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Universal Linear Prediction
by Model Order Weighting

Andrew C. SingerMember, IEEE and Meir FederFellow, IEEE

Abstract—A common problem that arises in adaptive filtering, the linear prediction coefficients,, £k =1, ---, p as well as
autoregressive modeling, or linear prediction is the selection of an the orderp. Given a batch of data pointg® = z[1], -- -, z[n]
appropriate order for the underlying linear parametric model. and a fixed ordep, a common way to select the prediction

We address this problem for linear prediction, but instead of fficients is t inimize the total d dicti
fixing a specific model order, we develop a sequential prediction _Coe icients 1s to minimize he total squared preadiction error,

algorithm whose sequentially accumulatedaverage squared pre- 1-€., SelectC™ = [cf, ---, ¢} T so that

diction error for any bounded individual sequence is as good

as the performance attainable by the best sequential linear n p 2
predictor of order less than someM. This predictor is found n _ ; _ _

by transforming linear prediction into a problem analogous to = _ag mln] Z <a:[t] Z ot H) - @
the sequential probability assignment problem from universal =1 k=1
coding theory. The resulting universal predictor uses essentially a . . . -
performance-weighted average of all predictors for model orders 1 he resulting residual square error in batch fittingztreorder
less than M. Efficient lattice filters are used to generate the linear prediction coefficients to the data is denoted
predictions of all the models recursively, resulting in a complexity

C=[e1, -, ¢p] 4=

of the universal algorithm that is no larger than that of the largest n P 2
model order. Examples of prediction performance are provided E,(z, 2B) = Z z[t] - Z Rl — k] (2)
for autoregressive and speech data as well as an example of A = — b

adaptive data equalization.

Index Terms—Adaptive filters, Bayes procedures, learning sys-  The selection of the model ordgris an important, but often
tems, least squares methods, model order, prediction methods, difficult, aspect of applying linear prediction to a particular
sequential decision procedures, universal coding, universal meth- application. Intuitively, an appropriate model order for a
ods. particular application depends both on the amount of memory

in the process and on the length of data over which the model
[. INTRODUCTION will be applied. On one hand, larger model orders can capture

UTOREGRESSIVE (AR) modeling by predictive leastIhe dynamics of a richer clas_s of signal_s. On the other hand,
Asquares, or linear prediction, forms the basis of a widarger model orders also require proportllonally larger data sets
variety of signal processing and communication systems ifQf the parameters to be accurately estimated.
cluding adaptive filtering and control, speech modeling and SOMe of the methods of model order selection that are
coding, adaptive channel equalization, parametric spectral 8§€n used in practice include the Akaike information criterion
timation, and system identification. In linear prediction, th€*C) [1], the minimum description length (MDL) proposed by

signal z[t] at time ¢ is modeled (or predicted) as a lineafRissanen [2], the Bayes information criterion (BIC) of Schwarz
combination of, say, the previoyssamples, i.e. [3], which is equivalent to the MDL in many settings, and the

predictive least-squares (PLS) principle of Rissanen [4], [5].
C o In their original form, the AIC and MDL criteria comprise an
wlt] ~ &[] = Z cpalt — k. explicit balance between the likelihood of the data given the
b=l model and a penalty term for the complexity of the model.
To apply linear prediction to the data, either for predictiomtuitively, in MDL, the goal is to minimize the number of
or for modeling purposes, we have to determine the value fsits that would be required to “describe” the data. Since the
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selected by finding the minimum of AR(4), N=75

1.7 T L T T

n P 2
min Z <a:[t] - Z ezt — k]) 1.6
R )

k=1

—|—‘glogn = FE,(z, a%f)—i—glogn 3) 5

on Error

with respect t. Note that in many recent applications of the 4
MDL (see e.qg., [6]), a more refined penalty term is suggestei;:j.
The PLS criterion suggested later in [4] examines a s§4-3
quential coding of the data, where the codelength of eagh
data point is proportional to its square sequential prediction .
error. Since the parameters of the encoder are not optimized
over the entire block of data, but rather are determined online,,|
there is no “batch” penalty for their use. However, there is
an implicit penalty since for higher order models, a larger , ‘ . ‘ ‘ ,
squared prediction, or encoding, error is incurred due to the ' 2 Model Order
lack of sufficient data to accurately estimate the parameters._|n . -
. . . . Fig. 1. Sequentially accumulated average squared prediction errors of a
fact, it was shown that in many cases, the PLS is essent'afggrth-order autoregressive process shown for linear predictors of order
another version of the MDL principle as it leads to the,---,s.
same balance between likelihood and model complexity as

the qng_mal MDL. . o order models can outperform larger order models, i.e., have a
This ISsue ”e‘?ds a further explanat|on,' as itis reI(:“V"’g]%atller sequential prediction error. This is best visualized by
o trle main .S'“,',bJECt of thg paper. The difference lzetwe(alﬁ example. Consider a fourth-order AR process, and suppose
the _sgquentlal error Ieadlng_ to the I.DLS and the batc}’[hat 75 samples of the process have been observed. An estimate
prediction error S subtle ar.]d. lies both in the methoq used 6?the parameters of any order larger than four will concentrate
compute the pred_lctor coefficients, k =1, ---, p andinthe 004 the true parameters. However, the fourth-order estimate
samples over which the erro}; is computed. The least-squayds oe 3 lower variance than would, say, a seventh-order
batch prediction errorEn'(a:, &), which is defined abovg, 'S estimate. Therefore, although these parameter estimates will
the total squared prediction error that results from applying “&%ymptotically coincide, every time in which the seventh-order

odel is used to predict the next sample, the prediction error

fixed set of predictor coefficients obtained by minimizing thgﬂ
O\Rﬁﬂ also exhibit a larger variance. As shown in Fig. 1, since

square prediction error over the same set of data. In the n
the sequential prediction error measures the accumulation of

tion above,%f is thebatchpredicted sequence. Thequential
prediction error, on the other hand, is the accumulated squar%j

rediction error that results from ntial lication of ese errors and not their asymptotic value, the fourth-order
prediction error that resutts 1o .s.equef a ;':lpp ca ,OT " Aodel indeed has the lowest sequential prediction error of any
time-varying set of predictor coefficien&" = [c], ---, c[]".

A common wav to obtain the coefficien@-L to predict model order. The PLS criterion selects a model according to
. way al icient predict g sequential prediction error. This example shows that this is
z[t] is to use the coefficients that minimize the batch err

over the samples|1 ¢ _ 1] observed o far. i.6.. the deed a valid criterion for order estimation.
ver pie [ oo B | ved s o 1€, In this paper, we are mainly interested in prediction (and not
coefficients attainingk,_,(z, #,7). The resulting sequential .

. . in modeling), and we consider the sequential linear prediction
prediction error is problem from a different perspective than is traditionally taken.
N » 2 Rather than focusing on selecting a specific model order
Ln(z, ©,) A Z <$[t] _ c?lx[t _ k]) . ) and a set of parameters based on their relative performance,
— we propose a method of prediction based on a weighted
combination (or mixture) over all possible predictors. For
Note that now, the linear prediction coefficients are optimizegasons discussed later, we call this predictoiversalwith
only over the data available up to but not including the valuespect to both parameters and model orders. We show,
to be predicted. In this sense, the sequential prediction errobasically, that the performance of this predictor is at least as
a “fair” measure of performance for prediction. The notatiogood as the best linear predictor of any model order, even
&, denotes the predicted sequence. In addition, note that thleen the parameters are tuned to the data.
notationsE,, (-, -) andl,, (-, -) for the accumulated square error The paper begins, in the next section, with a brief back-
adopted in this paper actually stand for the standard Euclidegnound on universal prediction and universal coding. Its pur-
norm of the batch and sequential prediction error signals. pose is to illustrate several concepts that so far have appeared
By definition, for a givenz™, the batch erro&,,(«, 551’?) mainly in the information theory literature. We discuss uni-
is a monotonic, nonincreasing function pfsince the class versal prediction in both a probabilistic setting, where the data
of models of ordep contains all models of order less than is assumed to be an outcome of a stochastic process, and a
This is not true for the sequential eriprz, £,). If fact, lower deterministic setting, where the data is a specific “individual

t=1
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sequence.” In particular, we discuss the universality of ttesymptotically for large:, simultaneously for any source in
recursive least squares (RLS) algorithm, which can be usadertain class. Specifically, a universal predidtbit(z'=1)}
to sequentially achieve the prediction performance of the bektes not depend on the unknov yet it keeps the difference
fixed-order batch linear predictor, both in the stochastic settibgtween its average expected I&&s{(1/n) > ;| I(b, X;)}
and for every bounded individual sequence. We note thatd the optimal average expected loss attained wHeis
in general, measuring the performance relative to individulhown, vanishingly small for large.
sequences is stronger. Our proposed predictor is universal imhe simplest situation in the probabilistic setting is univer-
the stronger setting. sality with respect to an indexed class of sources, where it is
These concepts lay the framework for the main result of tlessumed that the source is unknown except that it is a member
paper, presented in Section Ill, which is an algorithm for lineaf a certain indexed clasgFy, 6 € A}, whereA is the index
prediction that is universal with respect to both the parametesst. Most commonlyf designates a parameter vector of a
and model order for every individual sequence. The algorithemooth parametric family, e.g., the families of finite-alphabet
uses the time-recursive and order-recursive RLS algorithmreemoryless sourcessth-order Markov sources, or AR),
generate predictions of the next data point based on the linedrich is the class ofth-order Gaussian AR sources relevant to
models that best fit the data observed so far, of all ordetss paper. In these parametric cases, we can present universal
up to somelM. Then, it generates a performance-weightegtedictors, and in addition, we can determine, in many cases,
combination of all the various predictors. The universality ahe optimal convergence rate to the optimal performance. In
this algorithm is shown accordingly. First, as noted above angany smooth parametric classes and continuous loss functions,
analyzed in [7], for a given model order, the RLS predictahis rate behaves a3(k/2 - logn/n), wherek is the number
is universal as it attains sequentially the same accumulatsfdparameters, and is the data size.
prediction error as a batch predictor. Our main result, then,A more complicated situation is when the source is known
bounds the additional sequential prediction error incurred Iy belong to some very large class of sources, e.g., the class
our performance-weighted prediction scheme over the errorgffall stationary and ergodic sources. In this class, universality
the RLS algorithm with the best model order. This excesan be shown in many cases, but there is no uniform rate
error, due to the unknown model order, turns out to hsf convergence to the optimal performance. Another class of
negligible. sources that is relevant for this paper is the class of Markov
An important feature of the proposed algorithm is itsources withunknownmodel orderk or the class of ARY)
computational efficiency. As discussed in Section IV, by usin@aussian sources witinknownorderp. Again, in these cases,
an efficient lattice implementation, the proposed universgiere is no uniform rate of convergence, as the rate can be slow
prediction algorithm has a computational complexity that r high-order models. Nonetheless, it turns out that in certain
not larger than that of the largest model order in the mixtursgituations, it is possible to achieve a rate that is essentially as
The development of the universal algorithm does not refymall as ifk (or p) were knowna priori. This is achieved by
on the problem being one of prediction, and therefore, “twice universal” prediction scheme similar to the scheme
Section IV, we also develop a lattice implementation of suggested later in this paper. The term “twice universal” was
universal adaptive equalizer. Examples of the performanceadfined by Ryabko [8], [9], who also originally suggested such
these algorithms are given in Section V, and some concludipgediction algorithms.
remarks are made in Section VI. In the deterministic setting of the universal prediction prob-
lem, the observed sequence is an individual sequence that is
not assumed to be randomly drawn by some probability law.
One difficulty associated with this setting is the desired goal.
The general universal prediction problem is concerned withlithout any limitations on the class of allowed predictors,
the following situation. An observer sequentially receives there is always the perfect prediction function defined as
sequence of observations[l], z[2], ---, z[t], ---. At each b&(z*") = z[f], i.e., a predictor tailored to the data. This
time instantt, after having seem’~* = z[1], ---, z[t — 1] is a severe overfitting effect to the given data that misses
but notz[t], the observer predicts the next outcomj¢] or, the essence of prediction as a causal, sequential mechanism.
more generally, makes a decisién based on the observedTherefore, in this setting, we must limit the clags of
pastz’~!. Associated with this prediction or decisidp and allowed predictors in some reasonable way. For example,
the actual outcome[¢], there is a loss functiod(b:, z[t]) B could be the class of predictors that are implementable
that measures performance. A common example occurs whmnfinite-state machines (FSM’s) with/ states orkth-order
b, = 2[t] is an estimate af[¢] based o, andi(b;, z[t]) = Markov-structured predictors of the forbp(z*~1) = b(z[t —
I(2[t], z[t]) is some estimation performance criterion, e.gk], -- -, [t —1]). There are two relevant classes in this paper;
the Hamming distance (i£[¢] is discrete). In this paper, wethe first is a finite collection of RLS-based predictors, each of
consider the squared erréfb,, z[t]) = (2[t] — z[t])? as the a different model order, and the second is the class of fixed
performance criterion. predictors of the formb,(z'~') = 3% _, qz[t—k], i.e., linear
In the probabilistic setting of the universal prediction probpredictors of some ordey.
lem, it is assumed that the data is governed by soni@own In the deterministic setting of universal prediction, the
probabilistic modelP. The objective of a universal predictorgoal is then to perform, for any individual sequence, as
is normally to minimize the expected cumulative loss, at leasell as the best predictor, tuned to that sequence, in some

Il. AN OVERVIEW OF UNIVERSAL PREDICTION
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class. Stated more formally, for a given class of pre- within an O(n~!1n(n)) termt
dictors, we seek a universal sequential predic{bf},>; 1 R 1 5 .
whose prediction algorithm is independent of the sequence, a2, Bp) < - E(z, 2) + O(n” " In(n)). (5)
) g N . .
yet its average lossi” "> ;_, (b, =[f]) is asymptotically Thus, by “plugging in” the best estimate of the predictor

thne same asningn 3,y b, w[f]) for every sequence oot fime— 1 to predictz[¢], using RLS, we obtain a
2™ = z[1], ---, z[n]. The universal predictor need not be . i . ; o : .
S : universal prediction algorithm in the deterministic setting with
necessarily inB, but it must be causal, whereas the reference . . .
réspect to the class of all fixed linear predictors of order

prepl@or in B that Mminimizes the average loss may (by In the stochastic setting, Davisson [11] has shown that
definition) depend on the entire sequente i.e., be allowed . . . .
for a stationary Gaussian time series, the expected squared

to look at the sequence in advance. sequential prediction error for a linear predictor of orger
Analogously to the probabilistic case, here we also dis- q b P

o ) . : igiven data up to time: is
tinguish between levels of universality, which are now i
accordance with the richness of the clads The first level o?[p; t] = E{x[t] — jp[t]}Q = o*[p; o] (1 + E) +o(t™h)

corresponds to an indexed class of predictors. Examples of this 4 (6)

are parametric classes of predictors like finite-state machinggere o2[p; 0] = limy—_.o0 o2[p; ], which exists and is the
. . . N bl - —o0 b H

with a given number of states, fixed-order Markov predictorgimal expected square error without the sequentiality con-
predictors based on neural nets with a given number gfqint i e, the batch error. Thus, by calculating the harmonic
neurons, and, of course, flxed—or(_jer linear predictors. The ra{&y of terms of the form/#, the time-averaged accumulation
of convergence depends on the richness of the reference clggshe additional prediction error of an RLS type algorithm
A more complex level corresponds to very large classes ligger the batch error is approximatelyn n /n for data of size

the class of all finite-state predictors (without specifying thg This establishes the universality and the convergence rate

number of states) operating on infinitely long sequences, €l¢-the prediction algorithm based on RLS in the stochastic
Here, uniform rates of convergence may not exist. Finally, 8, ,,ssian setting.

in the probabilistic setting, “twice universal” predictors can
be suggested that are universal with respect to a large class 1
of machines, yet their convergence rate, as compared with a . o ) ) ) . )
more limited class, e.g., linear predictors of orgedepends The main contnbghon of this paper is a twice un!versal lin-
on the richness of that smaller class. See [10] for a recéft’ Prediction algorithm that does not fix the order in advance,
survey paper on universal prediction. but rather weights all possible model orders according to their
We end this section by discussing the recursive least squap&ormance so far. The accumulated average square error
(RLS) prediction algorithm as an example of a universal/™)n(x; &) of this algorithm is better, to within a negligible
predictor for the class of linear predictors with a givefr™M than that of an RLS predictor whose order was preset to
model orderp. As noted in the introduction, the RLS al-P for anyp less than somé/ < cc. Since the RLS algorithm

gorithm essentially estimates the linear predictor coefficierff§ Orderp outperforms any fixed linear predictor of order
c;—k}’ k=1, -, p based on all of the data observed up 84 algorlthm attains qsymptoucally the performance of the
’ i1 best fixed (or sequential) linear predictor of any order less

; _ e +—1 . P 3 g 2
time? -1 by_rr_unlmlzmg Ei=1 ([s] k=1 cpykx[‘] K)”. than M. In our derivation, we only assume that the predicted
These coefficients are then used to predict the samp)eas sequence:[1], z[2], - - is bounded, i.e.|z[f]| < A < oo for

A _ NP t—1 o :
oplf] = ¢y, ; ¥lf — 7] Once the sampleft] is observed, %II t, but is otherwise an arbitrary, real-valued sequence.

. MAIN RESULTS

J=1 "p,Jj

the coefficients are then updated to include this sample by . e . .

L ' . p 4 : 2 . An explicit description of the universal predictor we suggest
minimizing > _; (z[j] — 22—, ¢, xxlj — k])°. This can be .

; . . L . . as follows. Leti[t] be the output of a sequential linear
done in a time-recursive efficient way. As defined in (4 . . . .

. . 2 o redictor of orderk, as obtained by the RLS algorithm with
above, the resulting sequential prediction error, or “loss,

S . 7 A .
Lo(x, &) = S (a]f] — 2,[])?. The goal of the universal model orderk. The unlversal_pre_dlctlon at timg 2,[t], is a
. . =LA ... performance-weighted combination of the outputs of each of
algorithm is to attain the performance of the best algorith . - .
. . . . e different sequential linear predictors of orders 1 through
from a certain class, which, in our case, is the class of t

pth-order linear predictors. The accumulated error of the best’ €
pth-order batch linear predictor B, (z, #5) = > (z[t] - . .

P_, & salt—j])? defined in (2). It can be easily shown [7] Tult] = Z pac[t]n[t]
that for every signal, the sequentially achieved prediction error k=1
will be greater than or equal to the batch prediction error, i.&vhere

M

1 R
exp <_%ltl($7$k)>

Lo(x, &) > En(x, #7). pltl = 47

b 1 R
Z exp <—%lt1(a:, azj)>

j=1

The interesting result, however, shown in [7], is that for ever
9 [7] lehe impact of the model order was not accurately determined in [7];

bounded signal, the RLS algorithm can sequentially a_'ChieN&Never,acarefulstraightforvvard calculation can lead t®@an—1p3 In(n))
the average prediction performance of the batch algorithm dexess loss term.
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and ¢ is a constant parameter to be defined later. Our maquared error of the universal predictor, we get the desired
theorem (and its corollary) below relates the performance & sult.

the universal predictor Proof of the Theorem:Suppose a set of sequential linear
" predictors of orderk, 1 < k < M are given, and the loss
Lz, &) = Z (z[t] — £u[t])? of each isl,,(x, #;) defined in (4). We define the following
) function of the loss of thé&th-order predictor
to that of the best sequential and batch predictors of order less Pi(z™) A Bexp <—iln(a:, §7k)>
than M. 2¢

Theorem 1:Let z[n] be a bounded real-valued arbitrar

sequence such thét[n]| < A. Then,l,(z, ) satisfies Xvhich can be viewed as a probability assignment of Atie

order model to the data[t] for 0 < ¢ < n. We also define

1 1 8A? a conditional probabilit
=l (z, Z,) < Irgn =l (x, ) + — In(M). P Y
n N n

- G 1 A
P. n—ly_ _“R\" J _ ‘
Corollary 1: k(o] [277) Poa1) P < 5 ([n], 37k[77'])>
1 where the notatiori(z[n], 24[n]) is taken to mean the in-

El"(x’ Zu) stantaneous loss at time i.e., (x[n] — 2x[n])?. Hence, the

. [1 R 8A? In(n probability assigned to the entire data sequence is simply a
S m?n{_E"(x’ )+ “n In(M) + O(%) } product of the conditional probabilities. Define the universal
probability P, (z™) as

The corollary follows from the theorem and from (5).

The theorem and its corollary tell us that the average squared N M N
prediction error of the universal prediction algorithm is within Pu(a") = Z wiFy(x")
O(n~') of the best sequential linear prediction algorithm =1
and within O(n~"In(n)) of the best batch linear predictionwhere ", w; = 1. For this proof, we use uniforma priori
algorithm uniformly for every individual sequene¢n]. Aswe  weightsw; = 1/M; however, the proof can be constructed
will see, the cost terms can be identified as a model redundamngsh other weights leading to a slightly different “redundancy
term proportional to»~! In(M) due to the lack of knowledge term.” This P, (z") yields a conditional probability
of the best model order, plus a parameter redundancy term v
proportional ton~! In(n) due to the lack of knowledge of the 1 Z Py
parameters and the learning time of RLS. M ¢

Regarding the parameter redundancy term, which is aresult ~ Pu(z[n] |z"") = —=
of applying the RLS algorithm to individual sequences, we LZP»(JC"*)
have noted that following the analysis in [7], its dependence M = !
on the model ordek is of the formO(k?In(n)/n). However,

M
in the stochastic case, as implied both by Davisson’s result and Z P;(z[n]|z" 1) Py (z" L)
Rissanen’s lower bound given in the general MDL context r]
[12], this redundancy is onlO(klu(n)/n). If the bound - M
derived by the technique of [7] is tight, it suggests that the ZPj(xnfl)
approach to “plug-in” the previous best parameters to predict J=1
the next data point used by RLS is probably not the best M
thing to do. In a current work (see [13]), we suggest a double = Z wi(n) Py(x[n]|z™ 1)
mixture approach over model orders and parameters to achieve i=1

an O(klu(n)/n) bound. This may be indicative of a new
direction for adaptive parameter estimation based on mixture

parameter models. ] = Pi(z™1)
Returning to the theorem, the basic idea behind its proof is ’ M

the following. We define a “probability” assignment of each > Pz

predictor to the data sequene€ such that the probability j=1

is an exponentially decreasing function of the total squar
error for that predictor. This use of prediction error as

probability or likelihood was also suggested by Rissanen [1 (2[n]j2"~1), where the weights.;[n] are proportional to

and Vovk [14]. By defining a universal probability as an P(z"-1): the performance of theth model on the data
priori average of the assigned probabilities, then to first Ordﬁ‘frough timen — 1.
in the exponent, the universal probability will be dominated by By the definition of P
the largest exponential, i.e., the probability assignment of the “
model order with the smallest total squared error. By relating P,(z") > max ipi(xn)

back the universal probability assignment to the accumulated

Rfbte that the conditional universal probabili#, (z[n] [z"~1)
a weighted average of thé/ conditional probabilities

(z™), we have
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which leads to Whenever (12) holds, it yields, with (7)

—In(Pu(=")) < miin{ln(M) — In(F (™)} —InP,(z") < —In P,(z") < min Ziln(a:, Z;)+In(M)—In B.

< min {ln(M) —lnB+ iln(l',i'z)} 7 . .

i 2c Since—1n P, (z™) = (1/2¢)l,,(z, #,) — 1In B
relating the negative of the logarithm of the universal prob- 1 . 1 .
ability to the total squared error of the best linear predictor, %ln(“” Fu) < m}ngln(“” &) + (M)
i.e., the minimum loss ovei. However, how is this related or
to l,(x, Z,), which is the total squared error of the universal

ictor? i [ “ ility” i 1 1 2
predictor? To answer this, we define another “probability” in L@, 20) < min 2 (x, #) + 2. (M),
[ 1 n

terms of the performance of the universal predictor n
Pu(xn) éBeXp <—iln($,§7u)> The proof is completed by choosir_ag: 4A?, which is the_
2c smallest value that guarantees, without further assumptions,
Lo M 2 that the concavity condition holds. [ |
= Bexp __Z <x[t] — Z m[ﬂ@[ﬂ) As noted in the proof, the model order redundancy term
2c =1 8A%In(M)/n can be improved upon. Rather than usiag
. " 2 priori weightsw; = 1/M, we could have weighted each of
_ HBeXp _2i <$[t] _ Z m[ﬂ@[ﬂ) the models inversely proportional to their model order, i.e.,
t=1 ¢ =1 Z—l 1
T YT T i)+ 1)
=1+ <Z m[t]@[t]) (8) 3o
t=1 i=1 j=1
where f(-) is defined as The proof remains intact with the model order redundancy
£(2) A Bexp(—(aft] — ) /2¢). ) term being—In(w,)/n rather than—In(1/M)/n, wherep

is the order of the model with the smallest prediction er-
However ror. The resulting model order redundancy term becomes
8A%(In(p)/n) + In(In(M) + 1)/n. We can also relax the
N . assumption that there is a finite known largest ordérby
Pu(z") = H Z paltlfe(:[t]) (10) using ana priori weight distribution {w;} defined over all
t=1 =1 . . i .

the integers (e.g., the universal probability over the integers
where " | J.[] = 1. Note that in (8),2,(2") is a product Suggested in [15]), although such a choice requires a compu-
of a function evaluated at a convex combination of valueitionally more complex algorithm. _
of the same function evaluated at the same values. If tR@nvergence rate is the choice ef Condition (11) requires

function £,(-) is concave and", 6; = 1, then only that ¢ upper bounds the square error of the largest
‘ prediction error. We have taken a “worst case” cautious

M M approach and chose= 442; however, in many cases, we can
ft Z Oiz; | > Z 0; fr(zi) assume that the maximal prediction error is less thanand
=1 =1 therefore,c can be smaller, leading to a smaller “redundancy

by Jensen’s inequality. The functiofi(-) as defined in (9) t€m.” _
will be concave for any values; such thatz? < c. This Finally, we note that the technique presented here actually
corresponds to ! shows the following more general result. Suppose we have a

set of arbitraryl predictors. The accumulated square error of
—ve < (2ft] — #[t]) < Ve (11) a predictor that uses a performance-weighted combination of
the output of these predictors is larger by at m@dt log M/

Since the signalz[t]| < 4, then the linearly predicted valuesthan the best predictor in this set in predicting any bounded
#;[t] can always be chosen such thaft]| < A. If the linearly  sequence. In other words, we have shown a universal predictor

predicted values are outside this range, then the pred|Ct%t outperforms a set Of “experts“ (See [16] for the problem

error can only decrease by clipping. Therefore, by Jensegigfinition). Universal prediction in this setting, with the square
inequality, whenever error loss, was also discussed in [17]. The resulting extra loss
2 of the universal predictor suggested there is even better by a

c>4A .

factor of four than our predictor. However, the proposed algo-

the functionf(-) will be concave at all of the points;[¢] and rithm, based on the Vovk procedure [;4], is more F:omplicated
, and cannot be represented as a weighted combination of the

P,(z[n]|z"™) > Pu(z"). (12) “experts” predictions.

n M

=
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TABLE |
UNIVERSAL LINEAR PREDICTION ALGORITHM BASED ON THE LEAST-SQUARES LATTICE ALGORITHM FOR TIME- AND ORDER-RECURSIVE COMPUTATION OF THE
PREDICTOR OUTPUTS THE INPUT SIGNAL 2[n] IS ASSUMED BOUNDED SUCH THAT |z[n]| < A FOR ALL n. THE AVERAGE SQUARED PREDICTION
ERROR OF THEOUTPUT 2 [n] IS WITHIN O(A? In(M)/n) oF THE BEST MODEL ORDER LESS THAN M/ UNIFORMLY FOR EVERY SIGNAL

« Initialize:
— Ym[=1] = rm[—1] = Ki41[-1] =0, for0 < m < M
« For each time: > 0 compute:
— Yol =0
— ep[n] = ro[n] = x[n]
— e5ln] = ejln] = wegln — 1] + 27[n]
—&on+1=0
« For each model ordef) < m < M compute:
— Kot [0] = @K g [n = 1] + e[l i — 11/(1 = 7m0 — 1])
— ke [1] = Koa[n]/e5alnl., Ky [1] = K[l /el — 1]
— em+t1[n] = em[n] — k5, 1 [P]rm[n — 1]
= rma[n] = ron = 1] = k7, 1 [n]en[n]
- ‘fn+1[”] = ‘fn["] - kvrn+1["]Km+1["]
- E:rL+l[71'] =en[n—1] - k1 [(R] Kt [n]
rm[n]?

“1al]

« For each model ordef) < m < M compute:
= Fmgr[n + 1] = @m[n + 1]+ &7 4 [0]rm ]/ (1 = ymn])

— Ym+1 [77] = Tm [77] +

g Zn(:':: :’1\7777-&-1) =1, (Z~ '%777.-&-1 ) + (CE[TZ] - jnl-&-] [71])2
= fmigi[n 4+ 1] = exp(=l.(x, Tmt1)/2¢)/ 22/[:1 exp(—l,(z, 2x)/2¢), c=4A?
« Compute the universal predictor output:

— Bu[n+1] = Eﬁle pm[n + 1Em[n + 1]

IV. ALGORITHMIC ISSUES predictor can be computed using any one of a large class

The main result of this paper, as stated in Theorem 1, bourffsRLS algorithms, for completeness, one such least-squares
the prediction performance of the universal predictor to withigtticé algorithm from [24] is presented in Table I, along with
a model order redundancy term and a parameter redundaH’t‘i/mOd'f'C?‘t'ons necessary to compute the unilversal predictor
term from the performance of the best batch algorithm f@UtPut. This algorithm is based on a prewindowed least-
linear prediction. An issue that remains is the computationgfuares lattice algorithm with posterioriresiduals. In order
complexity of the universal approach, which requires tH€ compute thea priori predictions of each of the different
predicted values from each of the model orders and th&podel orders and the universal predictor output, the last four
sequential prediction error to compute each predicted val@luations have been added. A forgetting faatot 1 has been
At first glance, it might appear that the computational cost #icluded to emphasize the most recent data in the calculation
our universal predictor is rather high, requiring the solutioff the parameters. Setting = 1 corresponds to the growing
of each of the linear prediction problemis= 1, ---, M in memory least-squares prediction problem. To compute the
parallel. However, the linear prediction problems for eacgxact least-squares solution, successive stages of the lattice
model order have a great deal in common with one anoth&tust be “turned on” at each time for < M, i.e., the
and this structure can be exploited. Indeed, just as the RRBler recursions are computed up to ordefor n < M. An
algorithm for a given model order can be written as a timalternative initialization, which is often used, is to set the cost
recursion, there exist time- and order-recursive solutions finctionse;,[0] and¢;,, [0] to a small constant > 0 to ensure
the least-squares prediction problem in which at each tirifeat the algorithm is stable, and then, the order recursions can
step, theMth-order prediction problem can be constructed bye computed for alin at each time. This does not produce
recursively solving for each of the predictors of lower ordean exact least-squares solution; however, it is generally very
The resulting complexity of these algorithms can be maddose to the exact solution.
to have O(M) operations per time sample, which results in This algorithm can be viewed as operatidg separate
a total complexity ofO(Mn). See, for example, the least-adaptive filters, or linear predictors, and combining their
squares lattice algorithms in [18]-[23]. Although the universaésults with a performance-weighted average. At each time,
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TABLE I
UNIVERSAL EQUALIZATION ALGORITHM BASED ON THE LEAST-SQUARES ADAPTIVE LATTICE EQUALIZATION ALGORITHM FOR TIME- AND ORDER-RECURSIVE
COMPUTATION OF THE LATTICE EQUALIZER PARAMETERS. THE INPUT SIGNAL x[n] IS ASSUMED BOUNDED SUCH THAT|z[n]| < A FORALL . THE AVERAGE SQUARED
EQUALIZATION ERRORAFTER TRAINING OF THE OUTPUT iy [1] ISWITHIN O( A% In(M )/ n) oF THEBESTMODEL ORDER LESS THAN A/ UNIFORMLY FOR EVERY SIGNAL

For each timen > 0 compute:

* Initialize:
— eg[n] = ro[n] = z[n]
— €5[n] = €5[n] = we§[n — 1] + 22[n]

= y-1ln] =71l =v-1n -1 =0
— e-1[n] = aln]
» For each model orderp = 0, ---, M — 1 compute:
= km(n] = whm[n =11+ (1 = ym—1[n = 1])em[n]rm[n — 1]
= emy1[n] = em[n] = kmln = 1rm[n = 1]/e, [n — 2]
= rmti[n] = rm[n — 1] = k[0 = 1em[n]/€f, [0 — 1]
= equqr 0] = en[n] — k3 [n]/ e, [n — 1]
— epp1ln] = enn = 1] = k7, [n]/ 7, [n]
= mln] = ym-1[n] + (1= ym—1[o])rm[n])? /€], [n]
» For each model orderp = 0, ---, M compute:
— Y [1] = Yone 1 [0 + Fon [ = U [0 /el [0 — 1]
= Em[n] = a[n] — ym[n]
= In(a, ym) = ln—1(a, ym) + @, [n]
— km[n] = wham[n — 1]+ (1 = yim—1[n])Em—1[n]rm[n]
— pim[n] = exp(~ln—1(a. ym)/20)/ 4L, exp(~lni(a, yi)/20), =447
* Finally

- fu[n] = Eﬁf:l /l’m[n]ym[n]

the universal predictor weights each of the separate predictedn the results of Theorem 1 still hold with the performance
values by, [t], which is proportional texp(—I;_1(z, &,)). measured byY(x, &,), that is
As a result, each of the different model orders compete for a 1 8A2
contribution to the output, with their contributions depending —1(x, &,) < min =1 (x, &) + — In(M).
exponentially on their cumulative sequential performance. If n kon n
any of the model orders outperforms the others, then its weighg is often used in adaptive filtering applications, a finite-
will be exponentially larger than the rest. However, the modidngth sliding window, such as a Hamming window [20], can
order with the best cumulative performance can change ower applied to the data and the performance measure with the
the length of the data, giving more weight to models aksults of Theorem 1 remaining intact.
different orders with time. There is nothing in the development of Theorem 1 that
The inclusion of an adaptation parameter or forgetting factoequires that the outputs of the adaptive filters be predictions
can be used to accommodate slowly time-varying signatsf. the input signal. All that is required is that the perfor-
Here, the parameters of the predictor for each model ordeance metric among several candidate algorithms is one of
are calculated with an exponentially decreasing emphasis seguentially accumulated squared error. The main result is
the past. As a result, the parameters reflect the most recactually more general in that it applies to any sequential
data over an “effective window” of lengti/(1 — w). If the decision problem in which several candidate approaches are
mixture weights of the universal predictor are computed usimgmpared using their sequentially accumulated squared errors.
the accumulated square-error, i.5,(x, &), then regardless As an example of another application of this result, an adaptive
of how the parameters are selected for each model order,dnualization algorithm can be developed as a direct analog of
Theorem 1, the accumulated square error for the universia¢ prediction algorithm. For example, suppose that a data
predictor will be within O(In(M)/n) of the performance of sequencei[n| is transmitted over a noisy channel such that
the best model order. However, if the mixture weights atée received signat[n] could be represented as
computed using the adaptation parameter

z[n] = Z hlkla[n — k] + wn]

Iz, &m) = wlhy_1(z, Tm) + (z[n] — af:m[n])2 k=1



SINGER AND FEDER: UNIVERSAL LINEAR PREDICTION BY MODEL ORDER WEIGHTING 2693

AR(4), N=25 AR(4), N=50
2 T T T T T T T 3 T T T T T T T
Sequential Linear Prediction o] O Sequential Linear Prediction
x x Batch Linear Prediction x x Batch Linear Prediction
18H - - - Performance Weighting F DD A 54 - Performance Weighting
————  Piug-in MDL o5l x ———  Plug-in MDL |
..... Plug-in PLS Plug-in PLS
[e]
_1er 1
g g
w o o
c =
g x 9 2t 4
2 14r o 1 2
@ @
[ o
g g
S12f e 1 2
@» o) o @15 o 7
= c
g g x
2 FTT T T T XTTTTg T T T T T T meT oo =
1+ 1 o ©
o o]
x x < L il et T
0.8+ x 1 x x
X x X
06 . . . . . . . 05 L ; L . . . .
"o 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8
Model Order Model Order
(@) (b)
AR(4), N=100 AR(4), N=500
2.2 T T T T T T T 1.8 T T 7 T T T T
o ) O Sequential Linear Prediction o] O Sequential Linear Prediction
oL x * x Batch Linear Prediction | 17k x X Batch Linear Prediction B
- = Performance Weighting -—= Performance Weighting
_ Plug—?n MDL 16+ Q _— Plug-in MDL i
18k Plug-in PLS i . . Plug-in PLS
s s or 1
] i
s16r A |
k] 5
T qqf 1 Sasf b
= >
@, 1 &zl R
g 1 c
g o g
N 244k E
1k b 9
o X
5 - 1 o i
[o]
0.8l x o o - ; 5 B)
————————————————————————————————— [0 e S e S Sl
x x x x
. . L . : \ .
% 1 2 3 4 5 6 7 s 08 y > : 7 5 . = s
Model Order Model Order
(c) (d
Fig. 2. Prediction results for a sample function of the fourth-order AR process (13). The average squared sequential predidtign,ettgr and the
associated batch prediction erra,[n] for each of thepth-order linear predictorp = 1, .-, 8 are indicated with “0” and “x" marks, respectively.

The prediction errors resulting from “plug-in” of the MDL-order predictor and the PLS-order predictor at each time step are indicated by the solid and
dotted lines, respectively. The prediction performance of the universal predictor with performance weighting is indicated by the dashednerey-@&)er
samples. (b) Fifty samples. (c) One hundred samples. (d) Five hundred samples.

where the impulse response of the chanel] represents a outputs of each of the equalizers of order less than sffe
convolutional distortion, and the signal[n] corresponds to can all be constructed recursively. The computational cost of

additive noise. Consider a loss function the algorithm is once again only as large as that for the largest
n model order, i.e.,O(M). For simplicity, we only consider

La(a, Ym) Z alt] — ym[t])? real-valued scalar data, althoug_h gen_eralization of the lattice

= methods to complex vector data is straightforward, as would be

required to implement decision-feedback or use multichannel
wherez[n] is the input, andy,,[n] is the output of thenth- data [22], [25]. As an example, we modify the least-squares
order least-squares equalizer for dafa| corresponding to adaptive lattice equalizer of [26] to construct a universal
the output total squared equalization error for an equalizer aflaptive equalizer in Table Il. The algorithm takes as input
orderm. An algorithm that generates a performance-weightedreceived signak([n], a training data sequencgn], and a
average of the outputs of all linear equalizers of order lessaximum model ordef/. A tracking parameteww < 1 has
than M can be constructed by similar means to the univebeen included to track small variations in the channel impulse
sal predictor. Since lattice methods also exist for a varietgsponse. Settingg = 1 corresponds to the growing memory
of adaptive filtering applications, including equalization, thkeast-squares equalization problem. When the equalizer is
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Fig. 3. Average prediction results for 100 different sample functions of the fourth-order AR process (13). The average squared sequentialepradictio
In(x, &p) and the associated batch prediction errBign] for each of thepth-order linear predictorp = 1, - - -, 8 are indicated with “0” and “x” marks,

respectively. The prediction errors resulting from “plug-in” of the MDL-order predictor and the PLS-order predictor at each time step are byditated
solid and dotted lines, respectively. The prediction performance of the universal predictor with performance weighting is indicated by thimela&)ed |
Twenty-five samples. (b) Fifty samples. (c) One hundred samples. (d) Five hundred samples.

operating on a training sequenag:], Table Il provides the where w[n] is a sample function from a stationary white
proper update formulas. To run in decision-directed mode @aussian noise process with unit variance. Since the main
transmitted datag[n] could be replaced by a suitably quantizedesult of this paper governs the performance of the prediction
aln] = Q(gu[n]) or Q(yx[n]). algorithm for any particular individual signal, Fig. 2 shows the
running average squared prediction error for a single sample
function from (13). The performance-weighted universal pre-
diction algorithm developed in Section IV and given in Table |
We illustrate the performance of the universal linear predigras used for a single realization ofn]. The parameter was
tion algorithms developed in this paper with several examplgst to 4; however, the performance is relatively insensitive
of signal prediction and data equalization. The first set @ changes in4. Although the process is actually of fourth
examples involve the pre_diction of sample_functions from theder, as indicated in Fig. 2(a), initiallyN = 25), the
fourth-order autoregressive process described by third order sequential linear predictor outperforms each of the
other sequential predictors. As the data length is increased,
the fourth-order predictor begins to outperform the others.
(13) For data lengths of 50, 100, and 500 samples, the universal

V. EXAMPLES

z[n] =0.92[n — 1] — 0.25z[n — 2]
—0.1z[n — 3] — 0.2z[n — 4] + wn]



SINGER AND FEDER: UNIVERSAL LINEAR PREDICTION BY MODEL ORDER WEIGHTING 2695

AR(4}, Best Batch Error - Performance Weighting Error AR(4), Best Batch Error ~ Performance Weighting Error
T T T T T T T 07 T T T T T T T T T

0.45 T

04r B

0.35)
XL 0.5 T

0.3F b

0.25F -

! = mink Ek(n)

n
u1
o
[N
T
L
n
u,1

X S 0.3
> S
x
= 0151 q =
0.2 bl
0.1 q
01k b
0.05 q
\ T
0 L L L i L L L 1 1 - 0 i L L L L i L 1 L
4 50 100 150 200 250 300 350 400 450 500 o 50 100 150 200 250 300 350 400 450 500
Data Record Length, n Data Record Length, n

(@) (b)

Fig. 4. Difference between the average prediction error of the universal predictor and the best batch predictor for a single sample function and for an
average over an ensemble of 100 sample functions of (13) are shown as a function of the length of the data record. The “x” marks indicate the data points
of Figs. 2 and 3; the lines are added as visual aids only. (a) Individual sequence. (b) Ensemble average.
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Fig. 5. Mixture weightsu[n] in the universal predictor of Table | are shown as a function of time and model order for a fourth-order autoregressive
process. (a) Mixture weights versus time and model order. (b) Model orders 1 through 4 versus time.

algorithm, which is depicted by the dashed line, outperforntse value of the minimum error and of which model order
all of the model orders, and faN = 25, the performance achieves it, this universal algorithm is able to adaptively
is very close to the best model order. In the figure, thgelect among the best-performing candidate algorithms. This
performance of “plug-in” approaches using the MDL andhakes it attractive for adaptive processing in time-varying
PLS criteria are also shown. At each time sample, the modglvironments for which a windowed version of the most
order indicated by the corresponding order-estimate was usedent data is typically used [20]. Such applications require
to predict the current sample. For brevity, we refer to thihat algorithms continually operate in the short effective data-
MDL estimate as the model order with the minimum batclength regime.

prediction error plus linear penalty term and the PLS estimateln Fig. 3, similar results to those in Fig. 2 are presented and
as the minimum sequential prediction error. The performancaveraged over 100 different sample functions from (13). The
weighted universal approach appears particularly useful fensemble average performance and rates for the autoregressive
short data records or during the startup or learning time of theocess are characteristically similar to those for a given
individual sequential predictors. Note that the final predictiosample function. However, for shorter data records, the plug-
error of this individual sequence appears to be around OB approaches appear to be considerably worse on average
rather than 1, as might be expected from (13). Regardlesstiwéin indicated in Fig. 2. In addition, the sequential algorithms
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Fig. 6. Top figure shows an autoregressive process that switches between a second- and fourth-order process every 500 samples. The middle figure shows
the mixture weightgex[r], & = 2, 4 in the universal predictor of Table | for the exponential window and sliding rectangular window. The bottom figure

shows the index of model order that has the largest weight as a function of time. (a) Exponential window. (b) Sliding rectangular window.

exhibit a more distinct minimum running average prediction
0.018

door, N=100

error as a function of model order.

In Figs. 2 and 3, the universal algorithm is shown to achieveoost b

the performance of the best of the sequential linear predic-

.014

T T

Sequential Linear Prediction
Batch Linear Prediction g
Performance Weighting
Plug—in MDL

Plug—in PLS b

tion algorithms. As the data record increases, the universa
algorithm also attains the performance of the best “batcte,,,
algorithm. Although the sequential linear predictors will alsoaz
asymptotically achieve their corresponding batch performanc':e,“01 r i
the rate at which the universal algorithm achieves the begt | o |
batch performance is at least as fast by Theorem 1 and @s $xoax
corollary. In Fig. 4, the rate at which the universal algorithrg o.ost o o° 1
approaches the best batch performance is shown as a function :
of the data length. By Theorem 1 and its corollary, this rate”""[ o0
is at mostO(In(n)/n). ooue|-

To further illustrate the operation of the model order mixture
in the universal predictor, Fig. 5 depicts the mixture weights % 5 10 s 20 25 30
ux[n] as a function of time and model order during the

prediction of the fourth-order autoregressive process usedfg 7. Prediction resuits for a 10 ms segment of speech for the word
“door” recorded at 10 kHz or 100 samples. The average squared sequential

generate Fig. 2. The waterfall plot in Fig. 5(a) depicts th&ediction errori, (x, #,) and the associated batch prediction ertagn]
progression of each of the mixture weights and illustrates hdev each of thepth-order linear predictorp = 1. ---, 30 are indicated

. S : with “0” and “x” marks, respectively. The prediction errors resulting from
the weights initially favor lower model orders until the fourth “plug-in” of the MDL-order predictor and the PLS-order predictor at each

order model eventually outperforms and outweighs the regie step are indicated by the solid and dotted lines, respectively. The
Fig. 5(b) focuses on the first 50 samples of operation aRnggdiction performance of the universal predictor with performance-weighting
demonstrates how initially, the second- and third-order modéigndicated by the dashed fine.
receive the largest weight for the first few samples. The third-
order model dominates from about the fifth through the 178low variations in the process by emphasizing the most recent
sample, after which the fourth-order model receives the largsstmples in the data history. If a tracking parameter is used,
weight. Note that for stability purposes, the operation of thbe weighting that is applied to the data corresponds to an
universal predictor was started after the tenth sample. exponential window, where the distant past, say, a sample at
The algorithm described in Table | corresponds to a growing= ng, is weighted exponentially as a function of its distance
memory implementation of the RLS algorithm. This mearnfsom the present sampie™—"°. Another method that is often
that the number of data samples used to compute the predictized to capture the most recent behavior of a process is the
parameters increases as a function of time. To accomnutass of sliding window algorithms in which only a finite-
date time-varying signals, such growing memory algorithmength windowed version of the most recent signal history is
typically use a tracking parametes < 1, as indicated in used to compute the prediction parameters. Examples of both
Table I. This enables the parameters of the predictor to trasliding window and growing window implementations of the
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Fig. 8. Mean squared equalization error after training with a BP$K)(sequence of length 25, 50, 100, and 200. Results are shown for an ensemble
average over 100 sample training sequences. The average squared equalization error for egah-ofdee linear equalizerg, = 1, - - -, 10 are indicated

with “0” marks. The average squared equalization error resulting from a performance weighting of all model orders is indicated by the solid line. (a)
Twenty-five samples. (b) Fifty samples. (c) One hundred samples. (d) Two hundred samples.

RLS algorithm can be found in [20] and [24]. In Fig. 6, théhas the largest weight. After 500 samples, when the process
performance of the universal prediction algorithm of Tabledhanges from a second-order to a fourth-order model, the
is shown when applied to an autoregressive process tpatdictor receiving the largest weight becomes the fourth-
switches between a second- and fourth-order process every 806 third-order models. Once the process changes back to a
samples. The tracking parameter was sebte 0.996, which second-order model after 1000 samples, it is again the second-
corresponds to an effective window size of approximatelyrder predictor that receives the largest weight. Finally, when
1/(1 — w) = 250 samples. The top plot in Fig. 6(a) displayghe process changes back to fourth order, the weight again
the signal to be predicted, which begins as a second-ordbifts. Note that although there is a noticeable change in the
process and then switches back and forth between a fourth- areights at the transition points, there is finite delay between
second-order process at time sample 500, 1000, and 1500. Tfree process model order change and the time in which the
middle plot in the figure displays the weighis[n] andu4[n], predictor of that order begins to receive a larger weight. In
which indicate the contribution of the second- and fourth-ord&ig. 6(b), the same set of plots are shown for an algorithm
predictors to the output of the universal predictor. The bottothat uses a sliding rectangular window of 250 samples.

plot in the figure indicates the model order whose wejglit| Speech processing is a common application in which AR
was the largest at each point in time. As might be anticipatatpdeling and linear prediction arise [19], [27], [28]. In many
initially, it is the first- and then second-order predictor thapplications, an AR model is applied to a segment of speech
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over which the signal is assumed to be stationary: typicalliie realm of adaptive signal processing algorithms to one
10-20 ms. At a sample rate of 10 kHz, for the linear moddh which algorithms are not only optimal in a stochastic
we use only on the order of a few hundreds of samples fsthmework, but also with respect to individual sequences, is
the speech signal. While there is a tendency to use lardmth an exciting direction of this work and an indication that
order linear models to extract a finer resolution of the spectraany traditional techniques may be applicable to a much
envelope of the speech signal, the larger order models cobreader class of problems.
at cost of temporal resolution since longer segments of speech
are required to accurately estimate the parameters of the AR ACKNOWLEDGMENT
model. This tradeoff between model order and data length, _ . .
which is pervasive in speech modeling, indicates that our ng]ni-The authors wish 1o thgnk Assomate_ Edltor_ A. H. Sayed
versal approach might be of significant use. As an example, %d the annonymous reviewers fof their detailed comments
prediction performance of the universal algorithm of Tableti1at considerably improved the clarity of the paper.
is shown in Fig. 7 for a 10-ms segment from the spoken
word “door.” The speech signal was normalized to have unit
variance, and the parametémwas set to its maximum absolute [1] H. Akaike, “A new look at the statistical model identificationEEE
value of 2.8. The performance-weighted approach outperforms Trans. Automat. Contryol. AC-19, pp. 716-723, Dec. 1974.
almost all of the sequential linear predictors as well as th&! izRESaZZ?,'_f?fdi'é”% by shortest data descriptiohtomatica,vol.
commonly used plug-in approaches. [3] G. Schwarz, “Estimating the dimension of a modeiin. Stat.yol. 6,
th;—hberogr;alsceoxample on C.iata _eqqallzatlon_ IS. indicative .0:14] ‘r]1.0|'?izs’sgr?ér?,q];g?:digt?;sl.east squares principl&fA J. Math. Contr.

pe of adaptive filtering applications to Which ™ |ntorm. vol. 3, no. 2-3, pp. 221-222, 1986.
our performance-weighted approach might apply. To simulatf] M. Wax, “Order selection for AR models by predictive least squares,”
propagation over a multipath channel with a signal to noise fp'erngggs' Acoust., Speech, Signal Processing, 36, pp. 581-588,
ratio of about 30 dB, an ensemble of 100 BPSKI] signals (6] A. Barron, J. Rissanen, and B. Yu, “The minimum description length
a[n] were convolved with the impulse response of the filter  principle in coding and modeling (invited paper)ZEE Trans. Inform.
with  transfer fun_CtionH(_z) = _1 + 0'752__1 + (_)'52_2 + [71 Lh?\;ljgh\gllla‘m I?Aplfg;;_za?]?ve?scél égr?ghwes for sequential decision
0.227% + 0.12~* in additive white Gaussian noise of stan-  from individual sequences EEE Trans. Inform. Theoryyol. 39, pp.
dard deviation 0.025. In Fig. 8, the ensemble average mean 1280-1292, July 1993. _

o .. . ] B. Y. Ryabko, “Twice-universal coding,Probl. Inform. Transmuvol.
squared equalization error after training with 25, 50, 100, 5 05 173-177, July/Aug./Sept. 1984.

and 200 samples are shown. The running-average squarsi , “Prediction of random sequences and universal codiRgobl.
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