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Abstract—1In this paper, we propose a method for analysis of
linear turbo equalization that makes use of extrinsic information
transfer (EXIT) charts. Given channel knowledge and a time-
invariant set of linear equalizer coefficients, evolution of soft
information in the soft-input soft-output (SISO} equalizer can
be estimated via analytically measuring the mutual information
between the transmitted symbols and their estimated a priori
values at the two end points of an EXIT chart. Using this
estimated equalizer EXIT chart and an empirically generated
decoder EXIT chart, convergence analysis can be underiaken,

In comparison with existing EXIT chart based methods, the

proposed approach can significantly reduce the reliance on
extensive computer simulation.

1. INTRODUCTION

Since the discovery of turbo codes [1], the methods de-
veloped for iterative decoding of such codes have influenced
a wide variety of applications [2], [3]. Of these applications,
finear turbo equalization [4]-[6] has gained significant interest,
since it can mitigate inter-symbol interference (IST) effectively
with reasonable complexity, -

Recently, a number of results on the analysis of turbo
decoding and turbo equalization [5], [7]-[11] have been pre-
sented in the literature. Many such analysis methods trace the
convergence of iterative decoding algorithms by monitoring a
single parameter across multiple iterations. This parameter is
assumed to capture the salient characteristics of the behavior of
the soft-input soft-output (SISO) blocks which are empioyed
in turbo receivers. Such parameters are mutual information
between the transmitted symbol and its soft information com-
puted in SISO decoders [5], [7], [8] (which is of particular
interest to this paper), estimated noise variance [9], the prob-
ability density function of the log-likelihood ratio (LLR) [10],
[11], and a number of other related metrics.

_ However, a drawback of existing analysis methods based
on single parameters is the reliance on extensive computer
simulations in order to obtain the parameter evolution. In
this paper, the evolution of one such parameter (the mutual
information between the transmitted symbol and its soft in-
formation computed in the linear SISO equalizer) is estimated
without running extensive simulations. Given channel knowl-
edge and a time-invariant set of equalizer coefficients, the
mutual information at the two end points of an extrinsic in-
formation transfer {EXIT) chart can be analytically computed.
By approximating the EXIT chart of the SISO equalizer to be
linear [5], {7}, the two end-point values can be used to predict
the soft information evolution on the EXIT chart. Using such
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Fig. 1.. A typical transmit model, -

,
a method, convergence analysis can be undertaken and the
potential gains from turbo equalization rather than a traditional
non-iterative receiver can also be determined.

The rest of this paper is organized as follows. After a
review of linear turbo equalization and EXIT charts in the
next section, the mutval information at the two end points
of the linear SISO equalizer EXIT chart is derived and our
anatysis method is explained in Section ITI. Simulation results
and some discussions are provided in Section IV, and Section
V concludes this paper.

1I. LINEAR TURBQ EQUALIZER AND EXIT CHARTS

This section briefly describes linear turbo equalization {4],
{51, and an analysis tool, called an EXIT chart, for. convergence
analysis of turbo equalization [5]. {8].

A. Linear Turbo Equalization

For simplicity, we assume binary phase shift keying (BPSK)
modulation, but extension to higher-order modulation is
straightforward and is described in greater detail in [6].

The system to be investigated has a transmitter as depicied
in Fig. 1 with block-based transmission. The binary data u,, is
encoded yielding the coded sequence ¢y, which the interleaver
permutes, Then BPSK - modulated symbols ¢, € {—1,+1} are
transmitted over an ISI channel with additive white Gaussian
noise (AWGN). The channel output z, is given by

Iz
Zn= 3 Rk Wn, 1)

k=—l1

for a channel response k. with length of 1) + 13+ 1 and noise
sequence wy.

Figure 2 depicts a typical architecture of the linear turbo-
equalizer {4, (5], where the superscript £ and D denote
equalization and decoding, respectively, and the subscript o
and 7 mean the output and input, respectively. This linear
SISO equalizer consists of two operations: symbol estimation
and soft-information mapping of estimated symbols. The first
operation, estimation, is implemented via a linear filter, and
the overall architecture is similar to that of the well-known
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Fig. 2. A linear turbo-equalizer block diagram, in which soft infermation is

exchanged between the equalizer and decoder.

decision-feedback equalizer (DFE). However, instead of hard
quantized decisions, soft symbols Z,, are passed to a feedback
filter from the previous iteration of the SISO decoder. The
LLR mapping converts each estimated symbol £, to a LLR
LEZ(z,), which is calculated as

Pr(ia)t, = +1)

Pr(Znlzn = -1’ @

LE(z) =1
for BPSK signals.

The updated LF are fed to the SISO decoder after de-
interleaving, and the decoder improves the soft information
on coded bits, ¢,, and produces Lf’ , the LLR of each coded
bit. In turn, LP(-) is passed to the interleaver and used as input
to the soft symbol mapping block, which converts LE(z,) to
the soft symbol Z,,, computed as

I, = E{z,} = Pr{z, =1} - 14 Pr{z, = -1} - (1) (3)
_ exp(Li(za)) — 1

" 1+exp(LE(zn))’

where E{-} denotes a statistical expectation. This soft symbol

is then fed back to the equalizer block for the next iteration.

The details of such a SISO decoder algorithm are described
in [12]. ’

4

B. The EXIT chart

The EXIT chart is 2 tool used to trace the convergence of
iterative algorithms by observing the behavior over iterations
of a single parameter. In Ten Brink’s approach [8], the param-
eter is the mutual information I; and I, € [0,1], between a

Lf:gr(g)-"f =TE(IIE)
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Fig. 3. Modeling L;, L,-value update as transfer function.
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Fig. 4. An example of EXIT chart, in which the EXIT charts of SISO
equalizer and decoder are obtained experimentally.

priori values (L; or L) and z,, ‘which is shown to describe
the behavior of SISO algorithms accurately 51, [7].

In [5], [8), Li(} i?s assumed to have a Gaussian distribution
of the form A (r"%i,a%‘_) and the histogram of the outputs

L, is used to estimate the probability density function (pdf)
of L,. Then, I; and I, are computed numerically using

_1 . 2fu(l|z)
123 5 [rues a3 ey ©

{1}

where, fr(l|z,) & fr(l|X = ,). Note that I; =0 and I; =
1, mutual information between input a priori information and
Zn, imply no-and perfect q priori information, respectively.
I, = 0 and I, = 1, muwal information between output a
priori information and x,, indicate the least and the most
reliable soft output information.

In an EXIT chart, the mutual information evolution can be
visualized as a transfer function, I = Te(IF = IP) or
IP = Tp(IP = IF} as shown in Fig. 3 [5]. Then, the iteration
process can be modeled as a frace (see Fig, 4) between the
EXIT charts of the equalizer and decoder by setting /X —
IP and IP — I,

Figure 4 shows an example EXIT chart analysis of turbo
equalization. If the equalizer generates soft information (JZ =
0.53) in the first iteration, then the decoder produces an
improved soft output (/2 = 0.78). This computation can be
traced by the arrow-line in Fig. 4 and after 3 iterations, the
IP =1 condition, corresponding algorithmic convergence, is
nearly achieved. Note that, in order for this graphical depiction
of convergence to succeed in achievirtg the I” = 1 point, a
“tunnel” between the two EXIT charts of the equalizer and
decoder must appear.

JII. ANALYSIS

In this section, the mutual information between the trans-
mitted symbol sequence and the LLR output sequence of
the linear SISO equalizer is derived. The proposed analysis
method is then explained.
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Fig. 5. Conventional communication system with a linear equalizer, where
H{e?), HF (e3%}, and H,q(z) are frequency dosmain responses of a chan-
nel, a linear equalizer, and an overall response after equalization, respectively.

X, = LR |
X, | mapping Lo b _ i x, veen,)
bt € g A a;

181 channel + Equalizer

Fig. 6. Equalized channel model for ineasuring the SISO equalizer EXIT
charts. where hg" is the main cursor in the equalized channel response and
€ is the IS effect caused by neighboring symbols of the current symbol @p.

A. Mutual information derivation

Figure 5 depicts the model considered in this analysis for a
given channel impulse response and equalization algorithm (a
time-invariant set of filter coefficients). The responses of the
channel and the equalizer are combined such that the output
power spectral density S;z(e®) can be written as

Ssa(e”) = [H(e )2 HF (/)2 Spe (e7*)

{H ()P S e (), ©

where S,.(e’) is the input power spectral density and
Suw(€f®) is the power spectral densily of the noise process
Wy, which is assumed white and uncorrelated with z,, ie.
Sww(€?) = 1. The estimated symbol &, is then given by

&, = (h*hF)T'x+no: (heq)T'x"'no: )]
where ¥ denotes convolution, h =
[h'—hs e hoyhg k-, h.Hz]T, h*? denotes
the equalized <channel response, the filtered noise
sequence n, has variance 02 = o2 Ek |RE2, x =
[Tt 2B ls T, Tpmts* 2 T )l M1 = L1 + 13,
and My = Lo + 1. By deﬁnmg

04 T

h* [h"Z A7 ahiql‘os he—fl! e _M'Q]

the estimated symbol can be expressed as

Gn = he -2+ (WO x4y =R 2, + e+ 10, (B)

where ¢ is the ISI caused by neighboring symbels and is
deterministic given a set of transmitted symbols neighboring
&p. Thus, the equalized channel can be conditionally modeled
with one constant multiplication and one constant addition as

shown in Fig. 6. The LLR mapping is assumed to have the
functionality, L(#,) £ gxfi as in a memoryless channel with
AWGN or in the case of perfect equalization [8]. Using this
mapping, the LLR of the linear SISO equalizer becomes

LF = 1p PEnlEn =1 28n _ 2(hg'zn ¥t no)
° T Uplgalen=-1) " o %,

)]
where the LLR values are iclentical to the AWGN channel case
if h? = 1, e = 0, and |H,q{e?)|% = 1 (perfect equalization).
The pdf of LZ is assumed to also have a Gaussian distribution
with mean and variance

eq
pure = E{LE}= g&w (10)
; oZ
4
org = E{(L7)*}~uis = =5 an

Hence, LE values have the following distribution conditioned

on x,
(2(h8"-rn+e) j_)

2 T2
Th, Ta,

fre(x)=N (12)

where it is noted that e is a function of neighboring symbols
of z, and is independent of z,. Thus, (12} can be written

eq K
fuplllen.xo) = (Ui, ) = (LB 229 )

o2, gk ]

(13)

where ¢ = (he®)Tx,;. We desire the- mutual information
between x,, and the LLR LE,

. flzk. D) :
X, 2 ff kD log —ng o (14)
Z )f(l)
in terms of frr(llzn,€). Here, z £ 41 and k = 0,1 for

BPSK. To this end we have,

Zf nvzlej)P E]

sz Lles)
j=1 ji=1

Af

:__IZf(mn!EEJ) Z

k4 Jlxn.be)
xk)

plan),
(15)

where M = 2M 1Mz Since % and ¢; are independent and
p(a%) = plal) = 31, we can express f{zk,l) in terms of

HUE-RE
flak, L, EJ)
T M ; ples ac")
Using (16) in (14), we obtain,

1 1 M
wen =3 f 7 2/ Uhe)

2)\;' Z =1 f(”mk
plzk)f(1}

1 M
=537 Zf(”iffu €)-
= (16)

(7

log 1) g
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Fig. 7. Equalized channel model including feedback taps, where HE(edw)
is the frequency response of the feedback filter impulse response.

The term, f(I}, in (17) can be written

1 M 1 M
. : 1 ;
FO =33 flizne)plah, e) = 552 D3 flllh, <),
i=0 j=1 =0 j3=1
(18)
and hence, (17) becomes
i 1 MM
1060 =Y [ 55 3 ik o)
k=0 i=1 (19)

lon  2ELs fllimi )
C Y {F (e ) + Flliak, )}

which will be used to compute the mutual information at the
two end points of linear SISO equalization EXIT charts.

In order to estimate the EXIT charts of SISO equalizers,
the mutual information IF at the two end points, If = 0
and IF = 1, tespectively, need to be computed. However, for
evaluating the starting and ending points of the linear SISO
equalizer EXIT chart, the channel model shown in Fig. 7
should be considered because the feedback filter subtracts ISI
effects based on the soft symbol F,,. Under the Gaussian ap-
proximation [8)], I; = 0 is equivalent to Lf’ = 0 thereby T, =
0. Thus, the feedback path is assumed to make little difference
and, using (19), the mutual information of the no a priori
information (/F = 0} case can be computed. In the case of
perfect a priori information, Z,, is equal to ©,. Therefore, by
replacing H., (e} of Fig. 5 by H{e*)HT (e/¥} — HP(ed*}
of Fig. 7, the mutual informaticn can also be computed using
(19). Note that the ISI effects, ¢;, are different at these two
points because the overall channel responses after equalization
are different.

B. Analysis via EXIT charts

The estimated equalizer EXIT chart via computing mutual
information at the two end points is projected over the decoder
EXIT chart, which is determined given the encoder polynomial
[8]. Hence, given channel knowledge, linear equalizer coeffi-
cients, and the SISO decoder EXIT chart, the performance of
a linear turbo equalizer can be investigated without running
the usual extensive simulations. By following the approach in
section II-B, we can conclude that 3 iterations are required
to converge as shown in Fig. 8, where the simulation and

channet B : SNR = 3d8, BPSK
T T

1

Fig. 8. Am example of EXIT chart analysis, where the equalizer EXIT chart
is measured via the proposed method and 64K interleaver is employed.

analysis results are close to each other but do not match
perfectly. The assumption that L; follows the A/ (a—é‘i,cr%‘_)
distribution is simply a model and may be a source of
mismatch. Further, since EXIT chart analysis is asymptotic
(in that the independence assumptions on LLRs hold for an
infinite-length ideal interleaver [5], [8]} and approximate, we
expect some mismatch for a finite length interleaver. However,
EXIT charts are still useful in predicting the required number
of iterations for convergence and the effectiveness of turbo
equalization over standard non-iterative equalization.

IV, EXPERIMENTAL RESULTS AND DISCUSSION

In this section, our proposed analysis results are illustrated
with computer simulations.

A. Simulation setup

We employ a recursive systematic convolutional (RSC) en-
coder at the transmitter with a generator polynomial {23, 35)s.
The coded bit stream is first passed through a random in-
terleaver followed by a BPSK modulation. For purposes of
comparison, we considered two static channel models (channel
A and B),

H;(z) = 0.04z° — 0.052* +0.072° ~ 0.212* — 0.5z
+0.72 4 0.36271 +0.21273 + 0,035
40.07z78 '

Hp(z) = 0.407z+0.815+0.407271

where H 4(z) is a “good” channel and H g(z) has more severe
ISI [13] (strong spectral null near w = 7). We use random
interleavers and 2 minimum mean square error criterion is used
to determine linear equalizer coefficients [5]. The number of
taps used in the feedforward path is 15 and 7, and the number
of taps in the feedback path is 14 and 6, respectively, for
channels A and B. A sliding window Log-MAP SISO decoder
[12] is employed and 10 iterations are carried out.

B. Summary of results

Computer simulations are carried out to validate our analy-
sis and the results are summarized in Table I, where the mutual
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TABLE I
COMPARISON BETWEEN SIMULATION AND ANALYSIS.

Channel A || Simuiation({,) Analysis(],}
EgrlINg Ist 10th Ig=0[I7=1
1 dB 0.718 | 0.759 04.721 0.763
2 dB 0.782 | 0.822 0.785 (.825
3dB 0.838 | 0.874 0.843 4.879
4 dB 0.886 | 0.916 0.891 0.921
Channel B Simolation(f. ) Analysis(fe)
Ep/N, It [ Ik [[IF=0T1F=1
1dB |l 0.4% | 0.693 0.491 0.699
2 dB 0.531 | 0.754 0.531 0.756
3 dB 0.57 | 0.806 0.571 0.808
4 dB 0.607 | 0.851 0.608 0.854
TABLE 11

THE NUMBER OF ITERATIONS FOR CONVERGENCE FOR CHANNEL A.

Channel A: 4K interleaver Channel B: 64K interleaver
EwiN, Simuolation | Analysis ELiIN, Simulation | Analysis
1dB 2 2 1dB 5 4
2 2 2 2dB 4 4
3 dB 2 2 3 dB 3 3
4 daB 2 2 4 dB 3 3

information is measured both via computer simulations and the
proposed method. Qur analysis matches well with simulation
results. By using the estimated SISO equalizer EXIT charts,
the convergence behavior is analyzed and the required number
of iterations for each channel is summarized and compared
with simulation results in Table II. Note that our analysis,
in which an infinite length interleaver is assumed, provides a
good estimate of the required number of iterations.

Further, the slope of the estimated equalizer EXIT chart
provides a measwre of required complexity {the number of iter-
ations needed for convergence). If the slope is steep (Hp(z)),
more iterations are required for convergence and bit error rate
(BER) performance improves with iteration as shown in Table
L. This means that the output a priori information, LE(-),
becomes more reliable as the input @ priori information, LE{-)
becomes more reliable, However, when the slope is less steep
(H 1 (z)), more reliable feedback information from the SISO
decoder makes little difference in soft outputs. Hence, after
a few iterations, BER improvement ceases as shown in Table
Iii. Thus, turbo equaiization is more useful in channel B than
in channel A.

V. CONCLUDING REMARKS

We propose a linear turbo equalizer convergence analysis
method, where the SISO equalizer EXIT chart is estimated,
given channel knowledge and a time-invariant set of linear
equalizer coefficients. Therefore, without extensive simula-
tions, the required number of iterations for convergence and
a measure of equalization complexity are predicted via EXIT
charts. Computer simulaticns support our resuits.
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TABLE III
BER MEASUREMENT VIA COMPUTER SIMULATIONS,

Channel A: 4K interleaver
EgIN, 15t 2nd 2rd 10th
i dB 0.0795 | 0.0668 | 0.0668 | 0.0068
2 dB 0.0599 | 0.048] | 0.0481 | 0.0481
3dB 0.0433 | 0.0329 { $.0329 | 0.0329
4 dB 0.0296 | 0.0212 | 00212 | 0.0212
Channel B: 64K interleaver
Eg/N, Tst Znd 3rd 10th
1 dB 0.1612 | (L1243 | 0.0966 | 0.0871
2dB 0.1467 [ 0.0939 | 0.0700 | 0.0683
3 dB 01330 | 0.0678 | 0.053] 0,0526
4 dB 0.120%1 | 0.0476 [ 00395 | 0.0395

85929, and Grant CCR-0092598.
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