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V. CONCLUSION

We proposed an explicit construction of fixed-length codes for SW
source networks. The proposed code is linear and has two-step en-
coding and decoding procedures similar to a concatenated code used for
channel coding. Further, if the sources are memoryless, the proposed
code is universal and the probability of error vanishes exponentially as
the block length tends to infinity. Regarding future research, we have
the problem to obtain tight upper and lower bounds on the error expo-
nent obtainable by the proposed code for DMSs.
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Abstract—We investigate the redundancy that arises from adding a
worst case length constraint to uniquely decodable fixed-to-variable codes
over achievable Huffman codes. This is in contrast to the traditional metric
of the redundancy over the entropy. We show that the cost for adding
constraints on the worst case coding length is small, and that the resulting
bound is related to the Fibonacci numbers.

Index Terms—Data compression, Fibonacci numbers, Huffman coding,
redundancy, source coding, uniquely decodable.

I. INTRODUCTION

A fundamental tradeoff in lossless source coding is that some inputs
can be compressed only if others are expanded. A reasonable objective
is to compress well on average, while expanding little in the worst
case.

The tradeoff between the expected coding length and the worst case
coding expansion has received research attention. In [1]. an algorithm
for finding a code meeting these constraints is proposed, and in [2], the
redundancy of the expected coding length over the entropy is bounded.
In this correspondence, we investigate the redundancy of the expected
coding length of constrained codes over that of achievable Huffman
codes [3]. We bound this redundancy by a term that decays exponen-
tially in the worst case coding expansion, and note that this term is
related to the Fibonacci numbers. The problem is stated in Section II,
the main results are given in Section III, and a discussion is provided
in Section IV.

II. PROBLEM FORMULATION

Consider a discrete alphabetX and length-N input sequencesx, i.e.,
x 2 XN . We define asource codeC as a mappingC: XN ! X �

whereX � is the set of finite-length sequences overX . Following [4],
let C(x) be thecodewordcorresponding tox, andl(x) the lengthof
C(x). Theexpected coding lengthL(C) for a random variableX with
a probability mass function (PMF)p(x) is defined as

L(C)
�
=

x2X

p(x)l(x): (1)

A uniquely decodablecode is a source codeC with a dual mapping
~C: X � ! XN , such that~C(C(x)) = x, 8x 2 XN . We say that
the codeC expandsx whenl(x) > N , and we define theworst case
coding expansionas

W (C)
�
= max

x2X

fl(x)�Ng (2)
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(it is nonnegative because no uniquely decodable code compresses all
input sequences). Given the PMFp(x); x 2 XN , and an (integer) con-
straint� on the worst case coding expansion, theconstrained expected
coding lengthis defined as

L
�

�

�
= min

C:W (C)��
fL(C)g: (3)

When the constraint is relaxed, and� is increased, the constrained
expected coding length will go down until at some stage it is equal to
the unconstrained expected coding length. This is the expected coding
length of the Huffman code, and is denoted byL�1. In the following
section we boundL�� � L�1.

III. RESULTS

Any Huffman code can be viewed as a tree, where codewords cor-
respond toleaves, and their prefixes correspond tointernal nodes. The
nodes, be they leaves or internal nodes, make up aHuffman tree. A leaf
corresponds to some inputx and its probabilityp(x); an internal node
corresponds to a set of descendant leaves, and the total probability of
those leaves. Lemma 1 bounds the probabilities corresponding to in-
ternal nodes, and is related to [5, Theorem 7], which bounds the proba-
bilities corresponding to leaves. Both proofs are by induction, the only
difference is due to initial conditions.

Lemma 1: Any depth-k internal node in a Huffman tree corresponds
to a set of codewords with total probabilitypk satisfying

pk �
1

fk
(4)

wherefn+1
�
= fn + (jX j � 1)fn�1, with initial conditionsf0

�
= 1,

f1
�
= 2 � 1

jXj
.

Proof: In the Huffman tree, letpk; pk�1; . . . ; p0 = 1 be the
probabilities corresponding to internal nodes on the path from our
depth-k node, denoted by�, to the root. Letqil , i 2 f1; . . . ; jX j � 1g
be the corresponding probability of nodei merged withpl into pl�1.
We provepl � fk�lpk by induction onl. First,pk = 1 � pk = f0pk.
Second, the lemma requires� to be an internal node, so at least one
of its descendant nodes corresponds to at least a probability of1

jXj
pk.

But � and its parent are internal nodes, so when the parent is created
in the Huffman algorithm, its descendants are nodes corresponding
to the minimal probabilities among all the nodes at that stage, so
qik � 1

jXj
pk. Therefore,

pk�1 = pk +

jXj�1

i=1

q
i
k (5)

� pk + (jX j � 1)
pk

jX j

= f1pk (6)

where (5) is the merging of corresponding probabilities. The inductive
step is

pl�1 = pl +

jXj�1

i=1

q
i
l (7)

� pl + (jX j � 1)pl+1 (8)

� (fk�l + (jX j � 1)fk�l�1)pk (9)

= fk�l+1pk (10)

where (7) is similar to (5), the reasoning in the second step leads to (8),
(9) is by induction, and (10) uses the definition off . The lemma (4)
follows becausep0 = 1.

For jX j = 2, fn are essentially scaled Fibonacci numbers, i.e.,f0 =
2
2
, f1 = 3

2
, f2 = 5

2
, f3 = 8

2
,etc. In the general case, the recursion for

fn can be solved using methods for difference equations [6] leading to

fn =
1

2
+

3
2
� 1

jXj

4jX j � 3

1 + 4jX j � 3

2

n

+
1

2
�

3
2
� 1

jXj

4jX j � 3

1� 4jX j � 3

2

n

; n � 0: (11)

Theorem 1: Given a random variableX with a PMFp(x) overXN ,
then for� > 0

L
�
� � L

�
1 �

1

f��1
: (12)

Proof: We begin withCH , a Huffman code that achievesL�1.
We create a new code~C (not necessarily a Huffman code) with length
function~l(x) and expected coding lengthL( ~C), by modifyingCH in
two steps.

Step 1: PruneX1 = fx: l(x) � N + �g from the Huffman tree
of CH . If X1 is empty we are done, else nodes were pruned off a
depth-N + � � 1 internal node, so there exists a depth-� � 1 in-
ternal node, including the one in the path from the depth-N + � � 1
internal node to the root.

Step 2: Take any depth-� � 1 internal node in the tree; denote it
by �. Let X2 be the descendant leaves of�. Replace� with a new
node
 with two descendants. The first descendant is�, and the second
descendant is a depth-N full tree with up tojX jN leaves that can ac-
commodate all ofX1, sincejX1j < jX jN . The full tree forX1 starts
at depth� and goes up to depthN +�, so~l(x) � N +�, 8x 2 X1.
ForX2, l(x) < N + �, 8x 2 X2, so adding an additional symbol
gives~l(x) � N+�, 8x 2 X2. Therefore,W ( ~C) � �. The structure
� originally resided at depth�� 1 in the tree, so by Lemma 1

x2X

p(x) �
1

f��1
:

Therefore,~C satisfies

L ~C =

x2X

p(x)~l(x)

�
x2X

p(x)~l(x)+
x2X

p(x)~l(x)+
x=2X [X

p(x)~l(x) (13)

�
x2X

p(x)l(x)+
x2X

p(x)(l(x)+1)+
x=2X [X

p(x)l(x)

(14)

=
x

p(x)l(x)+
x2X

p(x)

�L(CH)+
1

f��1
(15)

where (13) is an equality only ifX1 andX2 are disjoint, and (14) arises
because codewords inX1 became shorter. The result is obtained by
noting thatL(CH) = L�1.

IV. DISCUSSION

We begin with several technical remarks on Theorem 1. First, the
theorem does not apply for� = 0, because there is no depth-� � 1
internal node that can be split. In fact, for� = 0 there is no expansion,
nor is there any compression, thus,L�0 = N . Second, the theorem
upper-boundsL�� � L�1, but we cannot give a lower bound, because
for a uniform PMF we haveL�� = N , henceL���L�1 = 0. Third, we
can get a stronger bound on the expected coding length for� = 2. In
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this case, there always exists some depth-�� 1 node (not necessarily
internal) with

x2X

p(x) �
1

jX j

so

L
�

2 � L
�

1 �
1

jX j
: (16)

Although Lemma 1 bounds the probabilities corresponding to depth-k

internal nodes, there could be nodes at that depth that correspond to
even smaller probabilities.

The constructive method used in the proof of the theorem can be
used to derive codes that satisfy constraints on the worst case coding
expansion, but these are not necessarily optimal codes. However, the
theorem is useful because it bounds the cost of the constraint by a term
that decays exponentially in the expansion. A tighter bound in the main
theorem could be obtained by finding a stronger version of Lemma 1
for the depth-k node that corresponds to the smallest probabilities.
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The Effect of Redundancy on Measurement

Oliver M. Collins, Senior Member, IEEE,and
N. Vasudev, Student Member, IEEE

Abstract—This correspondence demonstrates that increasing the
number of measurements made on a system beyond the minimum (i.e.,
the number of degrees of freedom in the system) can reduce the effect of
measurement errors. The correspondence shows, for three broad classes of
measurement problems, that, as the measurement redundancy increases,
the residual error falls to a small constant value. Twice the number of
degrees of freedom will allow performance very close to the ultimate limits.
The correspondence presents one example within each class; however, a
vast number of other measurement problems have a formulation identical
to one of these three. The first example is the calibration of a resistive
voltage divider consisting of a number of nominally equal resistors in
series. The second is the determination of the complex response of a
filter whose output can be observed only through a power detector. The
third is the calibration of a resistive current combiner or current mode
digital-to-analog converter (DAC). The basic ideas in the correspondence
are general and extensions to other measurement problems outside of the
three categories should be straightforward, although the details of the
solution will be problem dependent.

Index Terms—Calibration, differential measurement, filter response, lin-
earity standard, redundancy, voltage divider.

I. INTRODUCTION AND SUMMARY

The parameters of a mechanical or electrical system are usually de-
termined by making as many measurements as there are degrees of
freedom. The required system parameter accuracy then determines the
measurement precision. This correspondence shows that making more
than the minimum number of measurements may be a much more effi-
cient technique than improving the precision of the individual measure-
ments. The possible systems to which this technique may be applied are
too diverse to be captured by a simple and compact analytical formula-
tion. Thus, this correspondence develops techniques for three different
measurement models, scalar difference measurements, complex mea-
surements, and scalar additive measurements. Each has both compact
mathematical formalization and wide practical applicability, and many
different practical problems will fit within each model’s framework.
The correspondence presents one detailed practical example for each
of the three models.

The first practical example is that of generating an absolute standard
of linearity or absolute ratio standard using a resistive voltage divider
[1]–[4]. The physical setup for the measurement is shown in Fig. 1 and
uses a nanovoltmeter and a stable variable voltage source. The voltage
source and the nanovoltmeter are connected in series. This combination
is hooked up to the two points across which the potential difference
is being measured. The variable voltage source is adjusted to obtain
a measurement in the linear range of the nanovoltmeter. The voltage
source is not calibrated, so the only measurements that can be made
are the differences between two nearly equal voltages. The resistors
are all nominally identical; however, each has a small error. Thus, the
voltages on the terminals are not precise. The purpose of the calibration
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