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Abstract- We consider the performance of blind maximum 
likelihood sequence detection (MLSD) when the recursive least- 
squares (RLS) algorithm is used to update channel estimates. 
We employ asymptotic efficiency analysis to characterize the 
performance of the detector as the signal-to-noise ratio (SNR) 
approaches infinity. Asymptotic efficiency analysis allows us to 
quantify the loss in performance due to the presence of inter- 
symbol interference ( I S )  and the lack of channel knowledge. We 
show that, under certain conditions, the asymptotic efficiency of 
the detector depends only on a single most-likely noise realization. 
Our results indicate that the performance of the IUS-based 
detector is strongly dependent on both the magnitude of the IS1 
and the number of data samples available. 

1. INTRODUCTION 
A variety of communication systems are presented with the 

challenge of equalizing an unknown inter-symbol interference 
(ISI) channel. As a result, much work has been devoted to 
developing effective and computationally efficient methods for 
blind estimation of transmitted data [I]. The blind equalization 
schemes of interest in this paper are those that perform 
maximum likelihood sequence detection (MLSD) of the trans- 
mitted bits along a set of surviving paths through a trellis, 
analogous to the Viterbi algorithm [2,3]. Several blind MLSD 
schemes employ the recursive least-squares (RLS) or the 
computationally simpler least mean-square (LMS) algorithm to 
update channel estimates along paths through the trellis [ G I .  
Because of the prevalence of RLS-type estimation methods in 
blind equalization, as well as in other estimation applications, 
many researchers have studied the convergence of the RLS 
algorithm and its asymptotic performance in the limit as the 
number of available samples approaches infinity [7,8]. Rather 
than analyzing the performance of RLS-based blind detectors 
as  time approaches infinity, we study the performance of such 
detectors in the limit of high signal-to-noise ratio (SNR), i.e. 
as  the noise variance tends to zero. 

To perform such high-SNR analysis, we employ asymptotic 
efficiency, a concept applied widely in multi-user detection and 
more recently in single-user detection 19, IO]. Computing the 
asymptotic efficiency of a detector enables us to characterize 
its performance relative to the performance achievable when 
no interference is present. Following the definition presented 
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in [IO], we define the asymptotic efficiency of a detector as 
the exponent of decay of its error probability divided by the 
exponent of decay of the minimum error probability when no 
iSI is present, asymptotically as SNR tends to infinity. Through 
our analysis, we are able to quantify the asymptotic loss in 
performance that results due to the presence of IS1 and the 
lack of channel information. 

11. CHANNEL A N D  EQUALIZER MODEL 
We consider a discrete-time, symbol-spaced, time-invariant 

channel corrupted by additive uhite Gaussian noise (AWGN). 
For simplicity, we restrict our analysis to binary phase-shift 
keyed (BPSK) encoding over a two-tap channel with system 
function given by 

C(Z) = 1 + uz-1. -1 c u < 1. 

rk  = bk + d - 1  + wk = cTbI; + w ~ ; .  

11) 
The kth received sample can be written as 

(2) 

where { t ~ ~ . ) j ? = ~  are the transmitted bits in a block of length 
N ,  WI; is AWGN independent of 6k  with variance cr2 = :Vo:0/2, 
cT = [l u ] ,  and hz = [bk bk-11. 

As a receiver, we consider a detector employing MLSD that 
has knowledge of the channel length but not of the channel tap 
values. The detector operates according to the standard Viterbi 
algorithm @e. retains the best path to each state at every time 
index) [3] and uses a least-squares approximation to estimate 
the channel along each surviving path. At each time k, the 
channel estimate along each surviving path is updated via the 
well-known RLS update [Il l  

where hk denotes the channel estimate at time k ,  and 
Rk = cf, b,bT is assumed to be invertible. 

111. COMPUTATION Of ASYMPTOTIC EFFiClENCY 
The minimum bit error probability for a channel nith bit 

energy 1 + u2 and no IS1 is given by 
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where - indicates'that 

The asymptotic efficiency of a detector with error probability 
P, = P,(u') is then given by 

Again following [IO], for a set of outcomes E whose proba- 
bility depends on a2, we define the asymptotic exponent 

A key property of XE is that it is dominated'hy the most 
likely event contained in E. Hence, to compute the'asymptotic 
efficiency of a detector, we need consider only the most likely 
way in which an e$or can occur. For the two-tap channel C(z) ,  
tlie two closest paths through the trellis (which determine the 
most likely error event) differ in only one bit. Thus, we study 
two paths, denoted by A and B, which differ only in their 
estimates of b,,+l. Without loss of generality, we let = 

-1 and 6!$l = +I denote the estimates of b,+l along paths 
.-I and B, respectively. The relevant sections of the. two paths 
through the trellis are shown in Fig. I .  

n n + l  n+' 
-1 L .............. 
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..__ 

............ 
. .  . .  

I . .  AI . : . 
Fig. I. Sectibn of trellis for which paths 4 and B direr 

The dominating error event will be a single isolated error, 
and hence we can assume that paths A and B are correct up 
to time n +  1. The RLS channel estimate generated along each 
path is given by 

h, & hiA) = hiE) RG'p,, (8) 

where pn = E:=, r,b, [ I  I]. Assuming path A is correct at 
time n + 1, the probability that the detector makes an error 
(Le. chooses path p )  is the probability that .?I C4) 2 A@), 
where the metric of path A is computed as 

and similarly for A i ( B )  [3]. Since A and B differ only in the 
(n+ 1)th hit, their metrics differ significantly only in the terms 
for which k = n+.l and k = n+2. (In fact, since the channel 
estimates' along the two paths are slightly different, all terms 
for which k > n +  2 will also differ slightly. These differences 
are comparatively small for large block lengths, however, and 
hence are ignored in our analysis.) Incorporating the RLS 

updates of the two channel estimates, the metric difference 
can be written 

n$(A) - .k$hW = (10) 

A. Simple oppmxintotions to R, and pn 
Both R, and pn are functions of all bits transmitted 

up to time n. Rather than assume values for { 6 k } E I ,  we 
approximate R, and pn by their expected values, R, zz nI, 
where I is the 2 by 2 identity matrix, and pn rr nc. With this 
approximation, A$(") -Ai(B) becomes a function of only two 
variables: w,+1 and zu,+~. 

Claim: The asymptotic exponent XRLS satisfies 

XRLs = niin .I;+, + 
where D = {(w,+l, wn+2) : M(") - 
Proof: Note that the sum of N independent Gaussian random 
vectors with mean 6 and covariance matrix K has a Gaussian 
distribution with mean 5 and covariance matrix N K .  Let B be 
a zero-mean Gaussian random vector with covariance matrix 
I< = u2I<0, and let 

(13) D 

2 0). 

iv = E,=, U: Then 

2 
hi - 2 2  logP(< E p) = lim -? 10gP(<,v/~v E F ) .  

N-m No 02-0 

(14) 
.~ Let the set F be defined as . .  

F = { G  : R(C) 2 0) n { G  : v, 5 c: i = 1: .... L} ,  (15) 

where R is a continuous function;v, denotes the ith component 
of G, L denotes the length of G, and c is an arbitrarily large 
scalar. By Ellis's Theorem [12], 

1 
limsup - logP(G"/N E F )  5 - !nf I ( P ) :  (16) 
N-m .v 2EF 

where 
I(?) = sup[P?  - ,$($)I. (17) 

0 

08) 
1 

For the Gaussian vector G N ,  

and 
,$($I = lim - ~ o g ~ [ e x p { P ~ , v } ] .  

N-m -v 

(19) 
,$(lT) = -PI<$. 1 

2 
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This yields deteriorate when the channel must be estimated. The reduction 
in asymptotic efficiency is much more significant for large 1u1 
than for small, especially for smaller values of n. However, 
as n increases, the asymptotic efficiency of RLS-based MLSD 
quickly approaches that of MLSD when the channel is known; 
for n = 1000, the asymptotic efficiency of the RLS-based 
detector is nearly indistinguishable from that of the known- 
channel detector. 

1 
2 2 I(?) =  SUP[^?- - P K q  = '*TK-'f) (20) 

which is achieved for-8 = K-lZ, I(?) is a paraboloid with 
its minimum at Z = 0. For a random vector whose elements 
are i.i.d. with variance u2 ,  K = $1. It is easy to see for this 
case that, constrained to the region F ,  the minimizing value 
o f ?  will be the value closest in Euclidean distance to 0, since 

B 

Because Ellis's Theorem requires that the set F be compact, 
we were required to append the restriction that {? : xi 5 
c: i = 1.. . L }  for some finite c. Note, however, that since 
the minimizing value of ? is the vector with the minimum 
Euclidean norm, the restriction of the elements of ? to finite 
values is not an active constraint. Hence, minimization over 
F yields the same result as minimization over the larger set 
{ ? : R ( ? ) > O ) .  

Now, define G = {C : R(<) > 0). Ellis's Theorem also 
implies 

1 
liiniiif - logP{<,v/N E G }  2 - i i if  I(<). 
N--m .Y I E G  

(22) 

Since I(f) is continuous and F is the closure of G,  

iuf I(?) = jnf I(?). 
I E G  Z E F  

1 
and 

leG2f Iv logP{,Zv/N E F }  2 - iiif I(?). (24) 
I t  F 

Thus, the limit exists and is given by 

Employing (14), letting Z = [UJ"+I wn+2], and letting R = 
AI(")  - AI(B), we see that 

X R L ~  = liiri -2u210gP(G t F )  (25) 
02-0 

which proves the claim. 
Hence, as SNR tends to infinity, the probability of the most 

likely error event is a function only of the point of the contour 
Ad(") - = 0 which lies closest in Euclidean distance to 
the point w n + ~ )  = (0.0). Using Lagrange multipliers, 
we solve the constrained minimization problem and compute 

for -1 < u < 1 and n = 1.10.100.1000. We also consider 
the case in which path B is correct, since the two cases are 
not symmetric when RLS channel estimation is employed. 

Fig. 2 shows the results of the asymptotic efficiency calcu- 
lations. For comparison, we include the asymptotic efficiency 
of MLSD when the channel is known, which is equal to I 
for all u E (-1.1). As expected, asymptotic efficiency does 

a 

Fig. 2. A&ptotie efficiency of RLS-based MLSD for o E (-1, 1) and 
n = 1,10,1M), 1000. 

B. Mure accurate representation ofp, 

Rather than setting pn equal to its expected value, we 
now consider a representation of pn that includes the noise 
terms present in the cross-correlation vector. Denoting the sum 

l ~ , b , - ~  by Y,,, we can write the autocomelation matrix 
and cross-comelation vector as 

. '  

Since 7" is not a function ofthe channel noise variance, we can 
consider the conditional asymptotic efficiency for a particular 
value of Y ~ .  For the following, we will set 

n 

yn = E{?,) = xE{btbt-i) = 0. (29) 

For notational ease, we denote Cy=, b,w, by yn and 
Cy='=, b,-lw, by z,,. We can now write the autocorrelation 
matrix and cross-correlation vector as 

%=I 

R, = 7112 (30) 

and 

1669 



. .  
0.9 ! ! ' " I ,  " . .  . .  

. .. . .. . , . , . . , . .. . . .  . .  o,s . . . .  ? '  ..: . . . .  ; .  ' . .  

. . .  

. . .  
0.4 " " " " ' 

-1 4 .8 4 . 6  4.4 4.2 0 0 2  0.4 0.6 0.8 I 
. .. . .  . .  

Fig. 3. Asymptotic efficiency of  RLS-based MLSD for the fin1 estimated 
symbol when three "ining symbols ( b t } ; = ,  = { I  1 - 1) are first 
tmnsmined. '.. . . 

. .  
to (IO),  the metric difference now becomes a 

function of,?&+;, w,+?, yn, and z,. The problem of finding 
the most likeiy values of wntl ,  wn+?, yn, and z ,  is now a 
constrained minimization in four variables, all of which have 
zero-mean Gaussian distributions. While w,+1 and w,+2 are 
independent df the other two variables and of each other, the 
function to be minimized is complicated in that yn and z, 
are not jointly Gaussian. To see this, consider n = 1. Then 
y1 = 6 1 ~ 1 ,  and z1 = bowl. Clearly, both y1 and ZI are zero- 
mean Gaussians with variance a', but given y1, the value of 
21 is known'up to a sign change. The resulting joint pdf of y1 
and ZI is given by. 

. .  
For general n, the joint pdf of y, and L, has a complicated 

form that does not allow for a simple minimization function 
like that used in the two-variable case. However, we can 
analyze the estimation of the first data symbol, since this 
special case is a function of four,jointly Gaussian random 
variables. We consider a scenario in which three training 
symbols are transmitted, following which the first data symbol 
is transmitted and estimated. We choose training symbols 

our previous assumption. The corresponding autocorrelation 
matrix and cross-correlation vector are R = 212 and 

{bk},=, 2 = ,{1 1 - l}, which yields 72 = ' 0  in line with 

] (33) I = [  2U+Wl+W2 ' 

2 + w i - w 2  2 + b 1 ~ 1 +  b2W? 

2a + bowl + blw2 P =  [ 
Following the argument used in the simplifed analysis, we 

minimize the function 

simpler analysis. However, inclusion of the noise terms y, and 
zn does result in a noticeable decrease in asymptotic efficiency, 
especially for small lal. For example, in the simpler analysis, 
the asymptotic efficiency reached 1 for a = 0, but when 
the new noise terms are considered, the maximum asymptotic 
efficiency (still occurring for a = 0) is only slightly above 0.8. 

We now further consider the joint probability density func- 
tion of y, and zn for arbitrary values of n. Suppose 
bo = b, = -1. (These elements are fixed because bo is an 
assumed "prior bit" that appears only in z,, and b, is given 
by the paths A and B.) We claim that the joint probability 
density function of yn and z ,  is given by 

where pI = e, and Ln/lj denotes the largest integer less 
than or equal to n / 2 .  We derive this density function by 
first conditioning on the value of {bk};::. When {bt};;: is 
known, y, and L, are jointly Gaussian with covariance given 
by 

%=I 

Hence, the covariance of yn and z ,  is completely determined 
by the value of C:=l b,b,_]. The value of this summation is 
determined by the number of transitions (from +l to -1 or from 
-1  to +I )  in the sequence {bc}2=o. 

There are n terms in the summation of interest correspond- 
ing to the possibility ofup to 11 transitions. Each transition con- 
tributes -1 to the sum, and each "non-transition" contributes 
+1 to the sum. The covariance of yn and 2, when conditioned 
on {bk};:: is then oZ(n - 2.V7-), where .VT denotes the 
number of transitions in {bk}Lzj. 

To determine the unconditioned joint density of yn and z,, 
we compute 

f b n :  zn) = f k n :  z,lIbt};;:)P({b*};=:): (37) 
P k I L :  

where P({bt};I:)  denotes the probability of the sequence 
{!&}E::. Since we assume the transmitted bits are i.i.d. and 
equally likely to be + I  or -1, P({bk);;j) = 2-("-') for any 
{bk};!:, yielding 

f(yn,  2,) = 2-(*-1) f ( y n : 4 { b l i } ; z ; ) .  
{ b * ) E :  

It is clear that the joint pdf will be a Gaussian mixture 
generated by a sum of equally weighted zero-mean Gaussian f ( w ' . w ? . w 3 . W 4 ) = W : + w ~ + w ~ + W ~  (34) 

subject to the constraint AI(") - = 0. The resulting 
asymptotic efficiency as a function of a is shown in Fig. 3. 
When the noise terms in pn are considered, the shape of the 
asymptotic efficiency curve is similar to that found via the 

probability density functions. 
We now determine how many realizations of {bk}::: 

result in k transitions .for .k between 0 and n. Note that an 
unconstrained binary sequence of length n + 1 could have 

1670 



any number of transitions From 0 to 71. However, since we 
have constrained the first and last element of the sequence to 
he -1, the sequence { b k } ; = ,  must have an even number of 
transitions. The number of ways to have k transitions in a 
sequence of length n +  1 with fixed endpoints is equivalent to 
choosing k elements from a set of size n. Hence, for k even, 
the number of sequences {bk};:; that contain k transitions 
is (3, and the associated covariance between yn and zn is 
(n - 2k)u’. Combining these findings, we reach the result 
given by (35). 

Because the joint pdf of wn+1, wn+2, yn, and zn is a Gaus- 
sian mixture, letting u’ i 0 can no longer be equivalently 
represented as taking the normalized sum of N identically 
dismbuted random variables and letting .‘V + 00. Hence, the 
tools used to determine the general form of the asymptotic 
efficiency in the simplified case no longer apply. However, 
under certain conditions, it can be shown that the asymptotic 
efficiency in the Gaussian-mixture case is still a function of 
only a single point. Let P, and P3 denote the probabilities that 
R(2)  2 0 for some continuous function R when i is a random 
variable with with distribution p i [ F )  and p j [ ? ) ,  respectively. 
We say that P, dominates Pj if 

7 Pj liin -2u-- = 0 
02-0 E 

Consider a vector f of random variables with joint distribution 
given by 

L 

fi.3 = Cajp;(z). (39) 
;=I 

where E,”=, aj = 1, and for j = 1.. . . ! L ,  each pj(Z’)  is the 
probability density function of a vector of zero-mean jointly 
Gaussian random variables, each element of the vector having 
marginal variance u2. 
Claim: When P, dominates Pj for all j # i, then 

liiii -2u’logP(R(I) 2 0 )  = liiii -2u210gR. (40) 
02-0 02-0 

Proof: 

= Iiin -2u’ loga ,~ ,  

= lini -2u’log~, ,  
02-0 

02-0 

where the fourth equality follows from a Taylor Series ex- 
pansion of the log term, the fifth equality follows from the 
supposition that P, dominates P3 for all j # i, and the last 
equality holds because a )  is a constant independent of a’. 
Hence, the asymptotic efficiency in the Gaussian mixture case 
is equivalent to the asymptotic efficiency under the assumption 
that i is distributed according to the dominating Gaussian 
distribution in the sum. 

IV. CONCLIJSION 

Using asymptotic efficiency as a metric, we have char- 
acterized the high-SNR performance of a blind maximum- 
likelihood sequence detector using RLS to update the channel 
estimate along each path. When the autocorrelation mamx 
and crosscorrelation vector are approximated by their expected 
values, the asymptotic efficiency can be computed as the 
constrained minimization of a simple quadratic function. Un- 
der certain conditions on the joint distribution of the noise 
elements, the same computation can be applied when a more 
accurate representation of the crosscorrelation vector is used. 
The asymptotic efficiency results reveal that the high-SNR 
performance of the detector studied varies significantly with 
channel knowledge and with the magnitude of the IS1 present. 
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