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Abstract 

We examine a point-to-point communications scenario in 
which two or more separate, but known, channels are avail- 
able for data transmission. While sending the same data 
across multiple channels provides channel diversity, we in- 
troduce-additional temporal diversity by permuting the or- 
der of the data prior to transmission over one or more of 
the channel$. As a receiver, we introduce a low complex- 
ity iterative equalization algorithm, inspired by iterative de- 
coders for turbo-codes, which we call linear iterative turbo- 
equalization {LITE). The LITE algorithm contains one min- 
imum mean square error linear equalizer for each channel 
and passes sof-information between the diflerent equaliz- 
ers in the form of a prior over the transmitted data. The 
linear equalizers diger from conventional equalizers by in- 
corporating this prior in the minimization. Through simu- 
lations, we compare the empirical performance of the LITE 
algorithm to that of conventional linear and decision feed- 
back equalizers, as well as maximum likelihood decoding 
for the set of channels. Our simulations demonstrate that 
the LITE algorithm can achieve equalization peqonnance 
comparable to maximum likelihood decoding with compu- 
tationdl complexity comparable to that of linear equaliza- 
tion. 

1. Introduction 

An intersymbol-interference (1%) channel is a common 
model for point-to-point communications, where the inter- 
symbol interference is caused by multipath propagation in- 
duced by the dominant scatterers in the medium. While this 
channel is often time-varying for mobile communications, 
in many applications of interest the channel can be assumed 
known at the receiver, either through the use of pilot sig- 
nals or suitable training data. As such, linear and decision 
feedback equalizers are often used to correct IS1 and can 
provide adequate performance for reliable communication 

over such channels. In the context of a wireless commu- 
nications infrastructure, such as that for cellular telephony 
or other personal communications systems, an interesting 
situation arises when a single user is given the opportunity 
to make simultaneous use of multiple channels. If the data 
rate of the user remains constant, then the presence of an 
additional channel provides a means for increasing the fi- 
delity of the data which was previously sent over a single 
channel. While this problem falls within the general con- 
text of channel coding, in this paper, we explore a relatively 
simple transmission and equalization scheme to exploit the 
availability of additional channels. This method has low 
overhead, such that the overall computational complexity 
is comparable to that of linear equalization, yet performs 
nearly as well as maximum likelihood decoding. 

2 Channel Model 

The channel model considered includes two or more IS1 
channels that are known to the receiver. At the transmit- 
ter, the same data b[n] is to be transmitted over each of the 
channels, thus creating a trivial rate 1/M code, where M 
is the number of channels available. For simplicity, in the 
remainder of this paper, we assume that M = 2, and note 
that extension to larger M is straightforward. In the two- 
channel case, prior to transmission, the data over one of the 
channels is segmented into blocks, and the data within each 
block is then interleaved to introduce additional temporal 
diversity. This transmission strategy was also used by Em- 
mer and Franz in [4]. However, the decoding strategy de- 
scribed in [4] is based on the “turbo-equalization’’ method 
of Douillard et al. [3] and hence requires maximum a poste- 
riori (MAP) decoding [2] of each of the channels, multiple 
times in succession. While the performance of this tech- 
nique can approach the optimal in terms of probability of 
error, it comes at a price of computational complexity that 
is exponential in the length of the impulse response of the 
channel. In this paper, we consider a reduced complexity 
decoder for this transmission scheme, whose performance 
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nearly attains that of “turbo-equalization,” yet whose com- 
plexity is only polynomial in the channel impulse response. 
I . 
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Figure 1. Equivalent baseband discrete-time 
channel model and LITE block diagram. The 
data b[n] is segmented into blocks and then 
transmitted over each of two channels. Over 
one of the channels, the order of the data in 
the blocks has been interleaved. The two IS1 
channels hl[n] and hz[n] are assumed known 
to the receiver, and wl[n] and wz[n3 are as- 
sumed to be independent AWGN sequences. 

Specifically, our channel model is as shown in Figure 
1. For simplicity, we assume that the data is binary phase- 
shift-key (BPSK)-encoded and that the overall effect of each 
of the transmitter-channel-receiver paths can be represented 
as a linear time-invariant discrete-time channel, hl[n] and 
hz[n]. In Fig. 1, the data b[n] is interleaved prior to trans- 
mission over ha[n]. We also assume that additive white 
Gaussian noise zoi [n] is present in each channel and that the 
noise in each of the channels is uncorrelated. The discrete- 
time baseband model of the two channel outputs for the 
transmitted data sequence b[n] is then 

Lz 
p1[n] = hl [k]b[n - k] + w1 [n] (1) 

7-2[nI = hz[@[n - k] + wz[n],  (2) 

k=-L1 

Ez 

k=-E1 

where a,, = n(1, ..., N) is the data permutation index, b[n] 
is the input symbol stream, and &[n] = b[in] is the per- 
muted symbol stream. It is well-known how to optimally 
estimate (in terms of minimizing the probability of error) 
the sequence of transmitted bits b[n) based on only one of 
the received sequences rl[n] or r2[n). This is done using 
the so-called forward/backward algorithm [2]. However, 
the computational complexity of this approach is usually 
impractical for channels with significant IS1 (L1 >> 1 or 
Lz >> l), since the complexity of such an optimal equal- 
ization procedure grows exponentially in the length of the 

overall impulse response. Without considering the inter- 
leaver, the optimum receiver in terms of minimizing proba- 
bility of symbol error, based on both q[n]  and r2[n), has 
computational complexity that is exponential in the sum 
of the lengths of the two channels. With the interleaver 
present, the effective channel length for the second channel 
becomes equal to the length of the interleaving block, mak- 
ing such a decoder completely impractical. In [4], Emmer 
and Franz propose an iterative equalization strategy based 
on the “turbo-equalization” method of Douillard et al. [3] 
which iteratively applies the forwardhackward algorithm 
to each channel hl[n] and hz[n] in succession, until con- 
vergence is achieved. For channels with significant ISI, this 
approach also becomes prohibitively complex. As an alter- 
native, we propose an iterative decoding algorithm which 
makes use of low complexity, minimum mean square error 
linear equalizers in place of the computationally heavy for- 
wardhackward equalizers used in “turbo-equalization.” 

3 Linear Iterative lhrbo-style Equalization 
(LITE) 

A central idea in iterative algorithms such as the “turbo- 
equalization” of [3], is that of message-passing or belief- 
propagation, where two or more devices take soft inputs, or 
beliefs about the symbol values, and produce soft outputs, 
or new beliefs for the values, and pass this information back 
and forth until some agreement is achieved. Since these de- 
vices both act on and produce soft information (rather than 
“hard” quantized symbol values), they are often called soft 
inpuvsoft output (SISO) devices. A SISO equalizer takes 
as input a received sequence ri[n], i = 1,2,  and some ad- 
ditional information about the symbol sequence b[n].  In the 
context considered here, this additional soft information is 
a prior probability distribution over the bits, which can be 
interpreted as a set of values of the data and a level of be- 
lief in those values. The SISO equalizer then produces a 
soft estimate of the symbols which can be interpreted as a 
probability mass function indicating the likelihood of any 
symbol b[n] being a particular value. Figure 1 depicts this 
interaction between the two SISO equalizers in the LITE 
setup. 

For an overall channel impulse response hi[n], and re- 
ceived values ~ i [ n ] ,  assume the priors cin[n] n = 0. . . N 
to be given such that 0 5 € i n [ j ]  5 1 for all j. A SISO 
equalizer can be defined mathematically as a device that 
performs an equalization function eq : RN x [O, 1IN -+ 

[0, 1IN, eq(y, €5) - e f U t ,  where can be thought of as 
a vector of a posteriori probabilities. 

The main idea behind the LITE algorithm, or more gen- 
erally, belief propagation, is to let two or more SISO blocks 
exchange prior information about the data until they agree 
on a decision or until a maximal number of iterations is 
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reached. Various termination criteria have been investigated 
in the literature in certain decoding contexts, such as turbo 
coding [ 1,5,6]. As soon as the termination criterion is sat- 
isfied, the outputs are suitably combined to construct the re- 
covered data. In the case of the LITE algorithm, the output 
and the input of the SISO decoder are combined in order to 
form the form a soft combined equalization decision. If so 
desired, a hard decision on any symbol can be derived from 
this soft value. 

In order to achieve good performance in such an iterative 
scheme, a permutation is included in the data path, which 
spreads out statistical dependencies between estimates. The 
situation depicted in Figure 1 contains an inherent feedback 
loop from one SISO equalizer back to itself. It is important 
that this feedback be mitigated (or delayed for as many iter- 
ations as possible), since the SISO equalizers are designed 
under the assumption that the observations are conditionally 
independent of the priors. This can be accomplished by en- 
forcing a well-behaved property for the equalizers. We say 
that an equalizer is well-behaved if & [ j ]  is not a function 
ofe,E,[j]. 

We now can formulate the LITE algorithm: 

1. INPW: A permutation II, two vectors of received val- 
ues ri, i = 1,2, and prior information about the sym- 
bols expressed as vector of probabilities (€E1 is 
usually a vector containing a value 0.5 in each position 
for BPSK data.) 

2. Repeat the following steps until a termination criterion 
is reached. 

(a) €,E,: = eq(n, E%') 

(c) e t  = eq(rz, €E2> 
(9) €E1 = II(€,E,2,> 

(b) E$' = ll-' ( eE1 out) 

(e) If the termination criterion is not satisfied Goto 

3. OUTPUT hard decisions for symbol 8, based on ~oE,'~[z[iJ 
.step 2a 

and ~f;~[i] 

4 Soft-InpWSoft-Output Linear Equaliza- 
tion 

A standard approach to reducing the effects of intersym- 
bo1 interference and additive noise induced by the given 
channels is to use linear, or decision feedback equalizers 
tuned to those channels. A linear (affine) equalizer yith co- 
efficients c[n, k ] ,  offset g[n],  and symbol estimate b[.] can 
be expressed in the form 

Nz 

6[n] = 1 c[n, k]r[n + k] + g[n),  
k=-N1 

where the equalizer coefficients are written as a function of 
n to enable the possibility of different coefficients used to 
estimate each symbol b[n],  and the offset g[n] provides a 
richer class of linear estimates which can account for a non- 
zero mean prior [n]. For clarity, since the SISO equaliz- 
ers used in each of the two channels follow the same devel- 
opment, we will drop the subscript i = 1 2 from the signals 
T, [n], h,[n] and wi [n] when it is unnecessary. The channel 
model for each channel can be written in matrix form as 

fin] = If&] + G[n], 

where the channel response matrix, H, is given by 

0 h[Lz] ... h[-L1] ... O l  

1 0 . . .  

and the signal vectors are given by 

r7n] = [.[n - N I ] .  . .?-[.I. . . r(n + N z ] ] T ,  

b'm] = [b[n - NI - L'] . . . b[n] . . . b[" + Nz + &]IT, 
G[n] = [w[n - N I ) .  . .w[n] . . . w[n + NZ]] T . 

The equalizer output can also be expressed in matrix form, 
simply as 

b[n] = qnlTfln] + g [ n ) ,  

where the equalizer coefficients c[n, k] are written 

q.1 = [+, -N11, * . . I 4% N2ll * 

With thischannel model, the mean-square error of a symbol 
estimate b[n] is given by 

E{lb[nl - 6In1I2), (3) 

where the expectation is taken over the distribution of the 
symbols b[n] and the noise w[n]. In the traditional approach 
to the design of complexity-constrained (finite NI and N2) 

minimum mean-square error (MMSE) linear equalizers, it 
is assumed that the symbols 6[n] are equally likely to take 
on all possible symbol values, and that there is no addi- 
tional information about their values available. The tradi- 
tional equalizer is determined by finding the coefficient val- 
ues .7n) and g [ n ]  which minimize the mean squared error 
(3), which, since the symbols are assumed unknown and 
equally likely for all time n, leads to a single set of co- 
efficients, Z, and the offset is given by g [ n ]  = 0. In the 
context of the LITE algorithm proposed here, the equal- 
ization algorithm will have available a set of priors over 
the symbols. For example, if the symbol alphabet is bi- 
nary, then this would correspond to the availability of the 
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sequence ci",[n] = Prob{b[n] = 1). In the sequel, we 
assume that the channel response h[n] is real-valued and 
that the symbol alphabet is b[n] E {-1,l) for simplicity. 
Extension to complex baseband channels and higher-order 
symbol constellations is straightforward. In this case, an 
MMSE equalizer can be designed incorporating these priors 
into the optimization. Hence, the equalizer coefficients, 4.1 
and g[n] can be determined by finding the minimum of the 
mean-squared error (3), where the expectation in (3) is over 
both the additive noise in the channel, and the given (time- 
varying) prior over the symbols. As a result, the equalizer 
coefficients will vary with time index, n.  This leads to the 
following formulation, 

b[n] = E{b[n]}  + (4) 
[E { b[n] g[ n) } HT-E { b[n]} E { g[ .IT} H T ]  x 

[HE{qn)6[n]T}HT + E{ Iw[n]IZ}I - 
~ ~ { b f n ] } ~ { ~ [ n ] ~ } ~ ~ ] - '  (1.1 - HE{~+] 1 ). 

Once the equalizer has produced MMSE linear estimates of 
the symbols b[n], these estimates must be mapped into pri- 
ors One method for mapping the outputs of the linear 
equalizers is to assume the output distribution b[n] is condi- 
tionally Gaussian, distributed about the symbol values. This 
leads to the following mapping 

Prob{b(n] = 116[n]} = - ( 1 + tanh (3)) , 
2 

where 0: is the variance of the conditional output distribu- 
tion given the symbol &[n] = sign(b[n]). 

In order for this equalizer to be well-behaved, and thus 
avoid early limit-cycle behavior, the estimate b[n] cannot be 
a function of ~ g [ n ] .  Hence, the expectations in (4) must 
be taken over a distribution of the symbols which excludes 
~ % [ 7 2 ]  for the calculation of b[n]. However, in calculating 
b[k ] ,  k - #  n, cg[n] may be used. This leads to the fol- 
lowing method for computing the output distribution given 
the observations, ~ , [ n ] ,  i = 1,2, and the input distribution 
€2, a = 1,2.  

1. Create buffers for the priors, the signal 7-[n], the ex- 
pectations &[n] = E{b[n]g[n]}, the correlation ma- 
trix B[n]  = E { @ ~ l $ [ n ] ~ } ,  and the means Gb[n] = 
E{%ll 

2. Initialize buffers for priors dn) and data dn), in terms 
of the signal ~ [ n )  and the input &. 
8') = [ O , O , .  . . ,T[O],T[I], . . . , T [ N ~ ] ] ~  

80) = [O,O, . . .  , O , ~ ~ [ O ] , ~ i " , [ 1 ] , . . .  , ~ E [ & + L l l l T  

3. Loop over the data for n = 0,. . . , N :  

8n+l)  = [T'"'[-N~ + 11,. . . , r (")[N2],0]  

= [ E ( ~ ) [ - N ~  - Lz + I] , .  . . , E ( " ) [ N ~  + Ll],O] 
if n < N - N z  

T("+l) [Nz] = T [ ~ L  + 1 + Nz] 

c("+"[Nz + L I ]  = c g [ n  + 1 + NZ + LI] 
if n < N - N z - L 1  

4. Estimate output variance: 

5. Determine output priors: 

= (var(b(b > 0) + var(b1b < 0))/2 

= 4 (1 + tanh (y )) 
5. Simulations and Conclusions 

To enable meaningful comparison against standard 
equalization techniques, simulations of the LITE algorithm 
are shown for the scenario in which the two channels hl [n] 
and h*[n] are equivalent, with impulse response given by 
h[n] = 0.4076[n + 11 + 0.8156[n] + 0.4076[n - 11. One 
thousand blocks of length of N = 1,000 symbols have been 
processed with an equalizer length of L1 + Lz + 1 = 5 
taps. When the two channels are identical, and no interleav- 
ing is performed, the optimal joint constrained-complexity 
MMSE linear equalizer is equivalent to one equalizer oper- 
ating on the average of the outputs of the two channels. The 
performance of this MMSE optimal equalizer (without in- 
terleaving) is compared to that of the LITE algorithm devel- 
oped above. Perhaps a more appropriate comparison would 
be joint constrained-complexity MMSE equalization for the 
interleaved sequence. However, this would require inver- 
sion of a matrix of dimension n and thus has prohibitive 
computational complexity. 
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Figure 2. Performance of joint MMSE linear, 
MMSE DFE, and LITE algorithms along with 
maximum-likelihood decoding and turbo- 
equalization. 

Since the LITE algorithm feeds back soft-decisions from 
each of the separate equalizers, we also compare its per- 
formance to that of an MMSE optimal decision-feedback 
equalizer for this dual channel scenario. Thus, we include 
the performance of an MMSE DFE for the channel given 
above, with 5 taps in the feedforward filter and 1 in the feed- 
back filter. 

These two MMSE equalizers are of comparable com- 
plexity to the LITE algorithm, and hence form a reasonable 
set of algorithms for comparison. Since the channel impulse 
response lengths are sufficiently short, and the signalling 
constellation is BPSK, we can also include in our compari- 
son optimal maximum-likelihood symbol estimation for the 
identical two-channel model, again without interleaving. 
This is accomplished by once again averaging the outputs 
of the two channels, and then running the forwardhackward 
algorithm on the resulting sequence. Finally, we also in- 
clude the performance of the ‘‘turbo-equalization” algo- 
rithm of [3] as an estimate of the bound on the probability 
of error achievable for this two-channel case, when inter- 
leaving is included. If the channel impulse response lengths 
were to increase significantly, or the constellation were to 
increase in order significantly, then comparison against such 
maximum-likelihood techniques would rapidly become in- 
feasible. 

Figure 2 illustrates the performance of the joint MMSE 
linear, MMSE DE, LITE, maximum likelihood (MAP), 
and turbo equalization algorithms for a range of signal to 
noise ratios. Since the channel considered for this simula- 
tion has a spectral null near the unit circle, the performance 

of the joint MMSE linear equalizer quickly levels off at a 
high probability of error. Although the joint D E  performs 
significantly better than the joint MMSE linear equalizer, 
it gives little improvement in the equalization of this chan- 
nel for low SNR. The LITE algorithm, however, attains a 
much lower probability of error for all levels of SNR, and 
its gains increase with increasing SNR, from 1.5 dB to 2 
dB. Further, this performance is obtained with a computa- 
tional complexity similar to that of MMSE equalization yet 
is within 0.5 to 1 dB of maximum-likelihood decoding and 
within 2 dB of turbo-equalization, each of which have ex- 
ponential complexity. These promising results indicate that 
LITE algorithm may provide a practical means for obtain- 
ing significant performance gains for a variety of communi- 
cations applications. 
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