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Pilot-Aided OFDM Channel Estimation in the Presence of the Guard Band

Seongwook Song and Andrew C. Singer

Abstract—In this letter, pilot design and channel estimation are
discussed for orthogonal frequency-division multiplexing (OFDM)
systems with guard subcarriers. First, we investigate the effects of
guard band on channel estimation errors. From this, we propose
pilot placement having a maximum distance between adjacent pi-
lots except for the guard band, and show that it achieves minimum
channel estimation errors among partially equispaced pilots using
equivalence of the Toeplitz and circulant matrices. Also, an efficient
channel estimator is developed by introducing an extended channel
and its finite impulse response (FIR) approximation to overcome
high numerical complexity caused by the presence of guard sub-
carriers and the use of a large number of subcarriers. Simulation
results are presented for OFDM and orthogonal frequency division
multiple access (OFDMA) systems consistent with IEEE 802.16a
standards.

Index Terms—Channel estimation, orthogonal frequency-
division multiplexing (OFDM), orthogonal frequency division mul-
tiple access (OFDMA), pilot design.

I. INTRODUCTION

ORTHOGONAL frequency division multiplexing (OFDM)
supports a high data rate in time delay spread environ-

ments with efficient equalization. As equalization requires chan-
nel state information (CSI), pilots on predetermined subcarriers
are sent as training signals in OFDM systems, and the chan-
nels for pilot subcarriers are directly estimated, while those for
nonpilot subcarriers need to be estimated through interpolation
with the channel estimates from adjacent pilot subcarriers. The
optimal pilots to minimize the mean-squared error (MSE) or
to maximize channel capacity for single antenna OFDM sys-
tems are discussed in [4]–[6], and those for more general cases
such as multiple antenna systems recently in [7]. In summary,
minimum mean-squared error (MMSE) optimal pilots should
be equal-power and equidistance for single antenna OFDM sys-
tems, referred to as comb pilots, while the additional condition
of phase-shift orthogonality should be imposed for multiple an-
tenna systems for complete separation of channels associated
with different transmitting antennas in the time domain. Instead
of sending the comb pilots each OFDM symbol, one OFDM
symbol can be dedicated only for training purpose, referred to
as block pilots in this paper.

As for channel estimation, there have been a variety of algo-
rithms with different optimization criteria and levels of numeri-
cal complexity. For example, linear interpolation is a simple and
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practical method but exhibits a performance floor [8]. In [9], a
frequency domain MMSE estimator was proposed, and time
domain maximum likelihood (ML) and MMSE estimators were
also studied under the condition that channels in OFDM systems
are finite impulse response (FIR) of length significantly smaller
than the total number of subcarriers [10]. In case that the time-
frequency domain channel statistics such as delay spread and
Doppler frequency are known to the receiver, the MMSE cri-
terion leads to the 2-D interpolator, which can be implemented
by 2-D fast Fourier transform (FFT) and inverse fast Fourier
transform (IFFT) in [11], [12].

However, previous work in many literature studied the op-
timal pilot design and the associated channel estimator under
rather unrealistic assumption that all subcarriers in OFDM sys-
tems are usable, while in practice, a considerable portion of
subcarriers are reserved as guard subcarriers to avoid possible
interference from neighboring communication channels. In this
paper, we discuss the least squares (LS), ML, and MMSE chan-
nel estimators in the presence of guard subcarriers and their
performance in terms of the MSE. Since guard subcarriers limit
the use of comb pilots in many standards such as [2], we take into
account more general pilots, such as the partially equispaced pi-
lots, which have an equal distance between all possible pairs
of neighboring pilots except for those crossing guard bands.
With the aid of certain asymptotic equivalence properties of
Toeplitz and circulant matrices, we investigate the eigenstruc-
ture of the product of the associated discrete Fourier transform
(DFT) matrix, which frequently appears in expressions of the
MSE, and show that among partially equispaced pilots, the one
with maximum distance from adjacent pilots achieves the mini-
mum channel estimation error. In addition, to reduce numerical
complexity incurred from the presence of guard subcarriers, we
develop a suboptimal channel estimator based on an extended
channel and its FIR approximation, and discuss its implemen-
tation with a low-pass filter (LPF).

The rest of this paper is organized as follows. Section II re-
views a system model and channel estimation in the presence
of guard subcarriers. The effects of guard subcarriers on chan-
nel estimators and pilot design are discussed in Section III.
Sections IV discuss a suboptimal channel estimator and its im-
plementations. Finally, conclusions are made in Section V.

II. PILOT-AIDED CHANNEL ESTIMATION

In a conventional OFDM system, a stream of data s(k) ∈
A is concatenated into a length N signal vector, s :=
(s(0), s(1), . . . , s(N − 1))T ∈ AN , through serial to parallel
conversion, where ()T denotes the transposition operator and
A denotes M-ary alphabet. Signal vectors s are modulated
with the inverse DFT (IDFT). After insertion of a cyclic pre-
fix of length Nc, serially converted data is transmitted through
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a length L time-invariant FIR channel h[n]. At the receiver,
the received signal x[n] is converted, through serial to paral-
lel conversions, to a vector x ∈ CN+Nc . The interference from
neighboring OFDM symbols can be eliminated by removing the
cyclic prefix from x. Finally, the output from the cyclic prefix
removal xc ∈ AN is processed with the N -point DFT to result
in y := (y(0), y(1), . . . , y(N − 1))T , which can be written as

y = F N,Nxc = diag((ȟ(0), ȟ(1), . . . , ȟ(N − 1))T )s + w
(1)

where ȟ(k) is the N -point DFT of (h[0], h[1], . . . , h[L − 1],
0, . . . , 0)T , diag(θ) denotes a diagonal matrix with θ as its
diagonal entries, and

[F N,K ]l,k = e−j 2π
N (l−1)(k−1), 1 ≤ l ≤ N, 1 ≤ k ≤ K

and [A]i,j denotes ith row and jth column entry of the ma-
trix A, and w := (w(0), w(1), . . . , w(N − 1))T with cov[w] =
N0IN . Consequently, OFDM reshapes the frequency selective
channel into N single tap non intersympoi interference (ISI)
channels, and given ȟ(k), the transmitted symbol s(k) is re-
covered by simply dividing y(k) with ȟ(k), dispensing with
complex equalization. In the conventional system, ȟ(k) is es-
timated using pilots located at predetermined subcarriers with
the following constraint: the channel responses in the time and
frequency domains are related by

ȟ = F N,Lh (2)

where h := (h[0], h[1], . . . , h[L − 1])T and ȟ := (ȟ(0), . . . ,
ȟ(N − 1))T . In practice, the number of subcarriers N , i.e., FFT
block size, is designed to be significantly larger than the channel
length [1]–[3], and hence, the range space of the channel in the
frequency domain is restricted to a smaller L-dimensional space
rather than the N -dimensional space.

In practical OFDM systems, a considerable fraction of subcar-
riers are reserved as guard subcarriers to eliminate interference
from neighboring channels. Given the set of usable subcarriers

D =

{
0, 1, . . . ,

N

2
− NG + 1

2
,
N

2

+
NG + 1

2
,
N

2
+

NG + 1
2

, . . . , N − 1

}

we may place pilots on a set of subcarriers T =
{i1, i2, . . . , iNp

} ⊂ D.1 For convenience, we assume the num-
ber of subcarriers N even and the number of guard subcarriers
NG odd. Without the constraint of (2), the associated channel

can be estimated by ˆ̌hP (il) = y(il)/s(il). To exploit the con-
straint in (2), we express the unconstrained channel estimate in
a matrix form as

ˆ̌hP := (y(i1)/s(i1), y(i2)/s(i2), . . . , y(iNp
)/s(iNp

))T

= F P h + wP (3)

where wP = (w(i1)/s(i1), . . . , w(iNp
)/s(iNp

))T ∈ CNp and
F P ∈ CNp×L denotes the DFT matrix of which entries

1It is also possible to write D = {0,±1,±2, . . . ,±(N
2 − NG +1

2 )}.

are given as [F P ]l,k = e−j 2π
N il (k−1), 1 ≤ k ≤ L, 1 ≤ l ≤

Np, il ∈ T .
Since we are interested in estimating ȟ(k) only for usable

subcarriers, the channel estimation problem can be stated as

1) Problem: given ˆ̌hP = F P h + wP , estimate ȟ
G

:=
F Ah, where [F A]l,k = e−j

2π il
N (k−1), 1 ≤ k ≤ L, 1 ≤

l ≤ N − NG, il ∈ D.
The ML and MMSE estimates of ȟ

G
can be obtained from those

of h which is invariant to the presence of the guard subcarriers.
Due to the invariance property of the ML estimator, the ML

estimate for ȟ
G

is computed by ˆ̌h
G

ML = F AĥML where ĥML is
the ML estimate for h from (3). Similarly, the MMSE estimate

for ȟ
G

can be obtained by a linear transformation of that for h.
The MMSE estimate is the conditional expectation of the desired

parameter, and hence, the MMSE estimate is given as ˆ̌h
G

MMSE =
E[F Ah| ˆ̌hP ] = F AE[h| ˆ̌hP ] = F AĥMMSE, where ĥMMSE =
E[h| ˆ̌hP ]. As a result, the estimation problem for ȟ

G
can be

solved by that for h.

First, consider h as a deterministic parameter. Then, ˆ̌hP

can be modeled as a Gaussian random vector with E[ ˆ̌hP ] =
F P h2 and cov[ˆ̌hP ] = N0Q

−1
s , where Qs := diag(|s(i1)|2,

. . . , |s(iNp
)|2), then the LS and ML channel estimates ĥML

can be obtained by

ĥLS = arg min
h

|| ˆ̌hP − F P h||22

= (F H
P F P )−1F H

P
ˆ̌hP , (4)

ĥML = arg min
h

(ˆ̌hP − F P h)HQs(
ˆ̌hP − F P h)

= (F H
P QsF P )−1F H

P Qs
ˆ̌hP , (5)

where ‖·‖2 denotes l2-norm. Specially for quarternary phase
shift keying (QPSK) signaling with Qs = σ2

sIN , where σ2
s =

|s(k)|2, the ML estimator reduces to the LS estimator in Eq. (4),
and also satisfies the Cramer–Rao lower bound (CRLB) [10].
If the channel is assumed random and the a priori distribution
of the desired parameter p(h) is available at the receiver and is
Gaussian [e.g., h ∼ CN(mh,Qh)], then the MMSE estimator
can be obtained as

ĥMMSE = arg max
h

p(h| ˆ̌hP )

= mh+(F H
P QsF P +N0Q

−1
h )−1F H

P Qs(
ˆ̌hP −mh).

(6)

Since our interest is to estimate ȟ(k) for usable subcarriers, the
MSE of usable subcarriers in channel estimate should be defined

2 If Np ≥ L, then the DFT matrix FP is a full rank matrix. It is possible
to find a full rank L × L Van der Monde matrix in FP [13]; and L column
vectors of FP containing independent column vectors of the Van der Monde
matrix are also independent with each other, which proves that FP is full rank.
Subsequently, it is possible to find a unique least squares estimate for h based
on (3).
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accordingly as

γG :=
∑
k∈D

E[|ȟ(k) − ˆ̌h(k)|2]

= E[||F A(h − ĥ)||22] = E[(h − ĥ)HQA(h − ĥ)], (7)

where QA := F H
A F A. The MSE of each algorithm is then

γG
LS = N0 tr{F A(F H

P F P )−1F H
A } (8)

γG
ML = N0 tr{F A(F H

P QsF P )−1F H
A } (9)

γG
MMSE = N0 tr{F A(F H

P QsF P + N0Q
−1
h )−1F H

A } (10)

where γG
LS, γG

ML, and γG
MMSE represent the MSE for the

LS, ML, and MMSE estimators, respectively. If there is no
guard subcarrier (i.e., QA = NIL), then the MSE for h
γ := NE[‖h − ĥ‖2

2] is equal to γG, regardless of the type
of the channel estimator. However, in general, it is not true
that F H

A F A �= NIL, and therefore, channel estimation er-

rors for h may differ from those for ȟ
G

. For each chan-
nel estimator, the MSEs for entire subcarriers are identified
by γLS := NE[‖h − ĥLS‖2

2], γML := NE[‖h − ĥML‖2
2], and

γMMSE := NE[‖h − ĥMMSE‖2
2], respectively.

For the block pilots and PSK signaling, i.e., F A = F P ,
the MSE for the ML estimator is obtained from Eq. (8) as
γG
ML = N0tr {F A(F H

A F A)−1F H
A } = N0L, where tr{AB} =

tr{BA} is applied. This shows that the presence of guard
subcarriers may increase only γML and the numerical sensi-
tivity of the matrix inversion of QA, but not γG

ML of inter-
est here. Similarly, the MSE for the MMSE channel estimate
is given by γG

MMSE = N0tr{F H
A F A(F H

A F A + N0Q
−1
h )−1} ≤

N0L. In contrast to the LS and ML estimators, the MSE of the
MMSE estimator may vary with the guard subcarriers due to
the presence of Q−1

h in γG
MMSE.

III. DISCUSSION ON PILOT DESIGN

If only a fraction of subcarriers are available for pilots, as is
shown in (8)–(10), the MSE for the channel estimator is deter-
mined by placement of pilots and power loading through F P

and Qs, respectively. While optimal pilot placement to mini-
mize the associated MSE for the MMSE estimator depends on
statistics of the desired parameter, e.g., Qh, the comb pilots are
optimal for the ML estimator in the sense of minimizing the
MSE or maximizing the capacity [4], [6]. Due to the invari-
ance of the ML and MMSE channel estimators under a linear
transformation, optimality of the comb pilots still holds for the
system with guard subcarriers. However, the number of guard
subcarriers NG limits the distance between adjacent pilots, say
d, as d ≥ NG and subsequently, the number of comb pilots Np

as Np ≤ �N
d 	 where �x	 denotes the largest integer smaller

than or equal to x. For example, in IEEE 802.11a and IEEE
802.16a standards, the number of equispaced pilots are upper
bounded by 5 and 4, respectively, while they adopt Np = 4 < 5
and Np = 8 > 4, which implies that the comb pilots are impos-
sible for IEEE 802.16a. Therefore, partially equispaced pilots
T = {−84,−60,−36,−12, 12, 36, 60, 84} are considered in-
stead [2].

When comb pilots are not allowed, in general, there is no
closed-form expression relating pilot placement with the MSE,
which makes pilot design complicated. In this section, though
pilot design should take into account the combinations of the
placement of pilots and power loading, we narrow our focus to
the equal powered pilots for tractability, then pilot design can
be restated by the optimization problem given by

Topt = arg min
T

tr{(QP (T ))−1} =
L∑

i=1

1
λi(QP (T ))

(11)

where QP := F H
P F P and λi(A) denotes the ith largest eigen-

value of the matrix A. Without constraints on the pilot sub-
carriers, the solution to the optimization problem in (11) is at-
tained by comb pilots with uniform eigenvalues λi(QP (T )) =
λi+1(QP (T )) [6], otherwise, in general, Topt may be found by
an exhaustive search over N !/(N − Np)!Np! possible pilot al-
locations. Since exhaustive search requires tremendous numer-
ical cost, we attempt to design pilots by examining asymptotic
eigenvalues of QP in the presence of guard subcarriers, instead.
First, it should be noted that QP is a Toeplitz matrix, since the
entry of QP is a function of difference of indices, represented
as

[QP ]l1,l2 =
n∑

k=1

[F H
P ]l1,k[F P ]k,l2 =

∑
k∈T

ej 2π
N kl1e−j 2π

N kl2

=
∑
k∈T

ej 2π
N (l1−l2)k.

Also, define a pilot indicator function R(k) as R(k) = 1
for k ∈ T and R(k) = 0 for else, then we can see that QP

is an L × L Toeplitz matrix of which entries are obtained
from a 2L − 1 length segment of N -point IDFT of R(k),
r[n] =

∑N−1
k=0 R(k)ej 2π

N nk for n = −L + 1,−L + 2, . . . , L −
2, L − 1. For example, given Np partially d equispaced pilots
symmetric about the origin

T =

{
± d

2
,±3d

2
, . . . ,±d + (Np − 2)d

2

}

we can obtain entries of QP from N -point IDFT of R(k) as

r[n] =
sin(πd

N Npn)
sin(πd

N n)
. (12)

Though the exact analytical expressions for eigenvalues of a
general Toeplitz matrix are difficult to compute, the asymptotic
equivalence of the Toeplitz and associated circulant matrices
often helps understand and approximate its eigenstructure for
some Toeplitz matrices such as the finite order Toeplitz matrix
and the Toeplitz matrix constructed from absolutely summable
sequences [16], [17]. In other words, a Toeplitz matrix of r[n] de-
caying fast enough in n may be approximated by the associated
circulant matrix. For the partially equispaced pilots, the energy
of r[n] in (12) attenuates rapidly with n, and thus, QP and its
eigenvalues can be approximated with the associated circulant
matrix and eigenvalues; since eigenvalues of a circulant matrix
are the DFT of its first row, the eigenvalues of QP can be approx-
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Fig. 1 MSE performance for partially equispaced pilots, L = 8, N =
256, NG = 55, Np = 8.

imated by L-point DFT of the first row of the associated circu-
lant matrix cL := (r[0], r[1], . . . , r[L/2], r[−L/2], r[−L/2 +
1], . . . , r[−1])T , where L is even. In summary, the eigenval-
ues of QP can be approximated by the L-point DFT of the L
data taken from the N -point IDFT of the pilot indicator function
R(k). As a result, considering that pilots with uniform eigenval-
ues produce the minimum MSE among all possible pilot place-
ments [6], pilot design turns into determining a pilot indicator
function R(k) such that its N -point IDFT r[n] has a narrower
time duration or mainlobe to produce a more uniform L-point
DFT of the truncated version of r[n].3 From (12), pilots with a
larger distance d, will apparently have a narrower main lobe, and
therefore, pilots with the largest d are expected to perform best.
To show the validity of our claim, various pilot schemes were
tested under scenarios consistent with OFDM systems of IEEE
802.16a standards, for which only partially equispaced pilots
are possible. First, we tested the partially equispaced pilots with
various distance with adjacent pilots, for instance,

T =

{
± d

2
,±3d

2
, . . . ,±d + (Np − 2)d

2

}

where Np = 8 and d ∈ [14, 28]. Fig. 1 shows that the MSE
is monotonically decreasing in the distance between pilots
d, and this is consistent with the analytical results based
on the asymptotic equivalence between the circulant and
Toeplitz matrices. Second, the SER performance curve are
obtained by averaging over 1000 random channels with
h ∼ CN(0, 1

LIL) and L = 8. Here, comb pilot 1 and comb

3It may be interpreted by the Gershgorin circle theorem [13], which says the
eigenvalues of matrix QP all lie in the union of the Gershgorin disks of QP :
λ(QP ) ⊂ ∪m

i=1Ri(Qp), where Ri(Qp) = {x ∈ C : |x − r[0]| = |x − 1| ≤∑L

j=1,j �=i
|r[i − j]}. Therefore, with |r[n]| decaying fast enough in |n|, i.e.,∑L

j=1,j �=i
|r[i − j]| is very small, all eigenvalues Qp are very close to 1 and

uniform eigenvalues.

Fig. 2. SER performance for partially equispaced pilots, Q = 4, L = 8, N =
256, NG = 55, Np = 8.

pilot 2 denote the partially equispaced pilots with a distance
d = 24, T1 = {−84,−60,−36,−12, 12, 36, 60, 84} as in [2]
and d = 28, T2 = {−98,−70,−42,−14, 14, 42, 70, 98},
respectively, and comb pilot 3 with T3 =
{−100,−72,−44,−15, 15, 45, 72, 100}, which is designed
to maximize the bandwidth covered with pilots by placing
pilots on right and left ends of usable subcarriers. From the
simulation result in Fig. 2, the comb pilot 2 and comb pilot 3
provide approximately 3-dB SNR gains for SER performance
over comb pilot 1, respectively. From Eq. (9), the MSEs are
given as 679N0, 202N0, and 197N0 for comb pilot 1, comb
pilot 2, and comb pilot 3, respectively. Note that comb pilot
3 outperforms comb pilot 2 and this can be explained by the
asymptotic eigenvalue distribution; the comb pilot 3 occupies
larger bandwidth than the comb pilot 2 and produces a narrower
pulse in the time domain and subsequently more uniform
eigenvalues, which in turn leads to a smaller MSE.

IV. CHANNEL ESTIMATION WITH FIR APPROXIMATION

For systems with guard subcarriers, the matrix inversion and
associated matrix multiplication in (5) and (6) requires addi-
tional hardware, and the numerical complexity of the ML and
MMSE channel estimators increase rapidly with the channel
length. By assuming the maximum channel length, say Lmax,
and performing the matrix inversion in advance, we can im-
plement the ML channel estimator at 2N log N + L2 com-
plex multiplications. In this case, as the maximum channel
length Lmax tends to increase with the number of subcarri-
ers N , i.e., Lmax = N/32, N/16, N/8, N/4 [1], [2], the nu-
merical complexity of the ML channel estimator and memory
required to save the inverse matrix in (5) become dominated
by O(N2). As a result, the ML and MMSE channel estima-
tor is not practical for communication systems using a large
number of subcarriers, e.g., N = 2048 and N = 8192 for IEEE
802.16a and for the digital video broadcasting–handheld (DVB-
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H) standards, respectively [1], [2]. In this section, we propose
a suboptimal but efficient channel estimator without need for
matrix inversion and associated complex multiplication by in-
troducing an extended channel and its FIR approximation. For
clarity, we consider block pilots, while extension to the partially
equispaced pilots is straightforward. The presence of guard sub-
carriers can be dealt with by introducing the compound system
of ȟe(k) := A(k)ȟ(k), where A(k) = 1 for all usable subcar-
riers and A(k) = 0 for else. It is noted that an estimate of
ȟe(k) is sufficient for equalization concerning usable subcar-
riers, since ȟe(k) is equal to ȟ(k) for usable subcarriers. Equiv-
alently we can define the IDFT of ȟe(k) as an extended channel
he[n] := a[n] �N h[n] in the time domain, where �N denotes
an N -point circular convolution and a[n] is the N -point IDFT
of A(k). In contrast to h[n], which is the FIR of length L, he[n]
stretches over N samples in the time domain, since a[n] is a
length N sequence with

|a[n]| =
| sin( π

N NGn)|
| sin( π

N n)| .

Therefore, the range space of ȟe := (ȟe[0], ȟe[1], . . . ,
ȟe[N − 1])T is N -dimensional, which makes noise re-
duction impossible for general estimation of he :=
(he[0], he[1], . . . , he[N − 1])T . However, we know that the en-
ergy of a[n] is concentrated within a relatively short time dura-
tion about the origin, which enables approximation of he[n] by
a channel with a shorter length, termed an FIR approximation
to he[n] and improving channel estimates through denoising.

A. FIR Approximation

In the presence of guard subcarriers, we may rewrite (3) in
terms of he by

˜̌hP := GȟP = GF N,Lh + GwP

= F N,Nhe + GwP (13)

where G ∈ CN×N with [G]i,j = 1 for i = j ∈ D and [G]i,j =
0, elsewhere. For QPSK signaling, the LS estimate for he

is obtained by ĥe,LS = 1
N F H

N,N
˜̌hP and results in the MSE,

γe,LS = N−NG

NN0
. From (13), it is seen that the LS estimator for

he can be implemented with an N -point inverse FFT (IFFT)
without matrix inversion, while the lack of denoising causes
significant estimation errors compared to the LS estimator for
h. However, noting that the energy of a[n] decays as 1/n, we
may use a 2Lc + 1 FIR approximation to a[n] as ã[n] = a[n] for
|n| ≤ Lc and ã[n] = 0 for elsewhere, where Lc is a truncation
threshold. Then, taking the Lc right cyclic shift on he, we can
write he in terms of the assumed length 2Lc + L FIR channel
h̄e := (he[−Lc], . . . , he[L + Lc − 1])T and the associated ap-
proximation error h̃e := (he[L + 2Lc], . . . , he[N − Lc − 1])T

as he = (h̄T
e h̃

T

e )T . Then, (3) can be written as

ye := C ˜̌hP = F Ch̄e + F⊥
Ch̃e + CGwP (14)

where C ∈ CN×N represents the right cyclic shift by Lc

and F C ∈ CN×(L+2Lc ) is the DFT matrix with [F C ]l,k

= e−j 2π
N (l−1)(k−Lc−1), 1 ≤ l ≤ N, 1 ≤ k ≤ L + 2Lc, and

[F⊥
C ]l,k−L−2Lc

= e−j 2π
N (l−1)(k−Lc−1), 1 ≤ l ≤ N,L + 2Lc +

1 ≤ k ≤ N . Since CF⊥
Ch̃e ⊥ R(F C) in (14), the LS estimate

for h̄e and the associated MSE are given by

h̄e,LS =
1
N

F H
C ye (15)

γ̄LS(Lc) := E[||h̄e − h̄e,LS ||22] =
L + 2Lc

N − NG
N0. (16)

Also, we can select Lc to minimize the MSE, by analyzing the
approximation error caused by the FIR approximation. Given
Lc, we can calculate the mean-squared approximation error
γ̃LS(Lc) by

γ̃LS(Lc) =
N−Lc∑

n=L+Lc

E[|he[n]|2]

=
N−Lc∑

n=L+Lc

E

[∣∣∣∣∣
L−1∑
k=0

h[k]a[(n − k)N ]

∣∣∣∣∣
2]

. (17)

where ()N denotes the modulo N operation. Then, the MSE
γFIR(Lc) for the LS estimator can be expressed in terms
of γ̄LS(Lc) and γ̃LS(Lc) as γFIR(Lc) = γ̄LS(Lc) + γ̃LS(Lc).
Since γ̄LS(Lc) from the additive noise increases linearly with
Lc, and γ̃LS(Lc) accounting for the approximation error is in-
versely related with Lc, we can find an optimal Lc minimizing
γFIR(Lc) by an exhaustive search given by

L̂c = arg min
Lc∈{0,1,...,
(N−L)/2�}

γFIR(Lc)
N0

where 
x� represents a smallest integer larger than x.

B. Implementations

In this section, we discuss two different implementations of
the channel estimator based on FIR approximation, FFT-based
implementation, and LPF-based implementation. From (15), the
final channel estimate in the frequency domain is computed
by

ȟe,LS =
1
N

F CF H
C ye (18)

which can be implemented simply by FFT and IFFT as the
ML estimator without guard subcarriers. However, the FFT-
based algorithm has a couple of problems for its practical use.
First, numerical complexity of the FFT may become significant
for OFDM systems with a large number of subcarriers used.
Second, FFT-based algorithms needs to run FFT twice to get
the final channel estimate, and this may cause the bottleneck
effect before an FFT block that is frequently accessed for both
uplink and downlink communications. Third, FFT is basically
a batch algorithm, which processes all data from N subcarriers
and also produces N output at one time, and thus, this requires
a relatively large memory size and time delay. Especially for
OFDMA systems, where only a fraction of subcarriers, say
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Nsub, are allotted to a subscriber, i.e., Nsub ≤ N , the numerical
complexity and time delay of the FFT-based algorithm remain
high.

Equivalently, noting that F CF H
C is a Toeplitz matrix, an

ideal frequency domain LPF that rejects data at time indices
n /∈ {−Lc,−Lc + 1, . . . , L + Lc − 1} in the time domain, can
be used for (18), but with the higher numerical complexity of
O(NsubN). Alternatively, at the cost of moderate performance
loss, we can use an Ntap tap LPF with the numerical complex-
ity O(NsubNtap), designed to approximate an ideal LPF with
the low and high cutoff time indices tlc = −Lc − 1 and thc =
L + Lc, respectively. In practice, we choose tlc < −Lc − 1 and
thc > L + Lc in order not to introduce channel distortions from
the unflat passband. The merits of the LPF-based algorithm are
summarized here.

1) Differently from the FFT-based algorithm, the LPF-based
algorithm can select subcarriers of interest and produce
channel estimates associated with those without a large
time delay.

2) In contrast to the FFT that implements the DFT consist-
ing of N complex additions and multiplications, the LPF
uses Ntap data to obtain a channel estimate, which im-
plies a narrower range of intermediate data in the channel
estimator. Therefore, data bitwidth required to achieve a
desired signal-to-quantization-noise-ratio (SQNR) for the
LPF-based algorithm is far less than that for the FFT-
based algorithm; for e.g., given uniformly distributed in-
put, the 2048-point FFT requires 13 bits to attain an
SQNR of 40 dB, compared with 7 bits for an LPF of
Ntap = 40 [14].

3) Hardware implementation of an Ntap tap LPF is relatively
simpler than FFT block; FFT requires N data buffers to
save the input and output from each FFT stage and a com-
plex control logic.

In the following, we tested the proposed channel estimation
algorithm, and compared its performance with other algorithms
in terms of the SER.

C. Example

Consider OFDMA systems with N = 2048, NG = 345, and
Nsub ≤ 1703 and QPSK pilots as in the IEEE 802.16a stan-
dard [2]. Pilots are located at even usable subcarriers, and nulls
at odd subcarriers, which is consistent of preambles in the IEEE
802.16a standard [2]. The SER curves were obtained by aver-
aging over 1000 random channels with h ∼ CN(0, 1

LIL) and
L = N/16 = 128. The channel estimator parameter Lc is fixed
at 50 for the FFT-based channel estimator. An LPF of Ntap = 40
is designed to have cut-off time indices thc = −tlc = 200
and the real coefficients. In this case, the number of com-
plex multiplications required for the LPF-based algorithm is
Nsub(Ntap/4), where a factor of 4 accounts for the use of the
real coefficient, and the fact that at least half of subcarriers have
0 in the preamble because of the way it was generated. Ac-
cording to our simulations, the performance of the LPF-based
algorithm was saturated approximately at 7 bits, but the FFT-
based algorithm and ML algorithm did at 16 bits and at 17 bits,

TABLE I
NUMERICAL COMPLEXITY (N = 2048, Ntap = 40˜L = N/16)

Fig. 3 SER performance of the channel estimators based on the FIR approxi-
mation, Q = 4, L = 128, N = 2048, NG = 345.

respectively. In Table I, the algorithms are compared in terms of
16-bit complex multiplications required.4

Note that the numerical complexity of the LPF-based algo-
rithm is linear in N , while those of the FFT-based algorithm
and ML algorithm are O(N log N) and O(N2), respectively.
Consider L = N/4 = 512, for, redundant “for” e.g., then the
hardware complexity of the ML algorithm is tremendous and
thus impractical, as it requires 307 200 complex multiplications
and the storage of the size of L2 = 262144 to save the associated
inverse matrix. The SER performance for the various channel
estimators are compared in Fig. 3. The ML estimator outper-
forms the linear interpolator by 2 dB in terms of symbol error
rate (SER), while the performance of the channel estimator with
an FIR approximation lies between them. At low SNRs, the FIR
approximation provides a maximum SNR gain of 2 dB over the
linear interpolator, while the performance difference becomes
tapered as the SNR increases; the error from the FIR approxima-
tion γ̃LS(Lc) begins to dominate the channel estimation error
γFIR(Lc). By the proper selection of Lc based on the SNR,
instead of using the fixed Lc, we can see that the LPF-based
channel estimator exhibits the SNR gain of 1.2 dB over the
linear interpolator at the relatively low numerical complexity.

V. CONCLUSION

We investigated LS, ML, and MMSE channel estimators for
OFDM systems with guard subcarriers. The effect of guard

4The numerical complexity of B bit multiplications is given as O(B2), and
thus, the complexity of 6-bit multiplications should be scaled down by a factor
of 162/62 = 7.1 compared with that for 16-bit multiplications.
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subcarriers was examined by the asymptotic equivalence be-
tween the Toeplitz and associated circulant matrices, and it was
also shown that given the number of pilots, pilots with the largest
possible distance between adjacent subcarriers provide the best
channel estimate among partially equispaced pilots. In addition,
we developed a suboptimal low complexity algorithm by intro-
ducing an extended channel and its FIR approximation, followed
by two different implementations based on FFT and LPF.
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