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V. CONCLUSION

We have considered the capacity of multiple-antenna systems in
Rayleigh flat fading under the assumption that CSI is available at both
ends of the system. First, we derived the capacity of such systems in
the case when only the transmitter is equipped with multiple antennas.
We showed that the capacity of this system is, in fact, the same as a
receiver-only diversity system with maximal ratio combining. We also
proposed a transmission diversity scheme (maximal gain transmission)
that is mathematically equivalent to a receiver-only diversity system
with selection combining and evaluated its capacity.

Next, we derived capacity expressions for a general system with mul-
tiple antennas at both transmitter and receiver. We showed that the op-
timal power allocation is given by a matrix water-filling algorithm. We
obtained an equation that determines the cutoff value for such systems,
which can be evaluated via numerical root-finding, and a corresponding
closed-form expression for the capacity with optimal power and rate
adaptation. We evaluated this capacity for some representative situa-
tions and demonstrated similarities with the capacity of such systems
when CSI is available only at the receiver end.

In all these cases, the only step that required numerical techniques
in determining the capacity is the evaluation of the cutoff value
0. In
order to circumvent this problem, we also derived approximations to
the cutoff value for all cases considered. Numerical results show that
these approximations yield good capacity estimates when the SNR or
the number of antennas is sufficiently large.

From these capacity computations for multiple-antenna systems with
adaptive transmission techniques we observe that large capacity gains
are possible compared to the receiver-CSI-only systems. The tradeoff
for these increased capacity values is the outage probability incurred
by the adaptive power and rate allocation schemes. We derived simple
upper bounds for this outage probability and showed that the channel
outage probability may also be decreased by increasing the number of
antennas.
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Communications Over Multiple-Antenna Block-Fading
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Abstract—We study the separability of demodulation and decoding for
communications over multiple-antenna block-fading channels when bit-
linear linear dispersion (BL-LD) codes are used. We assume the channel
is known to the receiver only, and find necessary and sufficient conditions
on the dispersion matrices for the separation of demodulation and decoding
at the receiver without loss of optimality.

Index Terms—Multiple-antenna systems, space–time codes.

I. INTRODUCTION

We consider a multiple-input–multiple-output (MIMO) communica-
tion setup witht transmit antennas andr receive antennas. Information-
theoretic results by Foschini and Gans [1] and Telatar [2] have sparked
tremendous interest and effort in the design of practical channel codes
for communications over multiple-antenna channels (i.e., MIMO chan-
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nels). Some prominent schemes include Bell Labs layered space–time
(BLAST) [3], space–time trellis codes [4], space–time block codes
(STBCs) from orthogonal designs [5], [6], and linear dispersion codes
(LD codes) [7].

In this correspondence, we study bit-linear linear dispersion
(BL-LD) codes, a class of LD codes whose codeword matrices are
linear in each information bit. In a multiple-antenna communication
system, if a BL-LD code is used as the modulation code and there
is some channel coding preceding it, joint maximum-likelihood
demodulation and decoding is optimal in the sense of minimizing
the error probability. Here, we treat the decoding of BL-LD codes
as demodulation. We find necessary and sufficient conditions on
the dispersion matrices of the BL-LD code such that the probability
distribution of the information bit vector (at the input of the BL-LD
encoder) conditioned on the channel output and the channel state
information (CSI) is a product distribution. Therefore, under those
conditions, demodulation and decoding can be separated without loss
of optimality. The demodulator outputs a log-likelihood ratio (LLR)
vector.

Our notation will be as follows: capital letters denote matrices; un-
derscores denote vectors; boldfaced letters denote random objects; dag-
gers denote complex conjugate transpose; asterisks denote complex
conjugation.

This correspondence is organized as follows. In Section II, we de-
scribe the signal model used in this correspondence. In Section III, we
will present our main result, the necessary and sufficient conditions
for the separation of demodulation and decoding without loss of opti-
mality. We will show that the probability distribution of the LLR vector
conditioned on the CSI is a product distribution. Section IV contains
our conclusions.

II. SIGNAL MODEL

We assume that the MIMO channel containst transmit antennas and
r receive antennas. The coefficienthhhi; j denotes the complex channel
gain between transmit antennaj and receive antennai. We assume that
hhhi; j experiences independent and identically distributed (i.i.d.) fre-
quency flat fading for alli andj. The CSI matrixHHH = [hhhi; j ] 2

r�t

is known to the receiver only and does not change within a block of
T symbols. From block to block,HHH changes independently (block
fading). LetXXX 2 t�T indicate the transmitted signal matrix,YYY 2
r�T be the received signal matrix such that the discrete-time base-

band equivalent channel model is

YYY = HHHXXX +NNN (1)

whereNNN 2 r�T is an additive noise matrix with i.i.d. entriesnnni; j �
CN (0; 2�2).

We focus on the study of a class of LD codes which is defined as
follows.

Definition 1: A BL-LD codeC is an LD code whose codeword ma-
trices are linear in the information bits

C = X: X =

K

k=1

bkAk; bk 2 f�1; +1g; 8 k (2)

whereAk 2
t�T ; 1 � k � K are the dispersion matrices.

It is easy to verify that with pulse amplitude modulation (PAM) or
quadrature amplitude modulation (QAM) (with each dimension as an
independent PAM), the STBCs [6] and LD codes [7] are BL-LD codes.

We assume that the information bits are independent and equiprob-
able.

III. T HE SEPARABILITY OF DEMODULATION AND DECODING

Given the channel output, it is well known that joint maximum-like-
lihood demodulation and decoding is optimal in the sense of mini-
mizing the error probability. However, if the probability distribution
of the modulator inputbbb1; . . . ; bbbK conditioned on the channel output
YYY = Y and the CSIHHH = H is a product distribution, i.e.,

p(bbb1 = b1; . . . ; bbbK = bK jY; H) =

K

k=1

p(bbbk = bkjY; H) (3)

then demodulation and decoding can be separated without loss of op-
timality. Define the LLR for bitbbbk as

Le(bbbk)
�
= ln

p(bbbk = +1jY; H)

p(bbbk = �1jY; H)
: (4)

If (3) is satisfied, the demodulator outputs aK-dimensional LLR vector
(Le(bbb1); . . . ; Le(bbbK)) which contributes a sufficient statistic for de-
coding. Here we treat the decoding of BL-LD codes as demodulation.
The following theorem states necessary and sufficient conditions on
the dispersion matricesfA1; . . . ; AKg for the separation of demodu-
lation and decoding without loss of optimality.

Theorem 1: Let C be a BL-LD code with dispersion matricesAk 2
t�T , 1 � k � K. The probability distribution ofbbb1; . . . ; bbbK condi-

tioned on the channel outputYYY = Y and the CSIHHH = H is a product
distribution for allY andH , i.e.,

p(bbb1 = b1; . . . ; bbbK = bK jY; H) =

K

k=1

p(bbbk = bkjY; H)

if and only ifAiA
y
j + AjA

y
i = 0 for all i, j, andi 6= j.

Proof: See the Appendix.

If the number of information bitsK is large, it may be computa-
tionally inconvenient to verify the conditionsAiA

y
j + AjA

y
i = 0 for

1 � i � K, 1 � j � K, andi 6= j. Next, we derive necessary and
sufficient conditions on the codeword matrices of the BL-LD codes for
the requirementAiA

y
j + AjA

y
i = 0, 8 i, 8j, i 6= j to hold. In some

cases, the conditions on the codeword matrices are easier to verify than
the conditions on the dispersion matrices.

Lemma 1: Let C be a BL-LD code

C= X(b): X(b)=

K

k=1

bkAk; b=(b1; . . . ; bK)2f�1; +1gK

with dispersion matricesAk 2
t�T , 1 � k � K. MatricesAi and

Aj satisfy the conditionAiA
y
j + AjA

y
i = 0, 8 i, 8 j, i 6= j if and

only if the codeword matrixX(b) satisfiesX(b)Xy(b) = C0; 8 b.
The constant matrixC0 must be equal to K

k=1
AkA

y

k.
Proof: We first prove the only if part of the claim.

If AiA
y
j + AjA

y
i = 0, we have

X(b)X(b)y =

K

k=1

bkAk

K

l=1

blAl

y

=

K

k=1

AkA
y

k

�
= C0: (5)

We now prove the direct part of the claim.
Define b̂ to be the vector consisting of the elements ofb except for

bi andbj , and defineX̂(b̂) = X(b)� biAi � bjAj , then we have

X̂(b̂) + biAi + bjAj X̂(b̂) + biAi + bjAj

y

= C0: (6)

After some manipulation, we obtain

bi X̂(b̂)Ayi + AiX̂(b̂)y + bj X̂(b̂)Ayj + AjX̂(b̂)y

+ bibj(AiA
y
j + AjA

y
i )

= C0 � X̂(b̂)(X̂(b̂))y �AiA
y
i �AjA

y
j : (7)
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If we fix b̂, the above matrix equation should hold for arbitrary
(bi; bj) 2 f�1; 1g2. Before proceeding, we first consider the fol-
lowing one-dimensional problem. If the equation

�1bi + �2bj + �3bibj = �4

holds for all(bi; bj) 2 f�1; 1g2, we obtain the following four equa-
tions by considering the possible values of(bi; bj):

�1 + �2 + �3 =�4; �1 � �2 � �3 = �4

��1 + �2 � �3 =�4; ��1 � �2 + �3 = �4:

It follows that the constant coefficients must satisfy�1 = �2 = �3 =
�4 = 0. Applying this result, we obtain

AiA
y
j +AjA

y
i =0

X̂(b̂)Ayi + AiX̂(b̂)y =0

X̂(b̂)Ayj +AjX̂(b̂)y =0

C0 � X̂(b̂)(X̂(b̂))y � AiA
y
i �AjA

y
j =0:

It then follows thatC0 = K

k=1
AkA

y

k.

Now we obtain two different forms of the necessary and sufficient
conditions for the separation of demodulation and decoding without
loss of optimality.

Corollary 1: Let C be a BL-LD code

C= X(b): X(b)=

K

k=1

bkAk; b=(b1; . . . ; bK)2f�1; +1gK

with dispersion matricesAk 2 t�T , 1 � k � K. The following
three statements are equivalent:

1) p(bbb1 = b1; . . . ; bbbK = bK jY; H) =

K

k=1

p(bbbk = bkjY; H);

2) AiA
y
j + AjA

y
i = 0, 8 i, 8 j, i 6= j;

3) X(b)Xy(b) = C0; 8 b.
Proof: Follows from Theorem 1 and Lemma 1.

Next, we give a BL-LD code example which satisfies Corollary 1.
The STBCs from orthogonal designs can be described in the fol-

lowing way:

C = X: X =

M

k=1

(SkBk + S
�
k
~Bk) (8)

whereSk, 1 � k � M are the modulated symbols;Bk, 1 � k � M

and ~Bk, 1 � k � M , are complex coefficient matrices. If binary
phase-shift keying (BPSK) or quaternary phase-shift keying (QPSK)
is used, as mentioned in Section II, the STBCs from orthogonal de-
signs are BL-LD codes. Furthermore, the codeword matrixX satisfies
XXy = ( M

k=1
jSkj2)It = M jS1j2It. Applying Corollary 1, we

conclude that for the STBCs from orthogonal designs (with BPSK or
QPSK modulation), the probability distribution ofbbb1; . . . ; bbbK condi-
tioned on the channel outputYYY = Y and the CSIHHH = H is a product
distribution.

The question arises as to whether or not there is such a BL-LD code
that it is not from an orthogonal design but satisfying Corollary 1. The
answer is Yes. The following BL-LD code is an example:

X =
b1 b2

b1 b2
:

In [8], for several STBCs from orthogonal designs, simple decoding
algorithms were provided and it was shown that maximum-likelihood
decoding of the symbolsS1; . . . ; SM can be decoupled. It is equiv-
alent to say the probability distribution of the symbolsS1; . . . ; SM
conditioned on the channel output and the CSI is a product distribu-
tion, i.e.,

p(SSS1 = S1; . . . ; SSSM = SM jY; H) =

M

k=1

p(SSSk = SkjY; H):

In this case, if each symbol is modulated byw bits, the STBC decoder
outputs anM2w-dimensional probability vector.

Now assume the demodulation and decoding can be separated
without loss of optimality. The demodulator outputs aK-dimensional
LLR vector (Le(bbb1); . . . ; Le(bbbK)) which contributes a sufficient
statistic for decoding. The following lemma states the properties of
the probability distribution of the LLR vector.

Lemma 2: Let C be a BL-LD code

C= X(b): X(b)=

K

k=1

bkAk; b=(b1; . . . ; bK)2f�1; +1gK

with dispersion matricesAk2 t�T , 1�k�K. If AiA
y
j+AjA

y
i =0;

8 i, 8 j, i 6= j, the following two properties hold:

1) p(LeLeLe(bbb1) = L1; . . . ; LeLeLe(bbbK) = LK jH; b1; . . . ; bK)

=

K

k=1

p(LeLeLe(bbbk) = LkjH; bk);

2) p(LeLeLe(bbb1) = L1; . . . ; LeLeLe(bbbK) = LK jH)

=

K

k=1

p(LeLeLe(bbbk) = LkjH):

Proof: See the Appendix.

IV. CONCLUSION

We have studied several properties of BL-LD codes, including nec-
essary and sufficient conditions on the dispersion matrices for thea
posterioridistribution of the information bit vector to be a product dis-
tribution, i.e., the separation of demodulation and decoding at the re-
ceiver without loss of optimality. These properties are also useful in the
derivation of a variety of mutual information inequalities with respect
to I(bbb1; . . . ; bbbK ;YYY jHHH), which can be used to aid in the design of the
dispersion matrices for BL-LD codes. This is an area of ongoing re-
search.

APPENDIX I
PROOF OFTHEOREM 1

Here we prove that necessary and sufficient conditions for

p(bbb1 = b1; . . . ; bbbK = bK jY; H)

to be a product distribution areAiA
y
j+AjA

y
i = 0 for all i, j, andi 6=j.

Proof: Define the vectorb asb = (b1; . . . ; bK). Since

YYY =

K

k=1

bbbkHHHAk +NNN

we have

p(bbb = b; YYY = Y; HHH = H)

= p(b)p(H)p(Y jH; b)
= 2�Kp(H)(

p
2��)�2rT

� exp �
tr Y �

K

k=1

bkHAk Y �
K

k=1

bkHAk

y

2�2

= 2�Kp(H)
p
2��

�2rT

� exp �
tr Y Y y +

K

k=1

HAkA
y

kH
y

2�2
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� exp
tr

K

k=1

bk(Y A
y
kH

y +HAkY
y)

2�2

� exp
tr �

K�1

i=1

K

j=i+1

bibjH(AiA
y
j + AjA

y
i )H

y

2�2

= �(H; Y )

� exp
K

k=1

bkLk(Y; H)�
K�1

i=1

K

j=i+1

bibjGi; j(H) (9)

where

�(H; Y )
�
= 2�Kp(H)

p
2��

�2rT

� exp �
tr Y Y y +

K

k=1

HAkA
y
kH

y

2�2

Lk(Y; H)
�
=

trfY Ay
kH

y +HAkY
yg

2�2

and

Gi; j(H)
�
=

trfH(AiA
y
j + AjA

y
i )H

yg
2�2

: (10)

We first prove the direct part of the claim.
If AiA

y
j +AjA

y
i = 0 for all i, j, andi 6= j, we haveGi; j(H) = 0

and from (9), we obtain that

p(b; Y; H) = �(H; Y ) exp

K

i=1

biLi(Y; H) : (11)

Then, we have

p(bbbk = 1jY; H)

p(bbbk = �1jY; H)
=

p(bbbk = 1; Y; H)

p(bbbk = �1; Y; H)

=
b: b =1

p(b; Y; H)

b: b =�1

p(b; Y; H)

= e
2L (Y;H)

: (12)

It follows that
K

k=1

p(bbbk = bkjY; H) =

K

k=1

eb L (Y;H)

eL (Y;H) + e�L (Y;H)
: (13)

On the other hand, after some manipulation, we obtain

p(bbb = bjY; H)

=
p(b; Y;H)

p(Y;H)

=

exp
K

k=1

bkLk(Y;H)

~b 2f�1;+1g

� � �
~b 2f�1;+1g

exp
K

k=1

~bkLk(Y;H)

=

exp
K

k=1

bkLk(Y;H)

K

k=1 ~b 2f�1;+1g

expf~bkLk(Y;H)g

=

K

k=1

eb L (Y;H)

eL (Y;H) + e�L (Y;H)
: (14)

Comparing (13) and (14), we arrive at the product distribution.

We now prove the only if part of the claim. According to (9), we have

p(bbb = (b1; . . . ; bi�1;+1; bi+1; . . . ; bK)jY;H)

p(bbb = (b1; . . . ; bi�1;�1; bi+1; . . . ; bK)jY;H)

= exp 2Li(Y;H)�2

i�1

j=1

bjGj;i(H)�2

K

j=i+1

bjGi;j(H) :

If p(bbb1 = b1; . . . ; bbbK = bK jY; H) is a product distribution, we obtain

exp 2Li(Y;H)�2

i�1

j=1

bjGj;i(H)�2

K

j=i+1

bjGi;j(H)

=
p(bbbi = +1jY;H)

p(bbbi = �1jY;H)
: (15)

Since the right-hand side (RHS) of (15) is invariant tobj 2 f�1; +1g
for all j 6= i and must hold for allH , it follows Gj; i(H) = 0 if
1 � j � i� 1 andGi; j(H) = 0 if i+ 1 � j � K. According to the
definition in (10), it follows thatAiA

y
j + AjA

y
i = 0 for 1 � i � K,

1 � j � K, andi 6= j sinceH is arbitrary.

APPENDIX II
PROOF OFLEMMA 2

Here we prove two properties of the probability distribution of the
LLR vector in Lemma 2.

Proof: We have

Y = HX +N =

K

k=1

bkHAk +N:

If AiA
y
j + AjA

y
i = 0, i 6= j, from the definition of LLR in (4), and

along with (12), we have

Le(bbbk) =
trfY Ay

kH
y +HAkY

yg
�2

=

tr
K

i=1

biH(AiA
y
k + AkA

y
i )H

y +NA
y
kH

y +HAkN
y

�2

=
trf2HAkA

y
kH

yg
�2

bk +
trfNA

y
kH

y +HAkN
yg

�2
:

Conditioned onHHH = H , we have

trfNNN(HAk)
y +HAkNNN

yg
�2

=
1

�2

r

i=1

T

j=1

[nnni; j(HAk)
�
i; j + (HAk)i; jnnn

�
i; j ]: (16)

Thus, the left-hand side of (16) is a zero mean Gaussian random vari-
able sincennni; j ; 8 i; j are i.i.d. zero mean complex Gaussian random
variables with variance2�2. Hence, conditioned onH andbk,LeLeLe(bbbk)
is a Gaussian random variable. Furthermore, conditioned onH and
b1; . . . ; bK , (LeLeLe(bbb1); . . . ; LeLeLe(bbbK)) is a Gaussian random vector. In
order to prove the first property in the lemma, we need to show that
LeLeLe(bbbi) andLeLeLe(bbbj) are conditionally uncorrelated. We have

E[trfNNN(HAi)
y +HAiNNN

ygtrfNNN(HAj)
y +HAjNNN

yg]

= E

r

k=1

T

l=1

[nnnk; l(HAi)
�
k; l + (HAi)k; lnnn

�
k; l]

�
r

m=1

T

q=1

[nnnm; q(HAj)
�
m; q + (HAj)m; qnnn

�
m; q]

= 2�2
r

k=1

T

l=1

[(HAi)
�
k; l(HAj)k; l + (HAi)k; l(HAj)

�
k; l]

= 2�2[trf(HAj)(HAi)
yg+ trf(HAi)(HAj)

yg]
= 2�2trfH(AjA

y
i + AiA

y
j)H

yg = 0: (17)
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Hence, conditioned onH andb1; . . . ; bK ,LeLeLe(bbbi) andLeLeLe(bbbj) are un-
correlated and thus independent. It follows that conditioned onH and
b1; . . . ; bK , the LLR vector(LeLeLe(bbb1); . . . ; LeLeLe(bbbK)) has a product dis-
tribution as

p(LeLeLe(bbb1) = L1; . . . ; LeLeLe(bbbK) = LK jH; b1; . . . ; bK)

=

K

k=1

p(LeLeLe(bbbk) = LkjH; b1; . . . ; bK)

=

K

k=1

p(LeLeLe(bbbk) = LkjH; bk): (18)

Next, since the information bit vectors are equally probable, we have

p(LeLeLe(bbb1) = L1; . . . ; LeLeLe(bbbK) = LK jH)

= 2�K

b

� � �
b

p(LeLeLe(bbb1) = L1; . . . ; LeLeLe(bbbK) = LK jH; b1; . . . ; bK)

= 2�K

b

� � �
b

K

k=1

p(LeLeLe(bbbk) = LkjH; bk)

= 2�K
K

k=1 b

p(LeLeLe(bbbk) = LkjH; bk)

=

K

k=1

p(LeLeLe(bbbk) = LkjH): (19)

This concludes the proof.
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Unitary Subgroup Space–Time Codes Using Bruhat
Decomposition and Weyl Groups

Tatsumi Konishi, Member, IEEE

Abstract—We propose a new class of unitary subgroups which is suit-
able to make differential unitary space–time codes for fast fading channels.
These subgroups are derived from a double coset decomposition of uni-
tary groups called Bruhat decomposition. We give some examples of the
proposed unitary subgroup space–time codes for phase-shift keying (PSK),
and display the performance for Rayleigh-fading channels. Finally, we de-
scribe how the new space–time codes are combined with coded modulation
systems.

Index Terms—Bruhat decomposition, differential modulation, fading
channels, space–time coding, unitary group codes.

I. INTRODUCTION

Differential unitary space–time modulation is useful for multiple-
antenna wireless communications where neither the transmitter nor the
receiver knows the fading coefficients [1]–[3]. The design criterion is
the following [1]. LetM be the number of transmitter antennas andR

the desired transmission rate. Construct a setV of L = 2RM unitary
M�M matrices such that for any two distinct elementsA andB in V ,
the quantityj det(A�B)j is as large as possible. Any setV such that

j det(A�B)j > 0

for all distinctA; B 2 V is said to have full diversity.
In [4], Hassibi and Khorrami have studied whether infinite fully di-

verse unitary groups exist, and they have revealed that there are only
two types:U(1) andSU(2). We are very interested in the result. There-
fore, we attempt to make fully diverse unitarysubgroupsby cutting
redundant parts from infinite unitarygroups. In order to make the sub-
groups, we use a double coset decomposition of unitary groups that is
called Bruhat decomposition.

This correspondence is organized as follows: the next section ex-
plains differential unitary space–time modulation. Section III intro-
duces Bruhat decomposition. Section IV gives fully diverse unitary
subgroups and some practical examples of space–time codes using the
subgroups. In Section V, we show that the proposed method is not
useful for an odd number of transmitter antennas systems, and discuss
how to combine the coded modulation into the proposed space–time
codes. Finally, Section VI concludes this correspondence.

II. DIFFERENTIAL UNITARY SPACE–TIME MODULATION

We consider a multiple-antenna communication system withM

transmitter andN receiver antennas. Assuming that the channel is
constant over theM channel uses. Then, theM � N received signal
matrixX� is

X� =
p
�S�H +W� (1)

whereH is theM �N matrix of Rayleigh-fading coefficients,� is the
signal-to-noise ratio (SNR) at each receiver antenna,S� is theM �M
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