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V. CONCLUSION On the Cost of Worst Case Coding Length Constraints
We proposed an explicit construction of fixed-length codes for SW Dror Baron Student Member, IEEEand
source networks. The proposed code is linear and has two-step en- Andrew C SingerMember, IEEE

coding and decoding procedures similar to a concatenated code used for
channel coding. Further, if the sources are memoryless, the proposed
code is universal and the probability of error vanishes exponentially as Abstract—\We investigate the redundancy that arises from adding a
the block length tends to infinity. Regarding future research, we hawerst case length constraint to uniquely decodable fixed-to-variable codes

the problem to obtain tight upper and lower bounds on the error eXFRy_er achievable Huffman codes. This is in contrast to the traditional metric

. of the redundancy over the entropy. We show that the cost for adding
nent obtainable by the proposed code for DMSs. constraints on the worst case coding length is small, and that the resulting
bound is related to the Fibonacci numbers.
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(it is nonnegative because no uniquely decodable code compresses &lbr|X'| = 2, f,, are essentially scaled Fibonacci numbers, fe=
input sequences). Given the PMg:), = € X', and an (integer) con- § fi = % fo= % fs = g,etc. In the general case, the recursion for
straintA on the worst case coding expansion,¢bestrained expected f,, can be solved using methods for difference equations [6] leading to
coding lengths defined as

. oLy Rl 1+ /4] =-3\"
La= &%‘)SA{L(C)}' (3) 2 14X -3 2
—_p o , s~ A 1— /ax[=3\"
When the constraint is relaxed, add is increased, the constrained 1> W : : n> 11
+ 1 ; - , n>0. (11)
expected coding length will go down until at some stage it is equal to 2 AX] - 2
the unconstrained expected coding length. This is the expected codln%l _ N
length of the Huffman code, and is denoted &, . In the following heorem 1: Given arandom variabl& with a PMFp(x) over’
section we bound’, — L. then forA > 0
1
ll. RESULTS La-Is< a1 (12)

Any Huffman code can be viewed as a tree, where codewords cor- proof: We begin withC'r7, a Huffman code that achieves .
respond tdeaves and their prefixes corresponditdernal nodesThe e create a new codg (not necessarily a Huffman code) with length
nodes be they leaves or internal nodes, make dpuffman treeAleaf  functioni(«) and expected coding IengﬂrC), by modifyingC; in
corresponds to some inputand its probability:(+); an internal node two steps.
corresponds to a set of descendant leaves, and the total probability @_teg 1: PruneX, = {a: l(#) > N + A} from the Huffman tree
those leaves. Lemma 1 bounds the probabilities corresponding todf-C;;. If X; is empty we are done, else nodes were pruned off a
ternal nodes, and is related to [5, Theorem 7], which bounds the progapth.\ + A — 1 internal node, so there exists a depth— 1 in-

bilities corresponding to leaves. Both proofs are by induction, the orlrnal node, including the one in the path from the delith- A — 1
difference is due to initial conditions. internal node to the root.

Lemma 1: Any depth# internal node in a Huffman tree corresponds Step 2: Take ank)]/ depths — 1 inlternal nc;de inl the treeh denote it
to a set of codewords with total probability satisfying by 5. Let X be the descendant leaves/af Replaces with a new

nodey with two descendants. The first descendamt,iand the second
1 4) descendant is a deptl-full tree with up to|X'|" leaves that can ac-
= fx commodate all of\;, since|X | < |X|". The full tree forX, starts
N o N A at depthA and goes up to deptN + A, sol(x) < N +A,Va € X,
Wherean = fo + (|¥] = 1) fa—y, with initial conditionsfo =1, For X, I(z) < N + A, Va € Xa, so adding an additional symbol
22— T givesi(z) < N+A,Vx € X,. Therefore}¥(C') < A. The structure
Proof: In the Huffman tree, leps, px—1, ..., po = 1 be the 3 originally resided at deptth — 1 in the tree, so by Lemma 1
probabilities corresponding to internal nodes on the path from our
depth# node, denoted by, to the root. Let}, 7 € {1, ..., |X| -1} Z p(z) < 1
be the corresponding probability of nodenerged withp; into p;—;. rEXg fa—
We provep; > fr—ipw by induction on. First,p, = 1 - pr = fopk.
Second, the lemma requiresto be an internal node, so at least ond herefore (' satisfies
of its descendant nodes corresponds to at least a probabl ‘pi -
But o and its parent are internal nodes, so when the parent is crea{etgc> = Z p(a)i(x)

in the Huffman algorithm, its descendants are nodes corresponding ceXN . . .
to the minimal probabilities among all the nodes at that stage, so < p@l@)+ Y p@i@)+ > p)i(x) (13)
qp > Hlp" Therefore, z€X T€ X3 2€X1UXg
Xl < p@iE)+ Y p@) I+ D)+ > pla)i(x)
i rEXy zEXg rgX1UXo
Pe—1 =pk + Z dk (5) ©
i=1 (14)
, P =) p(x)l(x)+
Zpe + (|- 1) <ﬁ) Z JL;Z
= fipk (6) < L(Crr)-l— (15)

A—1

where (5) is the merging of corresponding probabilities. The mductlvehere (13) is an equality only I, and.X are disjoint, and (14) arises

step is because codewords iki; became shorter. The result is obtained by
lx|—1 noting thatL(C'rr) = L. O
P =pi+ Y g )
i=1 IV. DISCUSSION
Zpi+ (| = Dprgs ®) We begin with several technical remarks on Theorem 1. First, the
>(fr—i+ (X = 1) fomim1)pr (9) theorem does not apply fax = 0, because there is no depth— 1
= fr_1s1Dk (10) internal node that can be split. In fact, fr= 0 there is no expansion,

nor is there any compression, thusy, = N. Second, the theorem
where (7) is similar to (5), the reasoning in the second step leads to @per-boundd.A, — L%, but we cannot give a lower bound, because
(9) is by induction, and (10) uses the definition f£fThe lemma (4) for a uniform PMFwe havé X = N, hencelL i — L%, = 0. Third, we
follows becausego = 1. OO can get a stronger bound on the expected coding length fer2. In
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this case, there always exists some defsth- 1 node (not necessarily The Effect of Redundancy on Measurement

internal) with
Oliver M. Collins, Senior Member, IEEEand

1
Z plx) < ﬁ N. Vasudey Student Member, |IEEE
r€EXo
o) Abstract—This correspondence demonstrates that increasing the
number of measurements made on a system beyond the minimum (i.e.,
I*— [ < 1 (16) the number of degrees of freedom in the system) can reduce the effect of
2 T oo > T

measurement errors. The correspondence shows, for three broad classes of
measurement problems, that, as the measurement redundancy increases,
Although Lemma 1 bounds the probabilities corresponding to dipththe residual error falls to a small constant value. Twice the number of

internal nodes, there could be nodes at that depth that corresponrﬁlf]t%rees of freegom will allow performance \l/ery 9:?59 to t;‘e :J'“m_a;e limits.
even smaller probabilities e corresponaence presents one example within each class; however, a

. ) vast number of other measurement problems have a formulation identical
The constructive method used in the proof of the theorem can taeone of these three. The first example is the calibration of a resistive
used to derive codes that satisfy constraints on the worst case codipitpge divider consisting of a number of nominally equal resistors in

expansion, but these are not necessarily optimal codes. However, §§iéés- The second is the determination of the complex response of a
theorem is useful because it bounds the cost of the constraint b atf' ler whose output can be observed only through a power detector. The
Y {1 is the calibration of a resistive current combiner or current mode

that decays exponentially in the expansion. A tighter bound in the majggital-to-analog converter (DAC). The basic ideas in the correspondence
theorem could be obtained by finding a stronger version of Lemmaafe general and extensions to other measurement problems outside of the
for the depthk node that corresponds to the smallest probabilities. three categories should be straightforward, although the details of the

solution will be problem dependent.
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The correspondence presents one detailed practical example for each
of the three models.

The first practical example is that of generating an absolute standard
of linearity or absolute ratio standard using a resistive voltage divider
[1]-[4]. The physical setup for the measurement is shown in Fig. 1 and
uses a nanovoltmeter and a stable variable voltage source. The voltage
source and the nanovoltmeter are connected in series. This combination
is hooked up to the two points across which the potential difference
is being measured. The variable voltage source is adjusted to obtain
a measurement in the linear range of the nanovoltmeter. The voltage
source is not calibrated, so the only measurements that can be made
are the differences between two nearly equal voltages. The resistors
are all nominally identical; however, each has a small error. Thus, the
voltages on the terminals are not precise. The purpose of the calibration
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