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V. CONCLUSION [12]

We have considered the capacity of multiple-antenna systems if 3
Rayleigh flat fading under the assumption that CSl is available at both
ends of the system. First, we derived the capacity of such systems in
the case when only the transmitter is equipped with multiple antenna$t!
We showed that the capacity of this system is, in fact, the same as a
receiver-only diversity system with maximal ratio combining. We also[15]
proposed a transmission diversity scheme (maximal gain transmission)
that is mathematically equivalent to a receiver-only diversity systen{lsl
with selection combining and evaluated its capacity. 17]

Next, we derived capacity expressions for a general system with mu[—
tiple antennas at both transmitter and receiver. We showed that the o8]
timal power allocation is given by a matrix water-filling algorithm. We
obtained an equation that determines the cutoff value for such systerrggl
which can be evaluated via numerical root-finding, and a correspondin
closed-form expression for the capacity with optimal power and ratg20]
adaptation. We evaluated this capacity for some representative situa-
tions and demonstrated similarities with the capacity of such systen@ll
when CSl is available only at the receiver end. [22]

In all these cases, the only step that required numerical techniques
in determining the capacity is the evaluation of the cutoff valyeln [23]
order to circumvent this problem, we also derived approximations to
the cutoff value for all cases considered. Numerical results show thaf?!
these approximations yield good capacity estimates when the SNR or
the number of antennas is sufficiently large.

From these capacity computations for multiple-antenna systems with
adaptive transmission techniques we observe that large capacity gains
are possible compared to the receiver-CSl-only systems. The tradeoff
for these increased capacity values is the outage probability incurre
by the adaptive power and rate allocation schemes. We derived simpl
upper bounds for this outage probability and showed that the channe
outage probability may also be decreased by increasing the number of
antennas.
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nels). Some prominent schemes include Bell Labs layered space—time Ill. THE SEPARABILITY OF DEMODULATION AND DECODING
(BLAST) [3], space—time trellis codes [4], space—time block codes

(STBCs) from orthogonal designs [5], [6], and linear dispersion COdﬁﬁood demodulation and decoding is optimal in the sense of mini-

(LD codes) [7]. . mizing the error probability. However, if the probability distribution

In this correspondence, we study bit-linear linear dispersmd} the modulator inpub,. .. ., bx conditioned on the channel output
(BL-LD) codes, a class of LD codes whose codeword matrices &€_ v and the CSH :’ H ié a product distribution, i.e

linear in each information bit. In a multiple-antenna communication *

system, if a BL-LD code is used as the modulation code and there , _ , be = b V. H) = 1T oibe = 0. Y. H 3

is some channel coding preceding it, joint maximum-likelihood pOr=buy.oos b = bufY H) kl;[lp( e=h ) @)
demodulation and decoding is optimal in the sense of minimizingen demodulation and decoding can be separated without loss of op-
the error probability. Here, we treat the decoding of BL-LD code,_sﬁna"ty_ Define the LLR for bith, as

as demodulation. We find necessary and sufficient conditions on A plby = +1|Y, H)

the dispersion matrices of the BL-LD code such that the probability Le(bi) = 1n m (4)
distribution of the information bit vector (at the input of the BL-LD . . POk = . .

" If (3) is satisfied, the demodulator output&adimensional LLR vector
encoder) conditioned on the channel output and the channel st (b)) L. (b)) which contributes a sufficient statistic for de-
information (CSI) is a product distribution. Therefore, under those ©\ ' /> == ==K, . .

. . . . coding. Here we treat the decoding of BL-LD codes as demodulation.
conditions, demodulation and decoding can be separated without 13SS

of optimality. The demodulator outputs a log-likelihood ratio (LLR) N followmg theorem states necessary and sufflcllent conditions on
vector the dispersion matricelsd, ..., Ax } for the separation of demodu-

Our notation will be as follows: capital letters denote matrices; urlla-1t|0n and decoding without loss of optimality.

derscores denote vectors; boldfaced letters denote random objects; dagiheorem 1: LetC be a BL-LD code with dispersion matricels, €

Given the channel output, it is well known that joint maximum-like-

gers denote complex conjugate transpose; asterisks denote com@lexX”, 1 < k < K. The probability distribution ob, , ..., bx condi-

conjugation. tioned on the channel outplit = Y and the CSH = H is a product
This correspondence is organized as follows. In Section I, we ddistribution for allY” andH, i.e.,

scribe the signal model used in this correspondence. In Section Ill, we K

will present our main result, the necessary and sufficient conditions p(b1 = b1, ..., bx =bx|Y, H) = Hp(bk =be|Y, H)

for the separation of demodulation and decoding without loss of opti- k=1

mality. We will show that the probability distribution of the LLR vectorif and only if LAI + AJA} =0 foralli,j,andi # j.

conditioned on the CSl is a product distribution. Section IV contains  Proof: See the Appendix. O

our conclusions. . . I .
If the number of information bitd{ is large, it may be computa-

tionally inconvenient to verify the condition$; AT + 4; Al = o for
1<i<K,1<j<K,andi # j. Next, we derive necessary and
sufficient conditions on the codeword matrices of the BL-LD codes for
We assume that the MIMO channel contaitisansmit antennas and the rGQUiremenﬂiA; + A;AT = 0,Vi,Vj,i # j to hold. In some
r receive antennas. The coefficignt ; denotes the complex channelcases, the conditions on the codeword matrices are easier to verify than
gain between transmit antenjpand receive antenriaWe assume that the conditions on the dispersion matrices.
h; ; experiences independent and identically distributed (i.i.d.) fre- .
quéncy flat fading for ali andj. The CSI matrixd = [h; ;] € C"™*' Lemma 1: LetC bef BL-LD code
is known to the receiver only and does not change within a block of> — {X(Q): X@:Z beAg, b=(b1, ..., bx)€{-1, +1}1(}
T symbols. From block to blockH changes independently (block 1
fadxiqg). LetX ¢ CXT indicate the transmitted signal matrK, € it dispersion matriced, € C***,1 < k < K. MatricesA; and
C""" Dbe the received signal matrix such that the discrete-time basg- gafisfy the conditiond; AT + 4,47 = 0,¥i,¥j,i # j if and
band equivalent channel model is only if the codeword matrixX (b) satisfieﬁX(Q)X”l@) = (o, Vb.
_ The constant matrik’s must be equal t§ ", AxAl.
Y=HX+N (1) Proof: We first prove the only if part of the claim.
If 4;AT+ A; A7 = 0, we have

Il. SIGNAL MODEL

whereN € C"*7 is an additive noise matrix with i.i.d. entries, j~

CN(0, 207). K K f
We focus on the study of a class of LD codes which is defined as X)X )= <Z b/cAk) (Z btA:>
follows. k=1 =1
K
Definition 1: ABL-LD code( is an LD code whose codeword ma- = Z ApAl 2 . (5)
trices are linear in the information bits i

P We now prove the direct part of the claim.
C=!¢X:X= Z brAp, bi € {—1, +1}, Yk ) Defineb to be the vector consisting of the elements @xcept for
=1 : b; andb;, and defineX (b) = X (b) — b; A; — b; A, then we have

whered, € C'*T, 1 < k < K are the dispersion matrices. [X(é) +b: A + b;’A;’] [X(E) + b A + bjAj] =Co. (6)

It is easy to verify that with pulse amplitude modulation (PAM) of\[ter Some manipulation, we obtain
quadrature amplitude modulation (QAM) (with each dimension asan ¥, [X’@AI + AZX@T] +b; [X@Aj + A]X(E)T]
independent PAM), the STBCs [6] and LD codes [7] are BL-LD codes. bt

We assume that the information bits are independent and equiprob- +bibj(Aidj + A;47)
able. =Co - X(b)(X(D)" — A, AT — 4,47 @)
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If we fix b, the above matrix equation should hold for arbitraryn this case, if each symbol is modulated:byits, the STBC decoder
(b;, b;) € {—1, 1}*. Before proceeding, we first consider the fol-outputs an\/ 2" -dimensional probability vector.

lowing one-dimensional problem. If the equation Now assume the demodulation and decoding can be separated
arbi + aabj + asbib; = o without loss of optimality. The demodulator output&adimensional
LLR vector (L.(b1), ..., L.(bx)) which contributes a sufficient

holds for all(b;, b;) € {—1, 1}, we obtain the following four equa-

tions by considering the possible values bf, b; ): statistic for decoding. The following lemma states the properties of

the probability distribution of the LLR vector.

ay + s + a3 =y, Q| — g — 3 = (4
, _ _ Lemma 2: LetC be a BL-LD code
— —|— X2 — (X3 = (4, -1 — (2 —|— 3 — (V4. ,
29
It follows that the constant coefficients must satisfy= o> = a3 = - WK
X X ; C=<SX(0): X()=)» bpAk, b=(b1, ..., bx)e{-1, +1
a4 = 0. Applying this result, we obtain { (B): X (b) ; ki b=(br, oo b) €41, +1} }

AAT 4+ AGAT = . : . + s
s A with dispersion matriced, € C**%, 1<k < K. If A;AT4+A A7 =0,

X(B)A] + AX(b)' =0 Vi,Vj,i # j, the following two properties hold:
X(Q)Aj +4,X0)" =0 1) p(Le(br) =Ly, ..., Le(bx) = L |H. by, ..., bi)
Co— X(B)(X ()" — 4,47 — 4,41 =0 -

. N = || p(Le(br) = Lx|H, br);
It then follows thatCy = Y"1, A A} O JI

Lc(bx) = Lx|H)
K

Now we obtain two different forms of the necessary and sufficient 2) P(Le(bi) = Li, ...
conditions for the separation of demodulation and decoding without

loss of optimality. = H p(Le(br) = Li|H).
k=1
Corollary 1: LetC bre a BL-LD code Proof: See the Appendix. 0
C={XD): X(b)=Y by, b=(b1, ..., br)e{-1, +1}"
{ (B): X(b) I; e, b=(b b €4=1, 41} } IV. CONCLUSION
with dispersion matricest;, € C'**,1 < k < K. The following We have studied several properties of BL-LD codes, including nec-
three statements are equivalent: . essary and sufficient conditions on the dispersion matrices foathe
B B B B - B B ) posterioridistribution of the information bit vector to be a product dis-
D pbr =bi, ... br = br|Y, H) = H p(bx = br[Y, H); tribution, i.e., the separation of demodulation and decoding at the re-

k=1

i ; o . ceiver without loss of optimality. These properties are also useful in the
2) AT+ AA] =0,V V5,0 # 5,

derivation of a variety of mutual information inequalities with respect

- th
3) X( )X (b) = Co, Vb. toI(b1, ..., bx;Y|H), which can be used to aid in the design of the
Proof: Follows from Theorem 1 and Lemma 1. U dispersion matrices for BL-LD codes. This is an area of ongoing re-
Next, we give a BL-LD code example which satisfies Corollary 1.5€arch.

The STBCs from orthogonal designs can be described in the fol-

lowing way: APPENDIX |
M ) PROOF OF THEOREM 1
- {X: A= I;(S’“B’“ + S“B’“)} 8) Here we prove that necessary and sufficient conditions for
whereSy, 1 < k < M are the modulated symbolBy., 1 < k < M p(by =by, ..., by = by |V, H)

andB,, 1 < k < M, are complex coefficient matrices. If binary s s o o
phase-shift keying (BPSK) or quaternary phase-shift keying (QPSH) be a product distribution aré; A} +A4;A] = 0foralld, j, andi # .

is used, as mentioned in Section II, the STBCs from orthogonal de-Proof: Define the vectob asb = (b1, ..., bx). Since
signs are BL-LD codes. Furthermore, the codeword mairbatisfies K

XX = (0, IS = M|Si|*I,. Applying Corollary 1, we Y= bHA+N

conclude that for the STBCs from orthogonal designs (with BPSK or k=1

QPSK modulation), the probability distribution &f, ..., bx condi- we have

tioned on the channel outplit = Y and the CSH = H is a product

distribution. rb=0Y =Y . H=H)

The question arises as to whether or not there is such a BL-LD code = p(b)p(
that it is not from an orthogonal design but satisfying Corollary 1. The  — o=, ) (/275) 2"
answer is Yes. The following BL-LD code is an example:

e (2 b Al E ) (g

In [8], for several STBCs from orthogonal designs, simple decoding
algorithms were provided and it was shown that maximum-likelihood

decoding of the symbolS;, ..., Si can be decoupled. It is equiv- -t

alent to say the probability distribution of the symbd@ls, ..., S =27 5p(H) (\/_(7)

conditioned on the channel output and the CSl is a product distribu- K

tion, i.e., tr {YYT + 3 HA,CAZH*}
cexpq — —

p(S1 =51, ..., S =SulV, H) = [ p(Sk = S|V, H). 207
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K
tr { b(YALHT + HAkYJf)}
k=1

P 257

K—1 K
tr{— DY bib]'H(AiAHAJ'ADHT}

i=1 j=it1

- exp
! 202

=a(H,Y)
K K—-1 K
~exp{2bkLk(iﬂ H)-> > bib]»Gi,j(H)} (9)
k=1 i=1 j=i+1

where
y - —27rT
alH,Y) 2 2 5 p(H) (\/ 27r0)
K
tr{yw + Y HAALH }
k=1
202

cexp { —

A te{VATH' + HA YT}

202

[

L.(Y, H)

and

e

te{H(A; Al + A;ADHT)
202 ’
We first prove the direct part of the claim.
If A, AT+ A, AT = 0foralli, j, andi # j, we haveG, ;(H) =0
and from (9), we obtain that

Gy, ;(H) (10)

K
p(b, Y, H)=«o(H,Y) exp{Zb;Li(Y, H)} (11)

i=1
Then, we have
p(by, = 1|Y, H) _ pby=1,Y, H)
plbe = —1Y. H) ~ p(be = -1, Y, H)
> pb Y, H)

_ b:bp=1
> Y, H)
b:bp=—1
=D, (12)
It follows that
K K br L (Y, H)
- (&4
Hp(bk:bkp/* H): H eLAr(Y:H)-F@—Lk(Y‘H)- (13)
k=1 k=1
On the other hand, after some manipulation, we obtain
p(b=10lY, H)
_p(Y, H)
p(Y.H)
K
exp{ > beLi(Y, H)}
_ k=1
- K
> > exp{z bkLk(KH)}
bie{—1,4+1}  bre{-1,+1} k=1
K
exp{ > bkLk(Y,H)}
_ k=1
- K N
> exp{bi Li(Y,H)}
k=1 b”ke{*l-,“rl}
K bl (Y. H)
= H TR o= T (Vi) (14)

Comparing (13) and (14), we arrive at the product distribution.
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We now prove the only if part of the claim. According to (9), we have
pb=(b1,....bi1,+1,bir1,..., b)Y, H)
p(é: (b1,...,bi_17—1,bi+1,...7b[() }:H)

1—1
= oXp{ZLi(Y, H)—=2) b;G;i(H)=2
j=1

K
> bjGi,j(H)}.

j=it1

Ifp(by = b, ..., bx = bx|Y, H)isaproductdistribution, we obtain
i—1 K
eXp{ZL,'(Y, H)=2) b,G,i(H)=2 > bjGi,j(H)}
j=1 J=i+1
_ p(b; =+1|Y, H)
= b =~V )’ (15)

Since the right-hand side (RHS) of (15) is invarianbfoe {—1, +1}
for all j # ¢ and must hold for all#, it follows G ;(H) = 0 if
1<j<i—-1landG; j(H)=0ifi+ 1< j < K. According to the
definition in (10), it follows thatd; AT + 4,47 = 0for1 <i < K,
1< j < K,andi # j sinceH is arbitrary. O

APPENDIX Il
PrROOF OFLEMMA 2

Here we prove two properties of the probability distribution of the
LLR vector in Lemma 2.
Proof: We have
K
Y=HX+N=) bHA+N.
k=1
If A;AT + A;A7 = 0,i # j, from the definition of LLR in (4), and
along with (12), we have
tr{VALHY + HA, YT}

o2

K )
tr{ S b H(AAL + AL ADHY $ NATHY + HAkN*}
=1

L.(by) =

o2

tr{2HA AL HT) tr{ NATH" + HA,NT}
= - bi + .

0—2
Conditioned onH = H, we have
tr{N(HAx)" + HAN'}

g2

r T
_ Ji SO S v (HAGL + (HA: 0l )] (16)
=1 j=1
Thus, the left-hand side of (16) is a zero mean Gaussian random vari-
able sincen;, ;, Vi, j are i.i.d. zero mean complex Gaussian random
variables with variancgs?. Hence, conditioned oH andb,., Le (b;.)
is a Gaussian random variable. Furthermore, conditioned cend
b1, ..., bi, (Le(b1), ..., Le(bi)) is a Gaussian random vector. In
order to prove the first property in the lemma, we need to show that
L.(b;) andL.(b,) are conditionally uncorrelated. We have

Eltr{N(HA) + HAN }ar{N(HA)' + HA;NT}]

= E[ ( Z > Tk, i (HADG, + (HA) g, l])

k=1 1I=1

T T
. ( Z Z[nV"MJ(HAJ')Tn,q + (HJAJ)T’l‘ann.,q]>]

m=1g=1

T T
=20" ZZ[(HAZ');I(HAj)k.I + (HA:)k, (HAj)j ]

k=1 1(=1
=20 [tr{(HA;)(HA)"} + tr{(HA;)(HA;)™}]

=20 tr{H(A;A] + A, ADHT} = 0. 17)
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Hence, conditioned ol andb1, ..., bx, Le(b;) andLe(b;) are un- Unitary Subgroup Space-Time Codes Using Bruhat
correlated and thus independent. It follows that conditioned@ cend Decomposition and Weyl Groups
bi, ..., brx,the LLRvectoLe(by), ..., Le(bx)) has a product dis-
tribution as Tatsumi Konishi Member, IEEE
p(Le(lh) = L] 5 eeay Le(br\’) = L[(|H, b] 5 eeey b[()
K Abstract—We propose a new class of unitary subgroups which is suit-
= H p(Le(by) = Li|H, by, ..., bi) able to make differential unitary space—time codes for fast fading channels.
P These subgroups are derived from a double coset decomposition of uni-
K tary groups called Bruhat decomposition. We give some examples of the
— V= T proposed unitary subgroup space—-time codes for phase-shift keying (PSK),
IH p(Le(bi) = Li|H, by). (18) and display the performance for Rayleigh-fading channels. Finally, we de-

scribe how the new space-time codes are combined with coded modulation
Next, since the information bit vectors are equally probable, we haveystems.

p(Le(by) = Ly, ..., Le(b) = Lk |H) Index Terms—Bruhat decomposition, differential modulation, fading
_K channels, space—time coding, unitary group codes.
=YY
by by
p(Le(by) = L1, ..., Le(bx) = L |H, b1, ..., bi) I. INTRODUCTION
K . . . . . . .
K Differential unitary space-time modulation is useful for multiple-
= IX ... y = . . . . .
=2 bZ bZ IH P(Le(be) = Li|H, bi) antenna wireless communications where neither the transmitter nor the
1 K k=1

receiver knows the fading coefficients [1]-[3]. The design criterion is
Kk ‘ the following [1]. LetM be the number of transmitter antennas &hd
=2 H Zp(Le(b“) = Ly|H, br) the desired transmission rate. Construct assef L = 2™ unitary

K

k=1 \ bk M x M matrices such that for any two distinct elemesatandB in V,
K the quantity det(A — B)| is as large as possible. Any Sétsuch that
= [[ p(Le(bi) = Li|H). (19)
k=1 |det(A— B)| >0
This concludes the proof. O

for all distinct A, B € V is said to have full diversity.
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iggztructlon, IEEE Trans. Inform. Theorwol. 44, pp. 744-765, Mar. subgroups and some practical examples of space—time codes using the

[5] S. M. Alamouti, “A simple transmit diversity technique for wirelessSUPgroups. In Section V, we ShOW_ that the proposed method i? not
communications,”IEEE J. Select. Areas Communvol. 16, pp. useful for an odd number of transmitter antennas systems, and discuss
1451-1458, Oct. 1998. how to combine the coded modulation into the proposed space-time

(6] V. Tarokh, H. Jafarkhani, and A. R. Calderbank, “Space-time blockydes, Finally, Section VI concludes this correspondence.
codes from orthogonal designdEEE Trans. Inform. Theoryol. 45,

pp. 1456-1467, July 1999.

[7] B.Hassibiand B. M. Hochwald, “High-rate codes that are linear in space Il. DIFFERENTIAL UNITARY SPACE-TIME MODULATION
and time,”|IEEE Trans. Inform. Theorwol. 48, pp. 1804-1824, July ) ) o ]
2002. We consider a multiple-antenna communication system with

[8] V. Tarokh, H. Jafarkhani, and A. R. Calderbank, “Space-time blockansmitter andV receiver antennas. Assuming that the channel is

coding for wireless communications: Performance resulBEE J.  ~qnstant over théZ channel uses. Then. tHd x N received signal
Select. Areas Commumwol. 17, pp. 451-460, Mar. 1999. matrix X is '

X, = /pS-H+ W, 1)

whereH is theM x N matrix of Rayleigh-fading coefficientg,is the
signal-to-noise ratio (SNR) at each receiver antefSpas theM x M

Manuscript received October 30, 2002; revised June 24, 2003. The material
in this correspondence was presented in part at the International Symposium on
Information Theory and its Applications, Xi'an, China, October 2002.

The author is with Aichi Institute of Technology, Toyota City, Aichi 470-
0392, Japan (email: konishi@in.aitech.ac.jp).

Communicated by B. Hassibi, Associate Editor for Communications.

Digital Object Identifier 10.1109/TIT.2003.817462

0018-9448/03$17.00 © 2003 IEEE



	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


