distribution satisfies v/VE
=P(N(y/Vz0/vz1) > p+avp/Vz).  (41)
p(x;’v,@,Z):\/lzp(fE;]z,\/ez,l) (37)

Thus, the probability of congestion can be computed for any
where~ is given by general interarrival and service-time distributions by solving a
corresponding/ /M /C model with MPS.

_ 2 _ 2
z=1+4p(c, = 1) /0 Go(6)" dt (38) VII. NUMERICAL AND SIMULATION RESULTS

In this section, we present some numerical and simulation

G(t) is the service-time distribution, ar@(¢t) = 1 — G(¢). In _ )
ults to support the results of the previous sections.

other words, we simply assume the same relationship as in it ] ) . .
GI/M/C case, but withx redefined appropriately. The factor ON xargp(l)eFllz. We con_?;]der ;)fN—(gFZ;so;Jrﬁes W'tr pronel;ntlal ¢
is the heavy-traffic approximation to theakednesparameter an times. | edp_ and cdt o dt efsca ed num ler 0
commonly used in teletraffic engineering [11]. Peakednessd§live sources are plotted in Figs. 2 and 3 for various values

the ratio of the variance to the mean number of busy serverJfy the number of sources. The shapes of the curves in Fig. 2
aG/GI /o model. Unlike the case of loss models, in additioHa“date that two Gaussian densities make up the pdf. The curves

to z, v andd also have to be divided by’z. This is partially in Fig. 2 show that, with proper scaling, the cd_f’s of the number
justified by our results for th&?I/M/C case in Section Il. of ON sources are very close to each other, independent of the
Note that, for the Poisson source mod€l, = 1, and hence total number of sources.

» = 1. This is consistent with our result on the insensitivity of Exa@mple 2:Figs. 4 and 5 show the pdf and cdf effor a

steady-state distribution of th&l/GI/C queue with MPS to Poisson source model. The figures lead to a similar conclusion
the service-time distribution. for Poisson sources as Example 1 does for ON-OFF sources.

Now, we computez(y, 6, ) for general interarrival and ser- Example 3: We consideiz1/M/C andGI/GI/C models
vice-time distributions, and develop a simple formula relatingith MPS. The interarrival and service times are taken to
this to thez when the arrival process is Poisson and the servieg hyperexponential distributions with balanced means, with

times are exponential ¢? = 1, corresponding to the exponential distribution. Simu-
lation results are compared with theoretical results in Tables |
F(v,6,7) = /°° ep(@,7,8, ) da and Il. By theoretical results, we mean the computation of
YA = oo P& Y2 the performance measures using appropriately scalgtll /C
1 o0 models based on the formulas (40) and (41). The simulations
- /_Oo wp(e/Vz7/V7, /7 1) dx are based or20 million arrivals divided into20 batches for
0 each case. The tables show that the simulation and theoretical
=\/5/ yo(y,v/V'70/Vz 1) dy results agree reasonably well. The results for €h&/M/C
o = case, especiallyl., are better than the corresponding results
=V2E(v/ V2. 0/V71). (39) for the GI/GI/C case. This is to be expected since the ap-
proximation for theGI/GI/C is only partially justified, as
Thus, : : :
discussed in Section VI.
J1:1+\/E_ 2,0/\/z,1). 40
¢ vn (/7 0V 1) (40) VIII. CONCLUSIONS

Since we haver = 1 for the M/M/C case, to compute the We have developed diffusion approximations, and have es-
performance measure for general renewal arrival processes taidished weak convergence results for congestion-controlled
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Fig. 3. Example 1: ON-OFF sources cdf = y = 1,k =2,y = 1.

gueues which serve best effort traffic. Here, congestion contwhere the traffic patterns have nonexponential interarrival and
is modeled as a modified processor-sharing policy. The maarvice times. Several numerical examples support the use of the
theoretical result is the weak convergence of an appropriatelyproximations.

scaled number-in-the-stem f&¢!/GI/C models. When the  There are several possible extensions of this work that would
service times are exponential, we are further able to explicithgerit further study. As in [32] for loss models, it would be inter-
compute the stationary distribution. These results could bsting to study the applicability of the diffusion approximations
helpful in engineering networks which support best effort traffién estimating the behavior of the congestion-controlled system
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Fig. 5. Example 2: Poisson source cdf= 1,k = 0.5, = 1.

over finite-time intervals. A second extension would be to studyation to it. In addition, as in [32, Sect. 1.5], one may have to
the case where the access link speeds are different for differdatfurther refinements based on empirical observations to accu-
sources. Finally, numerical results suggest that there are otteely estimate discrete probabilities using diffusion approxima-
approximations which could perform better than diffusion agions. If one is interested in estimating discrete probabilities (as
proximations [25]. The work in [25] for thé& /M /C queue is opposed to averages or complementary distributions as in this
particularly relevant since it is a special case of th&\//C  paper), it would be worthwhile to study further refinements to
model with MPS whereg = 0. It would be interesting to study the diffusion approximations or to consider alternate approxi-
the extensions of [25], and numerically compare our approxiiations such as [25].
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TABLE | Using the diffusion scaling
SIMULATED VERSUS THEORETICAL RESULTS FORGI /M /C CASES
n [E ]| z || JL (sim) | Ji(theory) [ JZ(sim) | JZ(theory) §=m, Ce et ’y\/n_pN #)—n
25 [10] 1 [55] 3.1378 2.8651 0.7470 0.7445 B=1——, a(t)= ———
00 |10 | 1 |55 1.9294 | 18773 || 0.7329 | 0.7324 VNP vn
900 [ 10| 1 [55] 1.2752 1.2695 0.7307 0.7241 A
25 [ 5] 1] 3] 20542 1.8957 0.6502 0.6559 P= A+
w0 5[1] 3 1.4424 1.4080 0.6302 0.6380 and
900 5 [1] 3 1.1295 1.1379 0.6153 0.6258 \ P
o (1-p)
TABLE 1l

we want to obtain the expression ff{(N(cc) > C), where

SIMULATED VERSUS THEORETICAL RESULTS FORGI /M /C CASES . ) \
N(t) = lim,,_,o, N,.(¢). Define the following:

n | Z]el z JL (sim) | Jk(theory) ]| JZ(sim) | JZ(theory)

25 | 5 | 10 | 2.1827 | 15243 1.6602 0.5503 | 0.5992 n=P(N() > C)
100 | 5 | 10 | 2.1827 | 1.2007 12722 0.5306 | 05774 n A\ (BO) YO
900 | 5 | 10 | 2.1827 || 1.0501 1.0930 0.4938 | 0.5627 = Z < ) —) —aor Po (45)
25 [ 10 ] 5 | 4.0020 | 2.0045 2.3087 0.6687 | 0.7011 - W
100 |10 [ 5 | 4.0020 | 1.4543 1.5785 0.6670 | 0.6862
900 |10 | 5 | 4.0020 | 1.1284 1.1834 0.6380 | 0.6760 and

= P(x > ~v/p). (46)

APPENDIX | ) .
From (11) we can findv, shown in (47) at the bottom of the

LIMIT THEOREM FOR THEPROBABILITY OF CONGESTION IN page

THE ON-OFF ®URCE MODEL . . L .
Our goal in this section is to show thatn,, ., a,, = . We
As seen previously in Section II-A, the MPS system witgan rewritew,, in (45) as

ON-OFF sources can be modeled as a birth—death process with .
transition ratesy;; given by (1) and (2). We can solve for the {1 n 191} (48)

steady-state distributiop; as £l
s X where
p=(5)(3) m i<c (42) gy |
0= < ; ) pa—p (49)
and =
and
S)( ) (/30)C ‘ . n i i
pi=1 . Po, i>C (43) . S 3C)\C—i
()G T T [y - s
= 1c!
where

Now, we show the desired result by establishing several in-
1 termediate facts.
Fact 1:

Po —1 g En ) = P

(=172 =p)) (/5= ((6—7)(1—p) //P))* m( Q< ))

a= |1+ 9_7 —

(47)

e(=7/2e(1=r)  /27(1 — p)Q \/ﬁ
v2m(l—p) i,
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Proof:
9L = P(X, <C-1)

whereX,, is a binomial random variable with meaa np and

variance= np(1 — p). Substituting”' = np + v,/np and using

the central limit theorem, we get the desired result. &
Fact 2:

51 _ (1-p)"pc(JY)

0]
S AL -

1795

Proof:
()
L \v
§=d =P <)
1=0
where X,, is a Poisson random variable with mean=
variance= 1/». Recalln — C = J andr = (p/3C(1 — p)).

Using the central limit theorem, we get the desired result by
using the fact that

n 7 : il 3C(1 — 1-
1 e—1/v) =0 ¢ n—0C— M _fy\/ﬁ + (9 _ ’7) ( p)
17 1 _ \/ﬁ
o [BO0-—p) =0
wherer = (p/8C(1 — p))andJ =n — C. ped —p) "
Proof: p
C 2 465 ¢
e Let &2 = £2¢2, where
G=0=p"Y pi=0=p" Y pcim (51 p
G=-prpe  G=— Ty,
Note thatpc ., = po/K, whereK is given by <l>
. 14
<g) <L) Fact 4:
K= Ad=p) _ L e OV )
n P +m (/30)0—(C+nl)(0+ m)! nh—1>Iol<> np(l —p)&; = T .
C+m )\ (1= p) Ct oot "
m roofr.
</3C(1 - p))
=~ P 7 & =(1—p)"pc = <”) pE(L—p)" €
<n — C’) ' c
m.
m
:P(C <> YL <O+ 1)
Substituting in (51) proves the fact. & i
Next, we rewrite¢,, as whereY; are i.i.d. Bernoulli random variables with meannp
¢ = g2¢3 and variance= np(1— p). Thus, as shown in the equation at the
nooenen bottom of the page, where the last line above follows from the
where central limit theorem. &
) Fact 5:
1\’ 1
V(Y J <—) lim ——— ¢’
g = U=ppell g g3 o3 A mam e Jan(n—C) "
<l) —(1/0) = 20 =) (== (A=) V)
14
Fact 3: Proof: Applying Stirling’s formula,J! ~ v2xJJ ¢ 7,
act = and lettingl/v = 7,
(1-p) J
TP — (0 =) 5 _ A
lim 52 =Q : VP & =vand <;> ¢
=0 —2r T e/ e 7T
> Yi—np
1P i 1P 1

Vol—p " Vari—p) =

_l’_
1-— np(l —
Vell=p) Vel =) e—((rv/B)? /2p(1=p))

4 _
1 & = 1

—
V2T

np(1—p)
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Noting the fact thatog(z) =log(l — (1 —2)) = —(1 —z) — Using the diffusion scaling
(1/2)(1 = 2)* = o(1 - 2)*,
A=np, C=n+v/n

£ =2rJed -+ DU =7/ 1) ~(I=7) 3 .

=27 Je(T/2DI—TVT) NG
and
Recalling = n — C andr = (8C(1 — p)/p), and using the o(t) = N#t)—n
fact that -
pC(1 - p) o BCl-p) 2 define the following:
lim P P oo i c
n—oo 2(n — C) BC{ - p)  P(N(oo) > ) — A (BOY
e =P 20 =3 (52,) “arm
(1—p)\ > n<po
— —(6— = 55
1 ’Yf(’v)\/ﬁ Y (55)
T2 (1-p) ANTe
and
proves this fact. &
The following result is an immediate consequence of a= Pz > 7). (56)
Facts 3-5. _ _ _
Fact 6 From (20) in Section II-B, we find that
: 1 (—/2)
2, “TY G e O
V21 = p)e/20=m)/p=(6=((1=p) /D) 2r(y = 0) (1 = Q7)) +e
- V2mp(1 — p)elCrvP)?/2p(L=p)) Our goal in this section is show thhtn,, ., o, = . We
(1—p) can rewritec,, in (55) as
1B = (6-7) =
X Q \/ﬁ ﬁn -t
(1—p) ’ o = [1 + 5—} (58)
& where
Using Facts 1 and 6 in (48), we get the expressiomfgiven el i .
in (47). Un = e
iz0 (A
APPENDIX I and
LIMIT THEOREM FOR THEPROBABILITY OF CONGESTION IN
THE POISSONSOURCE MODEL £ = nCe "
As seen previously in Section 1I-B, the MPS system with o1 <1 _ L)
Poisson sources can be modeled as a birth—death process with pe

transition rateg;; given by (15) and (16). We can solve for the  Now, we show the desired result by establishing the following

steady-state distributiop; as intermediate facts.

AN Fact 7:

pi = <—> o ice (52)

w4l lim 4, =1-Q(v).

and ‘ Proof:
A\ (BO)E .
- 7 > _
Di </3Cu> cr bo i>C (53) ¥, =P(X, <O-1)
where whereX,, is a Poisson random variable with mean and variance
1 both equal te.. SubstitutingC = np + v,/np and applying the
po = . (54) central limit theorem, we prove the fact. &

Fact 8:

) s+ ) —F——~ /)
=0 K (& # C! <1 _ L) lim £n = ¢

w5t oy~ )
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Proof: Applying Stirlings formula tct,, yields Similarly, defineN;; . (¢) by defining the departure ratg (V)
as
C(1—(n/C)+log(n/C))
g, = ° /30g uN, N<C—e/n
—n
V2rC e BrC, N>C
Th(N) = BC —n—(y—e)/n
; ’ N-C 3uC.
Using W -on (GG )+
( 2 C—ey/n<N<C.
1-=z
log(z) = —(1—x) - +o(1—x)? In the above construction, we simply increase the departure rate
when the number of busy servers is in the inte{¢alC + e, /n]
we have to obtainV}, .(t), and we decrease the departure raté(in-
C] to obtain N (¢). Thus, it is easy to see that, for all
1 o(—nC*(1—(n/C))?/2Cn) ;\n/g; ] ne(t) y

gn =

2 pC —n
var Ve BC NL () S No(t) S NY (8,  wp. 1.

Finally, substituting” = n + y+/n, and using the facts that The above bounds can be rigorously obtained by coupling the
three processes appropriately as follows. At time 0, let the

. n ] BC —n above inequality hold w.p. 1. Let all three processes have the
,}E{}o o 1 and ,}E{}o Ve Bo (v=0) same arrival process sample paths. Then, make the downward
jumps of NV, () a subset of the downward jumps 8, (t),
yields the fact. ¢ andfurther, make the downward jumps¥f . (¢) a subset of the
Using Facts 7 and 8 in (58), we get the expressiomfam  downward jumps ofV,, (), which gives us the desired ordering.
(57). As before, defing!, (k) and¢y (k) as
APPENDIX Il U (k) = Ny k) —n and & (k) = Noe(k) —m

vn Vn

We first give the proof for theI /M /C case (Theorem 3), respectively, whereV! (k) and N} (k) are the number of
and later point out the modifications necessary to complete theurces seen by theth arrival in the respective systems. Let
proof for theGI/GI/C model (Theorem 4) and the ON-OFFz!, (¢) andz (t) be the interpolated processes:
model (Theorem 1). The basic idea of the proof is as follows.

Consider the scaled, centered, and interpolated process sampled ﬂﬁil,e(t) = Q,E(Lnﬂ) and z, () =& ([nt]).

at arrival epochs, denoted by, (¢). We first construct two pro-
cesses,, (t) andxihe(t), which upper and lower boun, (),
respectively. We use the results in [12, ch. 7, Corollary 4.2, 2 () < wnl(t) < 2 (1)
p. 355] to show that, . (¢) = zl(t), andz? (t) = z%(¢) e = T = et
asn — oo. Then, using the results in [36] on the convergeng&s in Section V, we consider the imbedded Markov chain at
of diffusions, we show that both! () andz*(¢) weakly con- arrival epochs, and derive the drift and diffusion coefficients.
verge toxz(t). Thus, we would have proved that(t) = =(f). From [39, Sect. 3.2], the error due to the assumption that the
To do this, we need the limiting martingale problem to be weumber of sources in the system does not change between arrival
posed. Standard results show that a proegss defined by a instants is asymptotically negligible, and further, the difference
stochastic differential equation with a discontinuous drift as imetween the process at arrival instants and any instant converges
our problem, has a weak solution [20, Proposition 3.6, p. 303§, zero. Thus, using [12, ch. 7, Corollary 4.2, p. 355], it follows
and thus, the martingale problem is well posed [20, Propositigatz!, , = z! andz% . = #, where the process (t) has the

4.11, p. 318]. For a discussion of weak convergence in anotlaift vector
context where there is a discontinuity in the state dependence,

PROOFS OFTHEOREMS1, 3,AND 4

By our construction ofV} (t) and N (),

w.p. 1.

- <
see [29, Remark, p. 277]. “ 4 v
Let us define N} (t) as the number of sources at ml(z) = Clledl —y, vy <z<~v+e
time ¢ in the system whose departure process is given by €
A( otTil,e(N(S)) ds), whereA(t) is a unit Poisson process and 0=, r>y+e
71,c(N) is given by and the process(t) has the drift vector
ulN. N<C —, rSy—¢
’ — u 24
BuC, N>C+e/n mé(z) = —(97—7);(6—9)—(7—9)#7 y-—e <w <y
7516(N): 9_7@ T >

o Y-0a-p
e\ o= (v +e)v/n ’ The above construction is necessary since one cannot apply [12,
C<N<LCHe/n. ch. 7, Corollary 4.2, p. 355] if the limiting diffusion process has
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a discontinuous drift. By our constructiom!(z) andm¥(x) process is a continuous mapping, we have the desired weak
are continuous functions ef The diffusion coefficient remains convergence result from the continuous mapping theorem [7].
the same as that far(t), i.e.,o?(x) = 2. Finally, for the ON-OFF model, define the upper and lower
Now, from [36, Theorem 11.3.4, p. 278], upon verification obounding Markov chains by defining new departure rates as be-
some conditions [36, egs. (3.4)—(3.8), p. 274], it follows ttfat fore. Here, instead of coupling arguments, we directly observe
andx;, . weakly converge to the same process) in the limit  that there is a stochastic ordering relationship among the the
ase — 0, thus completing the proof for th&! /M /C case. For three stochastic processes by checking the simple conditions in

the lower bound, the condition [36, eq. (3.4), p. 274] requirg35],

that

lim
e—0

/0°° /OOO ml(z)$(s, z) ds dz
B /OOO /OOO m(@)(s, z) ds du

YV (s, z) € C§°([0,00) x R), whereCge(]0, o) x R) is the set

of all functions with compact support, and which possess con-[1]
tinuous derivatives of all orders. Even though there is a division
by ¢ (which goes to zero) in the definition at!(x), it is easy

to check that

(59)

(2]

3]
[mi(2)] < Jzf
¥ e > 0, and thus, by the Lebesgue dominated convergence the[—4]
orem[8, p. 213], condition (59) is verified. A similar verification
can be done for the upper bound also. The rest of the condition&”
of [36, Theorem 11.3.4, p. 278] are easy to verify.

Finally, to prove the weak convergence for t6d /GI/C (6]
model, we simply outline the steps, and the rest is similar tog;
the GI/M/C case. If there ard( phases in the service-time
distribution, as in Section V, we would havel&dimensional (8]
Markov chain at arrival instants with state vector ®
[10]

N" = (Nln?NQNa te 'aNKn)-

[11]
As before, we define new departure rates, one larger and onez]
smaller, to upper and lower bou@f‘:1 N;,.. Note that we do (]
not have element-by-element boundsMp; rather, we upper
and lower bound the total number of customers in the system ds4]
follows. We allow the original system, and the upper bounding

and lower bounding systems to have the same arrival process;
sample paths. In addition, at each arrival instant, we populate

each system with a customer whose service time is is drawit®]
from the K-phase phase-type distribution. Let the state of the

upper and lower bounding Markov chains g, . andNﬁW [17]
respectively. Then, it is easy to show that, > 0, 8]
K K K [19]
=1 =1 =1 [20]
w.p.1 if the initial conditions are so ordered, and the re-(21]

maining service times of at leagtcustomers, wheré =
Ef‘zl N{,, .(0), are the same w.p.1 in all three systems. Next|22]
as in theGI/M/C case, we can show the convergence of[23]
centered and scaled versionshof, . andNiL’E, denoted byX
and X', respectively, to the processdefined in Theorem 4, [24]
where the limit is first taken a8 — oo, and thene — 0, as 55

before. Since summing the elements of a vector-valued random

Proposition 4.2.1@®° for birth—death Markov chains. The

rest of the proof then follows as before.
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