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Linear Turbo Equalization for Parallel ISI Channels
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Abstract—We propose a method for exploiting transmit diver-
sity using parallel independent intersymbol interference channels
together with an iterative equalizing receiver. Linear iterative
turbo equalization (LITE) employs an interleaver in the trans-
mitter and passesa priori information on the transmitted symbols
between multiple soft-input/soft-output minimum mean-square
error linear equalizers in the receiver. We describe the LITE
algorithm, present simulations for both stationary and fading
channels, and develop a framework for analyzing the evolution of
the a priori information as the algorithm iterates.

Index Terms—Belief propagation, decoding, equalizers, inter-
symbol interference (ISI), iterative methods.

I. INTRODUCTION AND PREVIOUS WORK

DUE TO THE prevalence of intersymbol interference (ISI)
channels in a variety of communications systems, much

effort has been devoted to developing effective and computa-
tionally inexpensive ways to equalize them. The performance of
suboptimum equalization schemes can be improved by incorpo-
rating soft-input/soft-output (SISO) devices. We propose linear
iterative turbo equalization (LITE) [1], an iterative algorithm for
combating ISI on multiple independent channels. Data is ran-
domly interleaved prior to transmission over each channel; the
receiver employs a SISO minimum mean-square error (MMSE)
equalizer for each channel and passes soft information among
the equalizers until convergence. Such a scheme could be easily
incorporated in an automatic repeat request (ARQ) communica-
tions protocol, where packets received with poor signal-to-noise
ratio (SNR) are requested for retransmission, by simply per-
muting the original bit sequence before retransmission.

The LITE algorithm is inspired by the structure of turbo
codes [2] and turbo equalization [3]. Since the introduction of
these schemes, many iterative algorithms for equalization alone
have been proposed [4]–[9]. The LITE algorithm differs from
turbo equalization in its use of MMSE rather than maximum
a posteriori (MAP) equalizers and its methods for using soft
information to determine the equalizer coefficients. Though
much work exists in the area of multiple-input/multiple-output
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Fig. 1. Equivalent baseband discrete-time channel model and LITE block
diagram. Interleaving is represented by�.

(MIMO) equalization, it generally focuses on scenarios in
which the multiple channels are correlated [10]–[12], while the
LITE algorithm is designed to exploit the case in which the
channels are independent. This transmission strategy has also
been considered in [7], [9], and [13], but with more complex
MAP decoding methods.

In [14], density evolution has been used to analyze the per-
formance of belief-propagation decoders for low-density parity-
check (LDPC) codes. We use a similar method to study the
performance and convergence behavior of the LITE algorithm
as a function of the soft information exchanged among equal-
izers. Its simple structure makes the LITE algorithm an ideal
model for examining the role of soft information in a variety of
schemes employing SISO MMSE equalizers.

II. CHANNEL MODEL

We consider the channel model shown in Fig. 1. The soft
information for bit is denoted by and referred to as the
prior on . The data is segmented into blocks, , and
randomly interleaved prior to transmission overeachchannel. As
a result of this interleaving, the priors generated by one equalizer
can be assumed to be independent of those generated by the other
equalizer for a certain number of iterations. Hence, priors can
be exchanged between equalizers without the creation of short
feedback cycles. We assume that the data is binary phase-shift
keying (BPSK)-encoded, and are discrete-time finite
impulse response (FIR) ISI channels, and uncorrelated additive
white Gaussian noise (AWGN) is present in each
channel. The two channel outputs can be written as

(1)

(2)

0090-6778/03$17.00 © 2003 IEEE



IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 51, NO. 6, JUNE 2003 861

where is the input symbol stream, is the interleaved
symbol stream, and and are the
lengths of the channels.

III. T HE LITE ALGORITHM

The SISO equalizers in the LITE algorithm take as input both
a received sequence and prior probability distributions
over each of the transmitted bits. Each equalizer then produces
new priors on the symbols. Such priors are passed between the
linear equalizers until a convergence criterion is reached. The
received vector can be written in matrix form as

(3)

where is the convolution matrix whose rows are shifted ver-
sions of , and and are vectors of transmitted bits and
noise samples, respectively. Given the received vector, the
output of the equalizer can be expressed as

(4)

where denotes the equalizer coefficients at time. With
this model, the mean-squared error (MSE) of a symbol estimate

is given by , where the notation
indicates an expectation over the distribution of the sym-

bols and the noise .
Traditional MMSE linear equalization assumes that the

transmitted symbols are independent and identically distributed
(i.i.d.) with all values equally likely, thus producing time-in-
variant equalizer coefficients. In the LITE algorithm, however,
priors are available from each equalizer and are included in the
error minimization, yielding time-varying equalizer coefficients

. For BPSK, the prior information can be represented with
a scalar as . These priors are incorporated
into the design of the linear MMSE equalizer by minimizing

noting that are no longer i.i.d. Similar equalizer
designs and low-complexity approximations to these designs
are developed in [4], [5], [15], and [16].

For the first pass through the equalizer for channel 1, we set
; for all subsequent iterations, the MMSE linear esti-

mates of produced by one equalizer are mapped into priors
and passed to the other equalizer. Assuming the distribution of
the symbol estimates is conditionally Gaussian, we write

(5)

and similarly for , where and are the mean
and variance of the estimateconditioned on . The prior

can then be calculated as follows:

(6)

In our analysis of the LITE algorithm, we consider the dis-
tribution over the ensemble of the priors, and hence, require a

Fig. 2. Performance of a range of equalization schemes on stationary channels.

time-invariant approximation to the time-varying quantities
and [16]. We use

(7)

(8)

where denotes the number of positive elements in the block
of estimates .

Standard assumptions about the independence of the priors as
a result of interleaving are applied. For the LITE algorithm to
be well behaved [15], we also require that the estimate of a bit

not be a function of the prior . Thus, we set equal to
when is estimated, i.e., we pass only extrinsic information
between the SISO equalizers.

Using recursive updates to compute the equalizer coeffi-
cients, the complexity of the LITE algorithm can be reduced to,
at most, [4], [15], where is the length of the channel;
in contrast, MAP and maximum-likelihood sequence (MLS)
detection are exponential in the channel length. In addition,
the complexity of the MMSE equalizers employed in the
LITE algorithm does not increase with higher order symbol
constellations [15], while the complexity of MAP detection
grows as , where is the size of the symbol constellation.

IV. PERFORMANCE OF THELITE ALGORITHM

The LITE algorithm has been simulated for
. One thousand blocks of length of

symbols have been processed with a five-tap equal-
izer. Fig. 2 shows the performance results for the LITE algo-
rithm as well as for a variety of other equalization schemes. The
plot reveals that the LITE algorithm attains performance gains
of at least 3 dB over both joint MMSE and decision-feedback
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TABLE I
CHANNEL PARAMETERS AND POWER DELAY SPECTRUM FORHILLY TERRAIN FADING CHANNEL MODEL

WITH 12 INDEPENDENTLY RAYLEIGH FADING TAPS

Fig. 3. Performance of joint MMSE linear, LITE, and MITE equalizers on
independently Rayleigh fading channels.

equalization (DFE) and slight gains over MAP detection without
interleaving. In addition, the LITE algorithm performs up to
4 dB better than a repetition code and within 0.5 dB of a convo-
lutionally coded system with generator sequences
and . Finally, the LITE algorithm nearly achieves
the bit-error rate (BER) of the AWGN performance curve and
is within 0.25 dB of the performance of MITE, the turbo-equal-
ization structure using MAP detectors instead of MMSE equal-
izers, for dB.

To explore wireless applications, we simulate the LITE algo-
rithm for and independently Rayleigh fading multipath
channels. To generate the channels, a global system for mobile
communications (GSM) hilly terrain model with 12 multipath
delays [17] was used; the parameters of the model are given
in Table I. The resulting channels were baud sampled yielding
equivalent discrete-time baseband responses of roughly seven
nonzero taps. We assume a block fading scenario and consider
300 blocks of 500 symbols each. A nine-tap equalizer is used for
both joint MMSE equalization and the LITE algorithm. Fig. 3
shows that the LITE algorithm performs at least 2 dB better than
joint MMSE equalization for BER and at least 4 dB
better than joint MMSE equalization for BER . In addi-
tion, the LITE algorithm performs within 1.5 dB of the MITE
algorithm.

V. EVOLUTION OF PRIORS IN THELITE ALGORITHM

In this section, we develop a framework for analyzing how
the priors change as the LITE algorithm iterates. Since the priors
are functions of the received data, they are random variables and
can be viewed as originating from a single marginal distribution.
For simplicity, we assume that this distribution is discrete. Given
a set of priors chosen according to an initial probability mass
function (PMF) as input to the LITE algorithm, we examine the
evolution of this PMF as the algorithm iterates.

We refer to the vector of input bits (the bits that affect
the estimate of the bit ) as a bitword. For a given bitword

and an associated vector of priorsas inputs, the estimate
given by one iteration of the LITE algorithm is Gaussian

distributed due to AWGN present in the channel. The mean and
variance of this distribution can be written as

(9)

(10)

where . We consider a five-point PMF with
values equally spaced between 0 and 1. Since the cases of

and (where is the symbol to be estimated) are
symmetric, we study only the case in which and the other
elements of the bitword take all possible combinations of
and . We calculate the mean and variance of the Gaussian
distribution of that results for each possible combination of
bitword and input priors, and map the distributions to
PMFs. To calculate the output PMF for a given iteration, each
PMF is weighted according to the probability that the
pair that generated it occurs. For the first iteration, no prior in-
formation is available, i.e., ; for all following
iterations, we compute for
each . Since are assumed to be indepen-
dent of all for , we can write

(11)
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Fig. 4. EXIT chart generated via PMF analysis and mutual information
computed from LITE simulation over five iterations.I andI denote mutual
information at the input and output of a device, respectively; the superscript
indicates which equalizer is being considered.

where is the length of . All bitwords are assumed to be
equally likely, so for any . By total proba-
bility, the output PMF is a weighted sum of the individual PMFs

(12)

We have analyzed the evolution of the PMF of the priors for
and an equalizer of

length five. For dB, the results show that the weight
at each point of the PMF is nearly constant after only two itera-
tions, indicating that the PMF appears to converge.

To explore the prediction of BER from PMFs, we simulate
the LITE algorithm for and as given above. We quantize
the priors to the five-point PMF and compute the conditional
mean and variance analytically, i.e.,

(13)

(14)

to more closely match the structure of the analysis. Approx-
imating BER from the PMF analysis as

, the results show
a clearly linear relationship between the approximated and
simulated BER. For dB, the estimated BER is
within 5% of the BER in practice.

Extrinsic information transfer (EXIT) charts, introduced by
ten Brink in [18], track the evolution of mutual information
between the transmitted data and the priors as an algorithm
iterates. While EXIT charts are typically constructed empiri-
cally, the PMF analysis described above allows us to compute
EXIT charts analytically. For each iteration, we compute the
mutual information between the transmitted bits and the output

PMF generated in that iteration. We plot in Fig. 4 the mu-
tual information at each iteration of the simulation along with
the analytically generated EXIT chart, both for
dB. The mutual information computed via simulation nearly
exactly follows the evolution predicted by the EXIT charts gen-
erated from the PMF analysis, indicating that the analytically
computed EXIT chart can be used to predict the maximum
mutual information that can be achieved and the number of
iterations required to reach that value.

VI. CONCLUSION

We have presented an iterative equalization algorithm for
multiple ISI channels which passes soft information between
multiple MMSE equalizers. Simulation results show that the
LITE algorithm performs significantly better than conventional
low-complexity methods and nearly as well as MAP estima-
tion. We have also developed a framework for analyzing the
evolution of the priors in the LITE algorithm and discussed its
application to BER estimation and EXIT chart generation.

REFERENCES

[1] A. Singer, J. Nelson, and R. Koetter, “Linear iterative turbo equalization
(LITE) for dual channels,” inProc. 33rd Asilomar Conf. Signals, Sys-
tems, Computers, vol. 2, Oct. 1999, pp. 1670–1674.

[2] C. Berrou, A. Glavieux, and P. Thitimajshima, “Near Shannon limit
error-correcting coding and decoding: Turbo codes (1),” inProc. IEEE
Int. Conf. Communications, May 1993, pp. 1064–1070.

[3] C. Douillard, A. Picart, P. Didier, M. Jezequel, C. Berrou, and A.
Glavieux, “Iterative correction of intersymbol interference: Turbo
equalization,”Eur. Trans. Telecommun., pp. 507–511, Sept. 1995.

[4] X. Wang and H. V. Poor, “Iterative (turbo) soft interference cancellation
and decoding for coded CDMA,”IEEE Trans. Commun., vol. 47, pp.
1046–1061, July 1999.

[5] A. Glavieux, C. Laot, and J. Labat, “Turbo equalization over a frequency
selective channel,” inProc. Int. Symp. Turbo Codes, Sept. 1997, pp.
96–102.

[6] W. Gerstacker, R. Muller, and B. Huber, “Iterative equalization with
adaptive soft feedback,”IEEE Trans. Commun., vol. 48, pp. 1462–1466,
September 2000.

[7] D. Emmer and V. Franz, “Method and apparatus for data transmission,”
Int. Patent EP912 021A2 to Siemens AG, Apr. 28, 1999.

[8] A. M. Chan and G. W. Wornell, “A new class of efficient block-it-
erative interference cancellation techniques for digital communication
receivers,”J. VLSI Signal Processing, vol. 30, no. 1–3, pp. 197–215,
Jan.-Mar. 2002.

[9] K. Balachandran and J. Anderson, “Mismatched decoding of inter-
symbol interference using a parallel concatenated scheme,”IEEE J.
Select. Areas Commun., vol. 16, pp. 255–259, Feb. 1998.

[10] W. Choi and J. Cioffi, “Multiple input/multiple output equalization for
space-time block coding,” inProc. IEEE Pacific Rim Conf. Communi-
cations, Computers, Signal Processing, 1999, pp. 341–344.

[11] A. Maleki-Tehrani, B. Hassibi, and J. Cioffi, “Adaptive equalization of
multiple-input multiple-output frequency selective channels,” inConf.
Rec. 33rd Asilomar Conf. Signals, Systems, Computers, vol. 1, 1999,
pp. 547–551.

[12] , “Adaptive equalization of multiple-input multiple-output chan-
nels,” in Proc. IEEE Int. Conf. Communications, vol. 3, 2000, pp.
1670–1674.

[13] D. Doan and K. Narayanan, “Iterative packet combining schemes for
intersymbol interference channels,”IEEE Trans. Commun., vol. 50, pp.
560–570, Apr. 2002.

[14] T. Richardson and R. Urbanke, “The capacity of low-density parity
check codes under message-passing decoding,”IEEE Trans. Inform.
Theory, vol. 47, pp. 599–618, Feb. 2001.

[15] M. Tuechler, A. Singer, and R. Koetter, “Minimum mean-squared
error equalization usinga priori information,” IEEE Trans. Signal
Processing, vol. 50, pp. 673–683, Mar. 2002.

[16] M. Tuechler, R. Koetter, and A. Singer, “Turbo equalization: Principles
and new results,”IEEE Trans. Commun., vol. 50, pp. 754–767, May
2002.

[17] Draft GSM 05.05 v8.2.0, 1999.



864 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 51, NO. 6, JUNE 2003

[18] S. ten Brink, “Convergence behavior of iteratively decoded parallel con-
catenated codes,”IEEE Trans. Commun., vol. 49, pp. 1727–1737, Oct.
2001.

[19] W. Ryan and A. Ghrayeb, “Precoder design for concatenating convo-
lutional codes with intersymbol interference channels,” inProc. IEEE
Wireless Communications and Networking Conf., vol. 3, 2000, pp.
1013–1018.

[20] G. D. Forney, “Maximum-likelihood sequence estimation of digital se-
quences in the presence of intersymbol interference,”IEEE Trans. In-
form. Theory, vol. IT-18, pp. 363–378, May 1972.

[21] D. Divsalar, H. Jin, and R. J. McEliece, “Coding theorems for ‘turbo-
like’ codes,” inProc. 36th Annu. Allerton Conf. Communication, Con-
trol, Computing, 1998, pp. 201–210.

[22] J. Hagenauer, A. Schaefer, and C. Weiss, “An all-analog ring network
for turbo detection of convolutionally encoded DPSK signals,” inProc.
IEEE Int. Symp. Information Theory, June 2000, p. 422.

[23] Y. Wu and B. D. Woerner, “The influence of quantization and fixed point
arithmetic upon the BER performance of turbo codes,” inProc. Vehic-
ular Technology Conf., vol. 2, 1999, pp. 1683–1687.

[24] M. Tuechler, S. ten Brink, and J. Hagenauer, “Measures for tracing con-
vergence of iterative decoding algorithms,” inProc. 4th Int. ITG Conf.
Source and Channel Coding, Jan. 2002, pp. 53–60.

[25] L. Bahl, J. Cocke, F. Jelinek, and J. Raviv, “Optimal decoding of linear
codes for minimizing symbol error rate,”IEEE Trans. Inform. Theory,
pp. 284–287, Mar. 1974.


	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


