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Abstract — We consider the problem of sequen-
tial prediction of real-valued sequences using piece-
wise linear models under the square-error loss func-
tion. In this context, we demonstrate a sequential
algorithm for prediction whose accumulated squared
error for every bounded sequence is asymptotically
as small as that of the best fixed predictor for that
sequence taken from the class of piecewise linear pre-
dictors. We also show that this predictor is optimal in
certain settings in a particular min-max sense. This
approach can also be applied to the class of piecewise
constant predictors, for which a similar universal se-
quential algorithm can be derived with corresponding
min-max optimality.

I. SUMMARY

In this paper, we consider the problem of predicting a sequence
z" = {z[t]}i=; as well as the best piecewise linear predictor
out of a large, continuous class of piecewise linear predictors.
The real-valued sequence z" is assumed to be bounded, i.e.
|z[t]] < A for some A < oo, for all . Rather than assuming a
statistical ensemble of sequences, and attempting to achieve
optimal performance according to some statistical criterion,
our goal is to predict any sequence z" as well as the best
predictor out of a large class of predictors.

We first consider the class of fixed scalar piecewise linear
predictors as our competition class. For a scalar piecewise
linear predictor, the past observation space z[t — 1] € [—A, A]
is parsed into K disjoint regions R; where [Ji_; R; = [~ A, A].
At each time ¢, the competing predictor forms its prediction
as Zu;[t] = wyz[t — 1], w; € R, when z[t — 1] € R;. We
assume that the number of regions and the region boundaries
are known. Here, we seek to minimize the following regret:

sup{Z(mt]—xq[t]) — 1nf ln(z, xw)}

where #4[t] is the prediction at time ¢ of any sequential algo-
rithm, 1, (2, 25) = Y1, (x[t] — wspe—ny @[t — 1])?, s[t — 1] is the
region indicator variable taking integer values, i.e., s[t—1] = j,
j=1,...,K, when z[t — 1] € R;. That is, we wish to ob-
tain a sequential predictor that can predict every sequence x"
as well as the best fixed piecewise linear predictor for that
sequence taken from the class of piecewise linear predictors
with the given set of regions. Defining K time vectors (or
index sequences) of length nj, t;‘j ={t:st—-1] = j}
with j = 1,..., K, and two sequences d;’ {x[t; (K]},
and a:;lj = {z[t;[k] — 1]},2,, we can define a universal pre-
dictor Z,[n] by applying the universal predictor given in [1]
for each region separately. The universal predictor is given
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wP[n — 1z — 1], with j = and
djzj/(R;J]':jl + 0;5).
points of "' that belong to R;, R
d; > 0 is a constant.

Theorem 1: Let z™ be a bounded, real-valued sequence,
such that |z[t]| < A, for all t. Then ln(x, &u) = Y 1y (x[t] —

Fu[n])? satisfies
ST A a3 njA?
o AT} + E hijln( 1+ 5

ln(z, Zu) < min{l,(z, Z5) +
] = j

by Zu.[n] =
(J)[ ]

sln — 1],
Here, n; is the number of
my = Doy Z[t]y[t], and

with h; =
of region k that result from a transition from region j and A =
diag(61,...,0K) s a diagonal matriz with positive entries.

We then obtain a lower bound on the prediction error in
the worst-case where we consider a set of K regions such that
zt] € R; & Aj_1 < |z[t]| < Aj, i.e. we consider a set of K
regions which are concentric around the origin. Note that the
upper bound in this case continues to be valid, since we did
not make any assumptions on the shape of the regions, other
than that inside the j-th region |z[t]| < A;.

Theorem 2: Let 2™ be a bounded, real-valued arbitrary
sequence such that |z[t]| < A for allt. Let Z4[t] be the predic-
tions from any sequential prediction algorithm. Then for any
C]‘ >0

1 K 2 .
e > owe1 NikAi. Here njy is the number of elements

inf sup {ln(x, Zq)— inf I,(x, :fcm)} >
weRK

qeQ zn
K

20, —2
220 A IH(H 20; )

where Q is the class of all sequential predictors.

Similar results are derived for the class of fixed piece-
wise pj-th order linear predictors in each region where the
past observation space [—A, A]™ is parsed into K disjoint re-
gions R; such that |JI°, R; = [~A, A]™. At each time t
the prediction is formed by #4;[n] = SV wyex[n — k] if

{z[n—1],...,zln —m]} e Rj and w;r € Rfor j=1,..., K,
k=1,...,pj, pTJ < m. The universal predictor is given
by #u[n] = WY [n — 1)Z[n — 1] where _’(7)[11] = (Rx]x]

0;1)~ le 7, and Zn—1] = [z[n —1],...,2[n — p;]]* . The
upper and lower bounds for the vector case are in the same
form as the scalar case where each bound for the scalar case
is scaled by the prediction order p; as in [1]. We also observe
that the derivation for scalar piecewise linear predictors can be
applied to piecewise constant predictors where the competing
class now forms predictions as constants such that &.;[n] = c;
when {z[t —1],...,z[n —m]} € R; and ¢; € R.
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