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Abstract - We present a “twice universal” linear 
prediction algorithm over the unknown parameters 
and model orders, in which the sequentially accumu- 
lated square prediction error is as good as any lin- 
ear predictor of order up to some M ,  for any individ- 
ual sequence. The extra loss comprises of a parame- 
ter “redundancy” term proportional to (p/2)n-’ In(h), 
and a model order “redundancy” term proportional 
to n-’ In@), where p is the model order we compare 
with, and n is the data length. The computational 
complexity of the algorithm is about the complexity 
of a recursive least squares (RLS) linear predictor of 
order M. 

I. INTRODUCTION 
Linear prediction is an important component of a wide va- 

riety of signal processing and communication systems. Given 
the data sequence x; = {z[t]}bl the optimal set of p linear 
prediction coefficients g[n] = [a1 [n], . . . , a,,[n]lT minimizes the 
total squared prediction error, 

where f e[ t ]  = c:=:=, ajz[t  - j ]  is the predicted value of 2[ t ] .  
The resulting coefficients depend, of course, on the input se- 
quence. In this work we provide a “twice universal” conipu- 
tationally efficient algorithm, that is not tuned to the data 
in advance and does not assume a niodel order, yet for any 
bounded sequence XF asymptotically attains the minimal av- 
erage square error of any linear predictor up to some order M ,  
at a rate achievable given the model order. 

11.  UNIVERSAL FIXED-ORDER LINEAR PREDICTION 
We assume that the sequence to be predicted XF is a real- 

valued arbitrary sequence, such that 1z[t]l < A for all t .  Let 
&[t] = 14~:[71] ,  where :[n] = [z[t - 11, . . . , z[t - p ] ] ,  be the 
output of a p-th-order linear predictor with paranieter vector 
- a. The p-th order universal predictor generates predictions 
2,6,[n] = ath[n - 1lr:[n] where, 

r: = z [ k ] g [ k ] ,  Rg, = CL, 2[k]a:[kIT and $RL,c has a 
unique niiniriiurii eigenvalue X 2 Am > 0. Its performance is 
given in the following Theoreni: 

Theorem 1. l ( z ~ , k ~ ~ p , l )  = x y = , ( x [ t ]  - ?iL [ t ] )2 ,  satisfies 
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The idea behind the universal predictor and the proof of the 
Theorem is as follows. We define a “probability” assignment 
of each of the continuum of predictors to the data sequence 
2:; such that the probability will be an exponentially decreas- 
ing function of the total squared-error for that predictor. By 
defining a universal probability as an a priori average of the 
assigned probabilities, then to first order in the exponent, the 
universal probability will be dominated by the largest expo- 
nential, i.e., the probability assignment of the niodel with the 
sniallest total squared error. Specifically, by using a conju- 
gate prior, which in this case is Gaussian, the mixture over 
the parameters is obtained in closed form, and we calculate 
explicitly the “redundancy” with respect to best niodel. We 
then relate the universal probability assignment to the accu- 
riiulated squared error of the universal predictor and get t,he 
desired result. 

111.  UNKNOWN MODEL ORDER 
We now have universal predictors for each rirodel order i = 
1 , .  . . , M .  Each of these predictors generate predictions &[TL] 

at each time t .  The suggested twice-universal predictor is 
i : , , , [ t ]  = a4 p i [ t ]2 i [ t ] ,  where 

I n  other words, this predictor at each time point is a weighted 
linear combination of all the predictors of various orders where 
the weights depend exponentially on the perforriiance of each 
predictor so far. For this predictor we can state the following: 

The total squared prediction error of the 
twice-universal predictor, l(z7,  2E6,1) = Cy=, ( x [ t ]  - kt.1L[t])2, 
satisfies 

Theorem 2. 

I V . C o M P UTATIO N A L C o M F’ LEX I TY 

The universal predictor requires a mixture over the yarani- 
eters and over the model orders. A s  discussed above, the niix- 
ture over the parameters can be accomplished )through a prop- 
erly initialized RLS algorithm. Thus, it only reriidns to solve 
for each of the R.LS predictors of orders i = 1 , .  . . , Ad. This 
can be still complex, however the R.LS algorithni for il given 
niodel order can be written as a time-recursion a i d  order- 
recursive algorithm. Specifically, for the M-th order problem, 
;it each time point the predictor is const,ructed by recursively 
solving for each of the predictors of lower order. This is the 
lattice filter formulation of the R.LS algorithm.. The resulting 
coniplexity of these algorithms can be made to have O ( M )  01)- 
erations per tinie sample which results in a t,ot,al c:onipIexity 
of ~ ( M T L )  for the universal predictor. 
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