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Abstract— We derive graphical models for coded data
transmission over channels introducing inter-symbol inter-
ference. These models are factor graph descriptions of the
transmitter section of the communication system, which
serve at the same time as frame work to define the cor-
responding receiver. The graph structure governs the com-
plexity and nature (e.g., non-iterative, iterative) of the re-
ceiver algorithm. A particular graph yields several algo-
rithms optimizing various cost functions depending on the
choice of messages communicated along the vertices of the
graph. Our contribution is to study these different outcomes
of message passing and how the corresponding receiver al-
gorithms are related to existing ones. For example, we show
that the tight original factor graph frame work must be
slightly relaxed when linear processing is used in the re-
ceiver. Besides, we devise strategies to find suitable graphs
of the communication problem of interest.

I. Introduction

We investigate communication systems, where data bits
protected by an error-correction code (ECC) are transmit-
ted over a channel introducing inter-symbol interference
(ISI). In particular, we consider the serial concatenation of
an ECC and an ISI channel separated by an interleaver.
The cascade ECC-interleaver-channel can be thought of as
a single code mapping a data bit sequence to a sequence
of output symbols of the channel, which are disturbed by
additive noise in the receiver front end. For an overview
on serial concatenated systems we refer to [1–3].

A possible criterion to construct such a code is to
optimize the performance of sequence- or symbol-based
maximum-likelihood (ML) decoding [4], which minimizes
the data sequence- or data bit- error rate, respectively. In
this context, a good code is a set of channel output se-
quences with large minimum Euclidean distance. Alter-
natively, sequence pairs with small distance should occur
infrequently. The code performance is majorly improved
with increasing sequence length with suitable interleavers
[1], but ML decoding for such optimized codes is most of-
ten prohibitively complex. After Berrou found with the
iterative Turbo decoder [5] a suboptimal but powerful al-
ternative to the ML decoder, this concept was applied to
coded data transmission over ISI channels as well, where it
is called Turbo equalization [2, 6, 7]. Soon after, the Turbo
decoder and the iterative decoder for low-density parity
check (LDPC) codes [8, 9] were rederived and analyzed us-
ing graphical descriptions [10]. This concept was general-
ized later to explain a wide array of algorithms in coding
and system theory [11–14]. We derive such factor graph de-
scriptions for the cascade ECC-interleaver-channel in our
example communication system, which serve as frame work

to find suitable receiver algorithms. There is a considerable
amount of related work [15–17] focussing on the analysis of
a specific graphical model, such as the combination of an
LDPC code and a fading channel in [15], or on the impact
of the graph structure on the complexity and nature (e.g.,
non-iterative, iterative) of the receiver algorithm [16, 17].

A particular graph yields different receiver algorithms
optimizing various cost functions depending on the choice
of messages communicated along the vertices of the graph.
Our contribution is to study these different outcomes of
message passing and how the corresponding receiver algo-
rithms are related to existing ones. We show that the tra-
ditional factor graph frame work must be slightly relaxed
when linear processing is used in the receiver. Our main
focus is on the detection part, i.e., we study in particular
graphical descriptions of the ISI channel being one compo-
nent of the cascade ECC-interleaver-channel. Because of
space limitation, we restrict ourselves to the case of known
channel characteristics, but we note that this assumption
is not at all necessary to apply the graphical models intro-
duced in this paper. In constrast, we hope that the insights
enable the reader to easily include unknown channel char-
acteristics into the graphical models as, e.g., in [15, 16].

The paper is organized as follows: Sec. II introduces
notation, Sec. III gives a precise definition of the consid-
ered communication system and a few applications, Sec.
IV briefly introduces the factor graph concept, and Sec. V
applies factor graphs to our communication problem (re-
ceiver design). Sec. VI concludes the paper.

II. Notation

The notation used in this paper is as follows, 0i is a
length-i column vector containing all zeros, Ii is an i × i
identity matrix, (·)T is the transpose, (·)H is the com-
plex conjugate transpose, Diag(a) is a diagonal matrix
constructed from the vector a, E(·) denotes expectation,
and Cov(a,b) denotes E(abH)−E(a) E(bH). A vector
A = (A1A2 ... An)

T of n real-valued random variables Ai

with realizations a=(a1 a2 ... an)
T and probability density

function (PDF)1 p(a) is Gaussian distributed with mean
E(a)=m and covariance matrix Cov(a,a)=Σ, when p(a)

1We follow the convention that subscripts of the PDFs are dropped
if the subscript is the capitalized version of the argument, i.e., we
simply write p(x) for the PDF pX(x) but never p(y − x) for, say,
pZ(y − x). The same holds for expectations, which are denoted the
realizations of the random variable as argument, e.g., E(x) denotes
the expectation of the random variableX with PDF p(x) but EX|Y (x)

denotes the extectation of X over the conditional PDF p(x|y).
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is given by exp
(

− 1
2
(a−m)TΣ−1(a−m)

)

/(2π det(Σ))n/2.
In this case, we denote p(a) simply as NR(m,Σ). The re-
alizations a ∈ Cn of a vector of complex-valued variables
Ai can be decomposed into its real and imaginary part,
a = aR+aI , where ā = (aT

R a
T
I )

T. A complex Gaussian
PDF p(ā) defined over the real-valued argument ā ∈ R2n

is given by NR(m̄, Σ̄), where E(ā) = m̄ is the length-2n
mean vector and Cov(ā, ā) = Σ̄ the 2n × 2n covariance
matrix. The PDF p(ā) is circularly symmetric [18, 19],
when the two conditions Cov(aR,aR) = Cov(aI,aI) and
Cov(aR,aI)=−Cov(aR,aI)

T hold. In this case, the PDF
p(a) over the complex-valued argument a can be written
as exp(−(a−m)HΣ−1(a−m))/(π det(Σ))n. Such a PDF is
simply denoted as NC(m,Σ). Circular symmetry follows
as well from a vanishing pseudo covariance Cov(a,a∗) =
Cov(aR,aR)−Cov(aI,aI)+ (Cov(aR,aI)+Cov(aI,aR)).

Encoder Interleaver Mapper Channel
bn cn xk ykan

Fig. 1. System configuration.

III. System model

Consider the communication link in Fig. 1. The length-
K data bit sequence a= [a1 a2 ... aK ]T, an ∈ {0, 1}, is en-
coded to the length-N sequence b= [b1 b2 ... bN ]T of code
bits bn ∈ {0, 1} using a binary rate-K/N ECC. The bits
in b are permuted with an interleaver to the sequence
c = [c1 c2 ... cN ]T, whose bits cn are transmitted over the
channel by pulse-amplitude modulation in a discrete-time
baseband model. A group ck = (cqk−q+1, ..., cqk) of q ad-
jacent bits cn is mapped into one modulation symbol xk,
where k= bn/qc. Assuming that N =Lq, the transmitted
sequence is x= [x1 x2 ... xL]

T. The symbols xk are chosen
from the alphabet S, which is typically a subset of the com-
plex numbers C. We restrict ourselves to alphabets S of
size |S|=2q with unit average power, |S|−1·∑∀s∈S |s|2=1,
and zero mean,

∑

∀s∈S s=0. The sequence of the received

symbols y=[y1 y2 ... yL]
T is given by

y = Hx+ n, (1)

where n= [n1 n2 ... nL]
T is a sequence of independent and

identically distributed (I.I.D.) circularly symmetric Gaus-
sian noise samples of variance ν, i.e., the PDF p(n) is given
by NC(0L, νIL) and the conditional PDF p(y|x,H) of the
received sequence y is given by NC(Hx, νIL). The (in gen-
eral complex-valued) entries of the L × L matrix H, the
channel coefficients, cause ISI in the received symbol yk

whenever more than one entry in the k-th row of H is non-
zero. We assume in this paper that the matrix H is exactly
known to the receiver. Among the broad range of possible
linear models (1), we study in particular two examples:

Example I: One-dimensional ISI channel

The L symbols xk are transmitted sequentially over a chan-
nel with a length-Lh channel impulse response (CIR). The
received symbols are given by

yk = nk +
∑Lh−1

l=0
h∗k,lxk−l = nk +h

H
k xk, k=1, ..., L, (2)

where hk = (hk,0...hk,Lh−1)
T is the CIR at time step k

and xk=(xk...xk−Lh+1)
T. The corresponding channel ma-

trix H is lower triangular and banded with bandwidth Lh.
The symbols xk, k < 1, transmitted prior to x1 are as-
sumed to be 0. Such a model is extensively used to explain
data transmission over frequency-selective wireline chan-
nels, wireless channels with multi-path propagation or in
magnetic recording [20].

Example II: Two-dimensional ISI channel

For this model we assume that the L symbols xk are trans-
mitted in an two-dimensional square array of dimension
S =

√
L such as in two-dimensional magnetic recording

[17], where xi,j = x(i−1)S+j is the symbol in the i-th row
and j-th column. Thus, the xk are written into the array
row by row from the top left to the bottom right. Given
the horizontal length Lh and the vertical length Lv of such
a channel, the received symbol yi,j = y(i−1)S+j at position
(i, j), i, j=1, 2, ..., S, is given by

yi,j =ni,j+

Lh−1
∑

l=0

Lv−1
∑

m=0

h∗i,j,l,mxi−l,j−m=ni,j+h
H
i,jxi,j , (3)

where ni,j =n(i−1)S+j . The length-LvLh vectors hi,j (the
CIR at position (i, j)) and xi,j describe the summation in
(3). The corresponding channel matrix H is lower triangu-
lar and banded with a bandwidth of (Lv−1)S+Lh, where
the band consists of a width-Lh band located at the main
diagonal and Lv−1 equally spaced width-(Lh−1) bands
in the lower triangular part. The symbols xi,j , i, j < 1,
transmitted prior to x1,1 are assumed to be 0.

Also possible are extensions of Example I to multiple-
input multiple-output channels with C inputs and outputs
(such as C transmit and receive antennas), yielding a chan-
nel matrix H being C × C block-diagonal (without ISI in
time, but ISI in space) or being C × C block-wise lower
triangular and banded (ISI in time and space).

IV. The factor graph framework

We present here only a brief introduction of the fac-
tor graph concept intensively studied in [11–14]. Con-
sider 6 variables vi from the alphabet V combined in
v= (v1 v2 ... v6)

T and the function fA(v) : V6 7→ R. Sup-
pose that fA(·) factors into fB(v1, v2, v3)·fC(v3, v4)·fD(v4)·
fE(v3, v5, v6), which is depicted graphically in Fig. 2 on
the right side. In this graph, the boxes (function nodes)
denote the factors of fA(v), the circles (variable nodes)
denote the variables vi, and the vertices specify the de-
pendencies between factors and variables. This description
leads to the efficient calculation of global functions such
as the marginalization over all variables except vi. Using
the notation gx(vi) =

∑

∀(va,vb,vi) except vi
fx(va, vb, vi), we

can denote this global function as gA(vi). Using the factor-
ization of fA(v), gA(v6) is calculated efficiently as follows:

gA(v6) =
∑

∀(v3,v5)

(

∑

∀(v1,v2)
fB(v1, v2, v3)

)

·
(

∑

∀v4

fC(v3, v4) · fD(v4)
)

· fE(v3, v5, v6)

=
∑

∀(v3,v5)
gB(v3) · gF (v3) · fD(v3, v5, v6) = gG(v3),

where gF (v3) is the sum over fF (v3, v4)=fB(v3, v4)fC(v4)
and gG(v3) over fG(v3, v5, v6)=gB(v3)gF (v3)fC(v3, v5, v6).
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Fig. 2. Factor graphs of different factorizations of the function fA(v).

The calculation of gA(v6) using the step-by-step procedure
above can be depicted with a flow of messages towards the
node of v6 in the factor graph of fA(v) in Fig. 2 (middle),
where the function nodes sum the product of the incom-
ing messages and the node function fx(·) over all variables
adjacent to the function node except the one the message
is send to. The variable nodes transmit either the value 1
when they are leafs of the graph or they multiply all their
incoming messages and transmit the result to the output.
The general update rules for messages from and towards
function and variable nodes are shown in Fig. 3, case (1).
Once these rules are set, the factor graph can be used to
calculate gA(v6) and all other global functions gA(vi) effi-
ciently by changing the direction of the message flow in the
graph towards the node vi

The efficiency of calculating gA(vi) for all i is evaluated
with the number d·|V|d−1 of required summations per func-
tion node [14], where |V| is the size of V and d, the degree of
the node, is the number of vertices connected to that node
(|V|d−1 summations per message, overall d messages need
to be generated). For d = 1, no summations are required.
In our example, we need 6 · |V|5 summations to compute
gA(vi) via fA(·), but only 3 · |V|2+3 · |V|2+2 · |V|1 (nodes for
fB(·), fE(·), and fC(·)) summations using message passing
on the factor graph of fA(v) (the few extra multiplications
are neglected). We state the following strategies to increase
the efficiency of calculating global functions:

Factorization. A function of many variables is factorized
into factors depending on only a few variables. Thus, a
function node with large degree is replaced by a set of new
nodes with smaller degree.

Introduction of states (internal variables). A func-
tion is augmented with new variables such that a suit-
able factorization becomes possible. This step complicates
the global function, since the number of variables to be
summed over increases, but the factorization may yield a
tremendous overall increase in efficiency.

Unfortunately, the factor graph approach does not apply
to all factorizations of fA(v). Suppose that fA(v) factors
into fP (v1, v2, v3)·fQ(v2, v6)·fR(v3, v4, v5, v6), which yields
the factor graph in Fig. 2 on the left side. Generating and
communicating messages according to the update rules in
this graph does not produce the correct global functions
gA(vi) in the variable nodes. Moreover, a prescribed sched-
ule of how to pass the messages as in the tree-type graph
in the example before does not exist. Instead, the cycles
indicate that the result of message passing may differ de-

pending on how the message update is scheduled, how long
the messages are allowed to circulate, and how the mes-
sages produced in the variable nodes being part of cycles
should be initialized. This problem has been extensively
studied, e.g. in [21, 22], and is beyond the scope of this pa-
per. The factor graphs considered here often contain cycles
and we assume that the result of message passing is suf-
ficiently close to the desired global function for a suitable
number of ”passing iterations” and initial conditions.

The type of fA(v) and the global function can be quite
arbitrary as long as the distributive law between the op-
eration of the factorization and that of the global func-
tion holds [11, 14]. Recall that our aim is to develop fac-
tor graphs leading to efficient receiver algorithms for the
communication system in Fig. 1 (even though it is just a
representative for many others). To do that, we start by
defining global function of type g(·) : R 7→ R and functions
f(·) : V6 7→ R suitable to our communication problem. The
latter will be subject to optimization in later sections us-
ing the two previously defined strategies factorization and
add states. Without loss of generality, we still consider the
length-6 vector of variables v.

Marginalization of random variables: Suppose that v
is the realization of a vector of random variables. When
V is a finite-size alphabet, we may regard the function
f(v) as probability mass function (PMF), i.e., it satisfies
∑

∀vf(v)=1. The global function

g(vi) =
∑

∀v except vi

f(v) (4)

is the marginalization of all variables except vi, i.e., g(vi) is
the PMF of vi. The update rules for message passing in Fig.
3, case (2), are identical to those in Fig. 3, case (1), except
that the messages traveling on the vertices in the factor
graph of f(v) are normalized to be PMFs. This normal-
ization softens numerical problems due to finite precision
and/or fixed-comma arithmetic. The PMFs f(v) of inter-
est later often contain factors of type I(A,B, ...), which is
an indicator function over the expressions A, B, ...:

I(A,B, ...)=I(A)·I(B)·...=
{

1, A and B and ... are true,

0, else.

For example, the marginalization of the variable v2 in
I(v1 = v2), i.e.,

∑

∀v2
I(v1 = v2), yields v1. When V is a

continuous, infinite-size alphabet such as R or C, we may
regard f(v) as PDF and the marginalization

g(vi) =

∫

...

∫

f(v) dv1...dvi−1dvi+1dv6 (5)
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case update rules for m(vi)

vi

m(vi)

vi

m(vi)

ma(vi)
m(vi)

vi

mb(vi)

va

vb

m(va)

vi

m(vi)
m(vb)

(1) f(vi) 1 ma(vi) · mb(vi)
∑

∀(va,vb)f(va, vb, vi) · m(va) · m(vb)

(2) γ · f(vi) 1/|V| γ · ma(vi) · mb(vi) γ ·
∑

∀(va,vb)f(va, vb, vi) · m(va) · m(vb)

(3) γ · f(vi) uniform PDF over V γ · ma(vi) · mb(vi) γ ·
∫∫

f(va, vb, vi) · m(va) · m(vb) dvadvb
(4) f(vi) 1 ma(vi) · mb(vi) max∀(va,vb) f(va, vb, vi) · m(va) · m(vb)

vi

(µi, σ
2
i )

vi

(µi, σ
2
i )

vi

(µi, σ
2
i )(µa, σ

2
a)

(µb, σ
2
b )

va

vb

vi

(µa, σ
2
a)

(µb, σ
2
b ) (µi, σ

2
i )

here: vi=va+vb

(5) µi = µf , σ
2
i = σ2

f µi = µinit, σ
2
i = σ2

init µi=
σ2

bµa+σ
2

aµb

σ2
a+σ

2

b

, σ2
i =

σ2

aσ
2

b

σ2
a+σ

2

b

µi=µa+µb, σ2
i =σ2

a+σ
2
b (see text)

case global function type of V type of m(vi)
(1) summation finite, discrete -
(2) marginalization finite, discrete PMF
(3) marginalization infinite, continuous PDF
(4) maximization finite, discrete real number
(5) marginalization R Gaussian PDF

Fig. 3. Update rules for message passing on a factor graph. The constant γ is chosen such that m(vi) is a PMF, i.e., 1=
∑

∀vi
m(vi) or a

PDF, i.e., 1=
∫

m(vi)dvi, respectively.

type of m(vi) conversion rules between m(vi) and (µi, σ
2
i )

m(vi) (µi, σ
2
i ) m(vi)(µi, σ

2
i )

PMF µi =
∑

∀vi
vi · m(vi) σ2

i =
∑

∀vi
(vi − µi)

2 · m(vi) m(vi) = γ · exp(−(vi − µi)
2/(2σ2

i )), vi ∈ V

PDF µi =
∫

vi · m(vi) dvi σ2
i =

∫

(vi − µi)
2 · m(vi) dvi m(vi) = exp(−(vi − µi)

2/(2σ2
i ))/(2πσ

2
i )

1/2

Fig. 4. Conversion between a message m(vi) (being a PMF or PDF) over a real-valued alphabet V and the parameters of an MMSE estimator
(estimate µi and estimation error variance σ2

i ). The constant γ is chosen such that m(vi) is a PMF, i.e., 1=
∑

∀vi
m(vi).

yields the PDF g(vi) of vi. Indicator functions are in this
case defined like Dirac-delta functions such that for exam-
ple

∫

V
I(v1=v2) dv2 = v1 holds. The corresponding update

rules for message passing are depicted in Fig. 3, case (3),
including a normalization step yielding that all messages
communicated along the vertices of the graph are PDFs.
The integration in the function node update in Fig. 3, case
(3), is often cumbersome, but this operation can be sim-
ple for certain types of messages such as Gaussian PDFs.
Therefore, let us assume for now that the variables vi are
real-valued, i.e., all messages are PDFs with real-valued ar-
guments, and investigate under what conditions the update
rules in Fig. 3, case (3), produce messages being real-valued
Gaussian distributions of type NR(µ, σ

2).
The message m(vi) generated in the leftmost update of

Fig. 3, case (3), is Gaussian if the factor f(vi) takes the
quadratic form exp(−(vi−µf )

2/(2σ2
f )) such that m(vi) is

the PDF NR(µf , σ
2
f ) after normalization. The message

m(vi) generated in the next update (single variable to
function node) should be a uniform PDF over R in the
factor graph setup, which may be modeled with a zero-
mean Gaussian PDF with infinite variance, i.e. NR(0,∞).
However, we show in Sec. V that this PDF should some-
times be Gaussian with prescribed mean µinit and vari-

ance σ2
init, which is somewhat an inconsistency of the fac-

tor graph framework. The message m(vi) generated in
the next update (two or more messages merge in a vari-
able node) is the product of the Gaussian PDFs m(va)
given by NR(µa, σ

2
a) and m(vb) given by NR(µb, σ

2
b ), which

is again Gaussian with variance σ2
i = (σ−2

a +σ−2
b )−1 and

mean µi = σ2
i (σ

−2
a µa+σ

−2
b µb) after normalization (combi-

nation of quadratic terms). The message m(vi) generated
in the last update (two or more messages merge in a func-
tion node) follows from integrating f(va, vb, vi)m(va)m(vb)
over (va, vb). Given the Gaussian PDFs m(va) and m(vb),
m(vi) is Gaussian if f(va, vb, vi) contains (or factors into)
a quadratic expression of the vector (va vb vi)

T (or a sub-
set of it) or indicator functions with linear constraints on
va, vb, vi such as pva+qvb=vi, p, q ∈ R. For example, when
f(va, vb, vi)=I(pva+qvb=vi), we find that m(vi) is Gaus-
sian with mean µi=pµa+qµb and variance σ2

i =p
2σ2

a+q
2σ2

b .
These update rules for Gaussian messages are shown in Fig.
3, case (5), where we note that the last update is only an
example for the specific choice f(va, vb, vi)=I(va+vb=vi).

In a general factor graph, the variable nodes may con-
tain vectors of v (subsets vi with more than one variable),
such that the messages m(vi) are multi-dimensional Gaus-
sian PDFs specified with a mean vector and a covariance
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matrix. The update rules in Fig. 3, case (5), are in this
case matrix/vector manipulations on these statistics, which
have been derived in [23]. The global function (5) is the
Gaussian PDF NR(µg,i, σ

2
g,i) if all factors of f(v) satisfy

the conditions for Gaussian message passing defined above.
Both µg,i and σ2

g,i are computed correctly with Gaussian
message passing as long as the factor graph is cycle-free.
Surprisingly, the analysis in [24] revealed that even if the
graph contains cycles, the means and variances propagated
in the graph converge and the available result in the vari-
able nodes yields the correct means µg,i, but too optimistic
variances σ̂2

g,i<σ
2
g,i.

Gaussian message passing can be extended to complex-
valued variables. With the decomposition vi=vi,R+vi,I of
vi into the real and imaginary part, where v̄i=(vi,R vi,I)

T,
the communicated messages are 2-dimensional PDFs of
type NR(mi,Σi), mi = E(v̄i), Σi = Cov(v̄i, v̄i), over the
real-valued argument v̄i ∈ R2. The constraints on the fac-
tors of f(v) such the messages are Gaussian are straight-
forward extensions of the real-valued case. We refer to [23]
for the update rules of the vector-matrix pairs (mi,Σi).
An alternative way to propagate the parameters of a two-
dimensional Gaussian PDF is to use the triple (µi, σ

2
i , ψi),

i.e., the mean µi=E(vi), the variance σ2
i =Cov(vi, vi), and

the pseudo-variance ψi = Cov(vi, v
∗
i ), which contains the

same information as the pair (mi,Σi) [18]. In case of cir-
cular symmetry, where ψi = 0, the pair (µi, σ

2
i ) is sufficient

and the update rules in Fig. 3, case (5), can be applied.
Because of space limitation, we cannot include update rules
for Gaussian messages of type (mi,Σi) (or (µi, σ

2
i , ψi)).

Least-squares problem: Using Gaussian message pass-
ing for real-valued variables vi, the parameters µg,i and
σ2

g,i of the global function g(vi) can be interpreted as the
solution of a least-square problem. We show in Sec. V
that f(v) is often a PDF of type f(v|ob) conditioned on an
observation ob. In this case the statistics µg,i and σ

2
g,i are

identical to E(vi|ob) and Cov(vi, vi|ob), respectively, which
is the estimate v̂i = µg,i and the estimation error vari-
ance Cov(ei, ei) = σ2

g,i of a minimum-mean-square-error
(MMSE) estimator aiming to minimize the square of the er-
ror ei = v̂i−vi [25, 26]. Thus, using the update rules in Fig.
3, case (5), for an arbitrary alphabet V, we perform linear
MMSE estimation using message passing of the statistics
µi (being an MMSE estimate) and σ2

i (being an estimation
error variance). The update rules in Fig. 3, case (5), must
only be extended with rules to convert a message m(vi)
being an arbitrary PMF (or PDF) into the pair (µi, σ

2
i )

and vice-versa. This is done in Fig. 4 for real-valued vari-
ables vi and we note that there are similar conversion rules
for complex-valued variables (being circularly symmetric
or not). The conversion of m(vi) into (µi, σ

2
i ) is simply

the calculation of the mean and the variance of the PMF
or PDF m(vi). The conversion of (µi, σ

2
i ) into m(vi) uses

the standard assumption that the estimate µi is Gaussian
distributed with variance σ2

i [7, 27].

Maximization: Besides the marginalization in (4), (5), it
may be of interest to compute the maximum of f(v),

. . .a2 aKa1

p(y|a)

P(a1) P(a2) P(aK)

Fig. 5. Factor graph of coded data transmission over an ISI channel.

g = max∀v∈VL f(v), (6)

using message passing with the update rules in Fig. 3, case
(4). The argument v maximizing f(v) is often of interest,
too, and should be propagated as well.

V. Graphical models for coded data

transmission over an ISI channel

We say that an optimal receiver for the system in Fig.
1 computes data bit estimates ân minimizing the bit-
error probability (BER) P (an 6= ân). This is achieved
by the choice ân = argmaxa∈{0,1} P (an = a|y) [4], where
P (an=a|y) =

∑

∀a:an=a P (a|y) is the a-posteriori probabil-
ity (APP) of an given y. We may also compute the estimate
â = argmax

a∈{0,1}K P (a|y) minimizing the sequence-error
probability P (â 6= a). Using Bayes’ rule, we can split
P (a|y) into p(y|a)·P (a)/p(y), where the constant 1/p(y)
not depending on a can be neglected. Assuming indepen-
dence of the data bits an yields P (a)=

∏K
n=1 P (an), where

P (an) is the a-priori probability that an takes on a value
from from {0, 1}. It is convenient to use log-likelihood ra-
tios [28] rather than probabilities when binary variables are
concerned such as an, but we continue to use probabilities
in the factor graph frame work. Using the function

f(a)=p(y|a) · P (a1) · ... · P (aK)

of the K variables an, the optimal receiver algorithm
can be written as ân = argmaxa∈{0,1}

∑

∀a:an=a f(a) (or
â = argmax

a∈{0,1}K f(a)). Performing message passing on
the factor graph of f(a) shown in Fig. 5 yields the cor-
rect results for P (an=a|y) (or â) in the variable nodes for
a1, ..., aK , since the graph is a tree. However, the complex-
ity of calculating the output messages in the function node
p(y|a) is proportional to K · 2K−1, which is prohibitively
large for large K. Considering our two strategies factoriza-

tion and adding states, we may start with a factorization
of p(y|a) to reduce this complexity. This turns out to be
a hard task because of the interleaver in the system. How-
ever, after introducing the states c and x, we can factorize
the resulting function f(a, c,x), the joint PDF p(y, c,x|a):

f(a, c,x) = p(y|x) · P (x|c) · P (c|a) · P (a1) · ... · P (aK).

The PMF P (x|c) factors into ∏L
k=1 P (xk|ck), since a sym-

bol xk depends only on q code bits cn. The PMF P (c|a)
merely indicates whether the sequence b interleaved to c
is the valid codeword encoded from a.

The factor graph of f(a, c,x) is shown in Fig. 6 for the
choice q = 3. It reveals that the corresponding receiver al-
gorithm is iterative by nature because of the cycles in the
graph. In fact, this graph leads to Turbo equalization [6, 7]
for a particular choice of scheduling the messages, which is
to compute output messages for each vertex of node p(y|x)
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p(y|x)
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P (a1) P (a2) P (aK)
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P (x2|c2) P (xL|cL)

x2

P (x1|c1)

Fig. 6. Factor graph of coded data transmission over an ISI channel
leading to Turbo equalization. The modulation parameter q is 3.

. . .x1 xLx2

p(y|x)

m(xL)m(x1) mout(x2)

Fig. 7. Local graph of the factor p(y|x) of the function f(a, c,x) with
incoming messages m(xk) and outgoing messages mout(xk).

(detection), then in the nodes P (xk|ck) (demapping), fi-
nally in the node P (b|a) (decoding) and vice-versa (iter-
ations!). The graph structure and the way the messages
are generated exactly predict the ad-hoc giudelines of the
Turbo principle [5, 29], which is to use BER-optimal tech-
niques for detection and decoding as well as the concept
of using extrinsic probabilities. The message update in the
node P (b|a) is very complex because of the N +K con-
nected vertices. A suitable factorization of this factor may
use the parity check matrix of the used ECC yielding a
local factor graph containing cycles [11]. The LDPC codes
[8, 9] are one class of ECCs optimizing the performance of
the corresponding iterative decoding algorithm (message
passing on this local graph). Most popular in the Turbo
equalization setup are convolutional ECCs, for which effi-
cient trellis factorizations yielding a cycle-free local graph
exist (after adding suitable state variables) [11, 12].

Our main focus is on the factor p(y|x) of the function
f(a, c,x), whose local factor graph is shown in Fig. 7.
Performing message passing on this graph can be regarded
as detection part of the receiver algorithm. Indeed, for
the BER-optimal receiver, where we apply the global func-
tion (4), the incoming messages m(xk) traveling through
the variables nodes for xk are the PMFs P (xk = s), which
can be thought of as a-priori probabilities that xk takes
on a value s from S. They are usually set to 1/|S| for
all x when the node p(y|x) computes the outgoing mes-
sages mout(xk) the first time. Using the update rules in
Fig. 3, case (2), we find that mout(xk = s) is given by

γ ·∑∀x:xk=s p(y|x)
∏L

k=i:k 6=im(xk), which is the extrinsic
APP in the Turbo equalization setup [30]. Thus, message
passing on this local graph is identical to APP detection.

Recall that the channel matrixH is known to the receiver
and, thus, merely a parameter of the PDF p(y|x) given by
NC(Hx, νIL) or exp(−‖y−Hx‖2/ν)/(πν)L, respectively.
Using the graph in Fig. 7 to perform APP detection is

. . .x1 xL

m(xL)m(x1) mout(x2)

x2

p(y|x)

(µ1, σ
2
1) (µout, σ

2
out) (µL, σ

2
L)

Fig. 8. Local graph of the factor p(y|x) of the function f(a, c,x)
used to solve a MMSE estimation problem.

unfeasible because the update complexity in node p(y|x)
is proportional to L · |S|L−1. Before we attempt to find
alternative graphical descriptions with reduced complexity,
we recall Sec. IV, which states that a factor graph can be
used to efficiently solve an MMSE estimation problem.

As shown in Fig. 8, we simply convert the PMFs
m(xk) into the (mean,variance) pair (µk, σ

2
k) (for real-

valued alphabets S) and vice-versa for the outgoing mes-
sage mout(xk) using the rules in Fig. 4. Now we use
the pairs (µk, σ

2
k) as parameters of Gaussian distribu-

tions NR(µk, σ
2
k) to find the (mean,variance) pair of the

outgoing Gaussian distributions of node p(y|x) such as
NR(µout, σ

2
out) of variable x2 depicted in Fig. 8. From

the update rules in Fig. 3, case (3), follows that we have
to integrate the following product over all xk except x2:

K0 ·exp(−‖y−Hx‖2/ν)·
∏L

k=1:k 6=2
exp(−(xk−µk)

2/(2σ2
k))

= K1 ·exp(−xHAx+ 2Re(bHx))
= K2 ·exp(−(x−A−1b)HA(x−A−1b))

where A = HHH/ν+D, D = Diag(σ−2
1 0σ−2

3 ... σ−2
L )/2,

b = HHy/ν+[µ1

σ2
1

0 µ3

σ2
3

... µL

σ2

L

]T, and K0, K1, K2 are real-

valued constants. Here we arrive at an inconsistency
of the factor graph frame work. The incoming message
NR(µ2, σ

2
2) of variable x2 is not a part of the product, be-

cause we want to compute the outgoing message for x2.
Thus, the PDF NR(µ2, σ

2
2) is correctly replaced by the

”uniform” distribution NR(0,∞) over R yielding the zero
entry in the matrix D. A similar purpose has the message
send from a leaf variable node to a function node as shown
in Fig. 3, case (5), second update. However, we know that
x2 cannot take any value from R equally likely, since it is
drawn from the zero-mean, unit average power alphabet S.
Thus, the appropriate ”initial” distribution NR(µinit, σ

2
init)

for the second update rule in Fig. 3, case (5), as well as
for the product above is NR(0, 1). It follows that the ma-
trix D′=Diag(σ−2

1 1σ−2
3 ... σ−2

L )/2, should be used instead
of D. The desired parameters µout and σ2

out are simply
the 2-nd and (2, 2)-st entry of A−1b and A−1, respec-
tively, i.e., µout=Re(uH

2H
HΣ−1(y−H[µ1 0µ3 ... µL]

T)) and

σ2
out =1−uH

2H
HΣ−1Hu2, where Σ= ν/2 · IL+HD′−1

HH

and u2 is a length-L unit column vector with a single one
at the 2-nd position. Surprisingly, this solution was already
derived in [7, 27] as soft-in soft-out MMSE equalization al-
gorithm in a Turbo equalization setup and the factor graph
framework shows that these solutions are optimal among
all solutions implementing linear techniques [31–33].

Row-by-row factorization of p(y|x):
We saw that message passing on the local graph shown in
Fig. 7 and 8 is feasible only if linear MMSE equalization
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x5 xLx2x1 x4x3

m(x1)

p(y1|x1) p(yL|xL)

m(xL)

Fig. 9. Factor graph of a row-by-row factorization of p(y|x) for a
one-dimensional length-Lh = 3 ISI channel.

. .
 .

. .
 .

. .
 .

x2,2

x2,1

x1,3

x2,3

x1,S

x2,S

x1,1

x1,2

m(x1,1)

Fig. 10. Factor graph of a row-by-row factorization of p(y|x) for a
two-dimensional ISI channel with Lh = Lv = 2.

if performed. However, we can as well apply our two basic
rules to reduce the complexity of message passing on this
local graph. First, we consider a row-by-row factorization
of H yielding L factors of p(y|x) depending on y1, ..., yL.

Example I: A one-dimensional length-3 ISI channel

Here, the CIR hk is given by (hk,0 hk,1 hk,2)
T and p(y|x)

factors into
∏L

k=1p(yk|xk), where p(yk|xk) is given by
NC(h

H
k xk, ν). The corresponding factor graph is shown

in Fig. 9. The update complexity in the L nodes p(yk|xk)
is proportional to L · Nz · |S|Nz−1, where Nz ≤ Lh is the
number of non-zero coefficients in the CIR hk. This com-
plexity is significantly smaller than that of the unfactored
node p(y|x), which is L · |S|L−1, because Nz is (usually)
much smaller than L. The factor graph contains cycles for
Nz > 2, i.e., performing message passing using the update
rules in Fig. 3, case (3), is iterative, which should be taken
into account for the complexity considerations. The same
algorithm was derived in [34] without the factor graph con-
cept for sparse but very long CIRs hk.

Example II: A 2-dimensional length-2× 2 ISI channel

Here, the CIR at position (i, j) is given by hi,j =
(hi,j,0,0 hi,j,0,1 hi,j,1,0 hi,j,1,1)

T and p(y|x) factors into
∏S

i=1

∏S
j=1p(yi,j |xi,j), xi,j = (xi,j xi,j−1 xi−1,j xi−1,j−1)

T,

where p(yi,j |xi,j) is given by NC(h
H
i,jxi,j , ν). The corre-

sponding factor graph is shown in Fig. 10. The update
complexity in the L = S2 nodes p(yi,j |xi,j) is proportional
to L ·Nz · |S|Nz−1, where Nz ≤ LhLv is the number of non-
zero coefficients of hi,j . This graph and message passing
with the update rules in Fig. 3, case (2), was used in [17].

If the complexity of the update in both examples is still
too large, e.g., if Lh, Lv, or |S| are large, we can perform
linear MMSE equalization on the graphs in Fig. 9 and 10.
Since the graphs contains cycles, we will not perform exact
MMSE estimation, but we know that the estimates µout

arriving in the variable nodes after convergence are correct
and the estimation error variances σ2

out are too optimistic
[24]. The update rules are given in Fig. 3, case (5) for real-
valued symbols xk. Of interest is again the function node
update depicted in Fig. 11 for Example I, where we have

xk

(µ1, σ2
1)

xk−2

(µ2, σ2
2)

xk−1

(µout, σ2
out)

p(yk|xk)

Fig. 11. Function node update performing (local) MMSE equaliza-
tion.

. . .

. . .s0 s1 s2

x1 x2 xL

sL

m(x1) m(xL)mout(x2)

Fig. 12. Factor graph of a state-based factorization of p(y|x) for the
one-dimensional ISI channel.

to integrate the following product over xk−1 and xk−2:

K0 ·exp(−|yk−hH
k xk|2/ν)·

∏2

i=1
exp(−(xk−i−µi)

2/(2σ2
i ))

= K1 ·exp(−(xk−A−1b)HA(xk−A−1b)),

where A = hkh
H
k /ν +Diag(0σ−2

1 σ−2
2 )/2, b = hkyk/ν +

[0 µ1

σ2
3

µ2

σ2
2

]T. Again, we replace A by A′ = hkh
H
k /ν +

Diag(1σ−2
1 σ−2

2 )/2 to solve the inconsistency regarding the
initial distribution of xk (assumed to be Gaussian), which
should be NR(0, 1) rather than NR(0,∞). The desired
parameters µout and σ2

out are simply the 1-st and (1, 1)-

st entry of A′−1
b and A′−1

, respectively, i.e., µout =
Re(hk,0(yk −hH

k [0µ1 µ2]
T)/S) and σ2

out = 1− |hk,0|2/S,
where S=ν/2+hH

k Diag(1σ2
1 σ

2
2)hk.

State factorization of p(y|x):
The row-by-row factorization of p(y|x) in Figs. 9 and 10
produces graphs with cycles. Alternative factorizations are
possible by augmenting p(y|x) with suitable states:

Example I: A one-dimensional length-3 ISI channel

The channel law yk=nk+h
H
k xk in (2) is described with the

state equations sk=Ask−1+Bxk and yk=Csk−1+Dxn+nk,
where sk=[xk xk−1]

T with the initial state s0=[0 0]T and

A=
[

0 0
1 0

]

, B=
[

1
0

]

, C=[hk,1 hk,2], D=hk,0.

Augmenting p(y|x) with all states to p(s0, ..., sL,y|x)
and applying the chain rule yields the factorization
∏L

k=1p(yk|xk, sk−1) · P (sk|xk, sk−1), where p(yk|xk, sk−1)
is given by NR(h

H
k xk, ν) and P (sk|xk, sk−1) is the indica-

tor function γ · I(sk=Ask−1+Bxk) (a PMF) with γ being
a normalizing constant. The corresponding factor graph
is depicted in Fig. 12. This graph is obviously cycle-free
and performing message passing on this subgraph to solve
the global function (4) yields the correct result, the extrin-
sic APPs in the Turbo equalization setup [30] as shown in
Sec. V. Computing the messages (from left to right, right
to left, and towards the nodes for xk) corresponds to the
forward and backward recursion of the BCJR algorithm
[35] applied to APP detection.

Example II: A 2-dimensional length-2× 2 ISI channel

The channel law yk=ni,j+h
H
i,jxi,j in (3) is described with

the state equations
[

si,j
ti,j

]

=A+Bxi,j , yi,j =C
[

si−1,j

ti,j−1

]

+Dxi,j+ni,j .
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Fig. 13. Factor graph of a state-based factorization of p(y|x) for the
two-dimensional ISI channel.

where si,j = [xi,j xi,j−1]
T and ti,j = xi,j with the initial

states s0,j =[0 0]T for all j, ti,0=0 for all i, and

A=

[

0 0 0
0 0 1
0 0 0

]

, B=

[

1
0
1

]

, C=

[

hi,j,1,0
hi,j,1,1
hi,j,0,1

]T

, D=hi,j,0,0.

Augmenting p(y|x) with all state variables and applying
the chain rule yields the following factorization:

p(s0,1, ..., sS,S , t1,0, ..., tS,S ,y|x) =
∏S

i=1

∏S

j=1

p(yi,j |xi,j , si−1,j , ti,j−1) · P (si,j |xi,j , ti,j−1) · P (ti,j |xi,j),

where p(yi,j |xi,j , si−1,j , ti,j−1) is given by NC(h
H
i,jxi,j , ν),

P (si,j |xi,j , ti,j−1) is the indicator function γ0 · I(si,j =
Astti,j−1+Bsxi,j), and P (ti,j |xi,j) is the indicator func-
tion γ1 · I(ti,j =Bsxi,j). The corresponding factor graph is
depicted in Fig. 13. This graph is not cycle-free, but the
connectivity compared to the graph in Fig. 10 is greatly
reduced. Even though there are many other state factor-
izations of p(y|x), it turns out to be impossible to find a
cycle-free graph for a general 2-dimensional ISI channel,
i.e., no efficient symbol- (global function (4) or sequence-
based detection algorithm (global function (6)) exists [17].

VI. Conclusions

We showed why iterative receiver algorithms such as
Turbo equalization work well for coded data transmission
over ISI channels, because they are constructed to solve an
optimal global function iteratively using message passing
on a graph with cycles. This holds as well for ”unusual”
algorithms such as linear soft-in soft-out MMSE equaliza-
tion [7]. We presented factor graph examples for different
linear models (1), which yield efficient receiver algorithms,
in particular for detection. Special attention was paid to
linear algorithms (iterative or not).
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