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ABSTRACT

In this paper, we investigate some of the stochastic prop-
erties of two recently inroduced multistage adaptive filter-
ing algorithms, namely the LMS-Bayesian and the RLS-
Bayesian algorithms. We study probability-1 convergence
of these algorithms and derive their final mean squared er-
ror for stationary Gaussian time series. We will show that
under some general independence assumptions, both algo-
rithms are convergent in a probability-1 sense and achieve
the performance of the best algorithm used in the mixture.

1. INTRODUCTION

The performance of multistage adaptive filtering (MSAF)
in general is studied in a number of recent papers [1][4].
In these papers, the structure of MSAF was introduced,
however the theoretical derivations were mainly focused
on mean square error curves and the assumptions invoked
were rather strong. In this paper, we focus on the con-
vergence behavior of these algorithms and investigate their
final mean squared error.

We define a multistage adaptive filter as one whose out-
put is obtained by combining the outputs of multiple con-
stituent adaptive filters, linear or nonlinear, with the goal
of outperforming the best algorithm among them. The first
stage of a multistage adaptation algorithm consists of m
constituent algorithms that operate in parallel on the ob-
servation sequence. The jth algorithm outputs d;(n), which
is compared with the observed (desired) data d(n), and the
error e;(n) is fed back to the adaptation algorithm. Each
algorithm operates in parallel, with its own adaptation pro-
cess, where the outputs of the algorithms are decoupled
from one anether. Depending on the application, these con-
stituent algorithms may include a wide variety of models.

The second stage of the multistage algorithm is the
model mixture stage, where the final output, du.(n), and
the adaptation process is given by

du(n) = Z uk (n)dx(n),

k=1
eu(n) = d(n)—du(n),
un+1) = f (eu(n),u(n),d,(n)), (1

where f _ is the vector adaptation function, éu (n) = [Jl (n),

ce ey dm(n)]T, and u(n) = [u1(n), ..., um(n)]7. In this mix-
ture stage, the outputs of the first stage algorithms are
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adaptively combined to give the final output. Depending
on the application, the first stage outputs can be combined
by explicitly taking into account their performance on the
observed data so far, or implicitly through another adapta-
tion algorithm operating on the outputs of the first stage.

In this paper, we will investigate two algorithms specif-
ically for the problem of prediction: the LMS-Bayesian and
RLS-Bayesian algorithms. In Section 2, we define LMS-
Bayesian algorithm and investigate its convergence behav-
ior. We will show that with basic independence assumptions
the LMS-Bayesian algorithm is convergent in a probability-
1 sense and achieves the performance of the best algorithm
used in the mixture. In Section 3, after introducing the
RLS-Bayesian algorithm, we carry out a similar line of anal-
ysis. With some basic assumptions we will show that the
RLS-Bayesian algorithm is also convergent in a probability-
1 sense and achieves the performance of the best linear pre-
dictor for each sequence.

2. LMS-BAYESIAN ALGORITHM

Let &x(n) be the output of a sequential linear predictor as
obtained by the LMS algorithm with model order k, i.e.,

&x(n) = wi(n—1z(n-1),
ex(n) = z(n)— zx(n),
we(n) = w(n—1)+ pex(n)z,(n - 1), (2)

where p is a constant to control stability and rate of con-
vergence, and ex(n) is the prediction error to be minimized
in the mean-square. The weight and input vectors are given
by wi(n—1) = [wyy?,...,wpy!)7 and g (n) = [z(n),". .,
z(n—k+1)]7, respectively. Define the LMS-Bayesian linear
predictor as the following weighted sum over linear predic-
tors of order less than or equal to m:

I

Euk(n)ik(n), (3)
k=1

exp(—cli-1(z, £x))
> e, exp(—cli-1(z,2x))’

where ¢ is a positive constant and ux(n), the weights in
the mixture, are proportional to the performance of the
kth-order predictor on the data observed so far. The per-
formance, l;-1(z,%x) = E:’;i(x(z) — 2x(4))?, is the accu-
mulated squared prediction error that results from Zi(t).

:iLB('n.)

uk(n)
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By using two independence assumptions, Assumption 1 and
Assumption 2 below, it can be shown that:

Statement 1: For a wide-sense stationary Gaussian
observation process, the mixture coefficients of the LMS-
Bayesian algorithm ux(n) are consistent in probability-1,
such that

uk(n) — 1, asn — oo (pr), k = min(w, m),

uk(n) — 0, asn — oo (pr), k # min(w, m), (4)

where w is the order of the MMSE-optimal linear filter of
order less than or equal to m. For example, if the underlying
process, z(n) is given by z(n) = Y’ cxz(n — k) + &(n),
where £(n) is a sequence of i.i.d. Gaussian random variables
with zero mean and variance o2, then w is the order of this
auto-regressive process. For a general stationary Gaussian
process, the required order can be arbitrarily large, thus all
the coefficients except & = m will vanish. The independence
assumptions we invoke are:

Assumption 1: At any time n, the observation se-
quence and the input vectors to the predictors are indepen-
dent of the past samples of the observation sequence and
the input vectors. This is the independence assumption
from the adaptive signal processing literature usually used
for the LMS algorithm [3].

Assumption 2: Var(Yp,x(n)) = o(n?), where Yy x(n) £
S (€0 — <R (0)- _

For any p, from the definition in Equation (3), the co-
efficients ux(n) can be expressed

_ 1
) = S Vo)’

)

where for any p and k, Ypx(n) = Y1 (e5(1) — €i(l)). By
the Chebyshev inequality, for any € € RT,

o [ Ypu(n) = EYyx(n)] Var(Yp.x(n))

n n2e2 - (6)
From Assumption 2, Var(Yp,x(n)) = o(n?), we conclude

that
Var(Yp,x(n))
n2
For calculating the term E[Yp x(n)] in Equation (6), we
rely upon the widely used set of “independence assump-
tions” [3] detailed in Assumption 1, often used to derive the
expected squared prediction error of an LMS linear predic-
tor. For an LMS predictor of order p, the prediction error
at any time n satisfies

P P
A §? n
Elep(n)] = Jminp(1+ k§—1 IT;;T)\:) + kE_l Br.p0k,ps (7)

<E]>1—

—0asn — .

where \x is the kth eigenvalue of the correlation matrix
Elz,(n)zi (n)], and Jmin,p exists and is the expected square
error for the optimal pth-order predictor. The geomet-
ric terms aj, are the eigenvalues of a certain p x p ma-
trix, where |ax| < 1 if the first stage algorithms are con-
vergent [3]. The quantity Jmin,p is a nonincreasing func-
tion of p such that the optimal pth-order linear predictor
asymptotically outperforms (or at least gives the same min-
imum error of) any predictor with order less than p. For

small values of p, Equation (7) can be approximated such

that 1+ 3 7_, sz%\';' ~ 14 3 0_ Akp, which is equal

to (1 + ppol). Therefore, E[Yp (1)} will be E[Y x(n)] ~
Jminp(l + upo2)n — Jmink(l + pko2)n + g(n), where

g(n) =Y 1 Bipai, — Zf=1 Brkals. Since the geometric
terms g(n) are o(n), their contributions will be negligible in
E[Yp,k(n)] compared to the terms linear in n. Suppose
the underlying process to be estimated z(n) is a wth-order
Gaussian AR process, with innovation sequence £(n) with
variance o2. When (m > w), the term Jmin,p is a mono-
tonically nonincreasing function of p. For sufficient order
predictors (p > w), Jminp = Jmin,w = 0-. Then, for any
predictor with order (p > w),

E[Ypw(n)]
= ¢ (J.m-n,u,(l + ppo2) — Jmin,w(l + uwaﬁ)) n + o(n),
= An+o(n), ®)

_where A € Rt . By Equation (6) this yields,

var(Yp,w(n))

Pr(|Ypw(n) — An| < ne] > 1~ s

K

Pr((A—en < Ypu(n)] >
var(Yp,w(n)) .

Pr(|Yp,w(n) — An| < ne) > 1— 22

Selecting € < A, this inequality leads to Yp,w(n) — o0,

as n — oo (pr), which implies exp(c Yp,uw) — 00,

as n — oo (pr). This last limit implies that for sufficient
order predictors, at least one of the terms in the denom-
inator of Equation (5) will diverge. Thus for (p > w),
up(n) — 0, asn — oo (pr). For any insufficient order pre-
dictor with order (p < w),

E[Yp,u(n)] = 9)
c (Jm"ﬂ,p(l + IJ'PU?:) — Jmin,w(1+ ,uwaz)) n.

Unlike Equation (8), in Equation (9) the sign of the dif-
ference term is not obvious. Although, Jmin p strictly de-
creases in p for (p < w), the linear term upo? increases in

The difference term in Equation (9) must be positive to
guarantee that the weights of the insufficient order terms in
the mixture go to zero in probability as n increases. Thus,
certain conditions must be imposed on u, to balance these
counteracting terms to give a positive difference. We ob-
serve that E[Y} w(n]) = Bn + o(n), where B € R, when
Jminw (1 4+ pwol) < Jmin,p(1+ upa?) for any p < w. With
this condition at least one term will diverge in the denomi-
nator of u(n) in Equation (5). For this condition, we must
have

(1 + ppo?) al 2
2 )
(1+ pwoz) Oz — Q’,Tngp

a, (10)

where p = Elz(n)z,(n)] is the cross correlation vector,
and R, = E[z,(n)z] (n)] is the correlation matrix of the
input, which is assumed to be positive definite. Because
Jmin,p is monotonically decreasing in p for p < w [3], the
ratio a on the right-hand side of Equation (10) is always
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between 0 and 1. Since, the left hand side of Equation
(10) is also monotonically decreasing from 1 to p/w, as p
increases from 0 to oo, there will always be a nontrivial
interval such that the condition given in Equation (10) is
satisfied. The interval is given by

1—-a

—— > u>0, (11)
wWoLza — POy

which provides from Equation (5) up(n) — 0, as n —
oo (pr), where (p < w). Since, > ;- ux(n) = 1, we con-
clude that u,(n) — 1, asn — oo (pr), which is conver-
gence in probability of the weights ux(n). Moreover, by
definition 0 < ux(n) < 1 for all n and k, which implies
Var (ux(n)) < 1. These bounded variances, together with
convergence in probability yield,

Elur(n)] — 1, as n — o0, k = min(w, m)

Efuk(n)] — 0, as n — oo, else, (12)

with the same notation as in Equation (4).

Assumption 3: The weights of predictors are indepen-
dent from z(n) and Zx(n).

Based on Assumption 3, we can make the following
statement.

Statement 2:

lim B [(z(n) — 2L8(n))?] <
lim min B [(z(n) — 2k(n))?],

n—oo k=1

which implies that the LMS-Bayesian algorithm is asymp-
tomatically better than the best of the mixture algorithms
in terms of the final MSE.

To derive this result, observe that the MSE of the LMS-
Bayesian is given by

El(a(n) — 225(n))?] = E[(Z ui () (z(n) - mn))) I
k=1 (13)

since Y i ux(n) = 1. By the convexity of the square

function,
Bl((n) - #15(n))*) < E {Z w () (2(n) - fck(n»?} :
k=1

With Assumption 3 that the weights of predictors are in-
dependent from z(n) and £x(n) at time n, we can conclude

El(@(n) — ¢8(n))’) < Y Elu(n)El(2(n) — 2:(n))?),

k=1

which implies, by Equation (12), that

nan;QE [(z(n) - :iLB(n))Z] <

lim min E [(@(n) — 2k(n))?] . (14)

n—ook

3. RLS-BAYESIAN ALGORITHM (ULP)

The linear predictors used in first stage of the LMS-Bayesian
algorithm, defined in Section 2, update their weights using
the LMS algorithm. In this section, the coeflicients will be
updated using the RLS algorithm. Let Zx(n) be the out-
put of a sequential linear predictor as obtained by an RLS
algorithm with model order k, i.e.,

Ex(n) wy (n— zy(n—1),

ex(n) = z(n)— &x(n),

where at any time n, the predictor coefficients w,(n —1) =
Wizl .. ,w;:,;l]T are obtained such that the total squared
prediction error over the past,

n-—1 k 2
En_1(z,2x) = Z (z(t) - Zwi'kx(t - 1)) ,  (15)

t=1 i=1

is minimized over these coefficients. Define a new predictor
Zrp(n) as a weighted sum over the linear predictors of order
less than or equal to m, as in Equation (3).

Let Y, x(n) 2 Zrzl(eg(l) — ef(l)). Also, we make the
following assumption.

Assumption 4: Var(Y x(n)) = o(n?), where Y x(n) S
ey (ep(l) — ek(D))-

As a result, we can show the following.

Statement 3: For a wide sense stationary Gaussian
observation process, the mixture coefficients of the RLS-
Bayesian algorithm, u(n), for insufficient order predictors
vanish with probability-1 as n — oo, such that,

ug(n) — 0, asn — oo, k < min(w,m) (pr) (16)

where w is the smallest order such that

E [(z(n) — #4(n))’] = E [(z(n) — #m(n))?]. By the def-
inition of Yy x(n) and using the Chebyshev inequality, for
any € € R,

|

As in Section 3.1.1, we will find an expression for E[Y} x(n))
in Equation (17) and bound the Y, x(n) term.

In this probabilistic setting, Davisson has shown [2] that
the expected squared prediction error of an RLS linear pre-
dictor of order p for any n satisfies,

Yox(n) — E[Ypx(n)]

n

Var(Y;,x(n))

<el>1—

Elej(n)] = Jminp(1+ 2) + o(1/n). (18)

This implies, E[Yp x(n)] = Jmin,p(n+pIn(n)) — Jmink(n+
kIn(n)) + o(ln(n)). If the underlying process is z(n) is a
wth-order Gaussian AR process, then for any predictor of
order (p < w)

E[Yp,w(n)] = An + O(In(n)), (19)
where A € R*. By Equation (17), this yields

Pr{(A - e)n < Yp,w(n)] >

Var(Yp,w(n)) .

Pr{|Ypw(n) — An| < nel 21— >
n2e
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Selecting € < A, this inequality leads to Yy, (n) — o0, as
n — oo(pr), which implies exp(cYp w) — 00, asn — oo(pr).
This last limit implies that for insufficient order predictors,
at least one of the terms in the denominator of Equation (5)
will diverge. Thus for (p < w), up(n) — 0, asn — oo (pr).
With the same reasoning as in Section 2, it can be shown
that the mean of the weights, ux(n), converge to the same
value as n goes to infinity, i.e., ’

E[up(n)] — 0, asn — oo (pr). (20)

Again by Assumption 3, we have the following.
Statement 4: The RLS-Bayesian algorithm is univer-
sal in the mean-square error sense

im E[(z(n)—#rs(n))’] < Jmin, El(z(n)—b"z,,(n—1))?],

such that it achieves the performance of the best linear
predictor of order up to m.

The derivation of this result exactly follows the State-
ment 1 in Section 2 until Equation (14). Since from Equa-
tion (18), for all sufficient order predictors (p > w),

Jim_B|(z(n) ~2p(n))*] = min B{(2(n) ~ t"p(n — 1)),

we conclude that by Equation (20),

Jim_ Bl(z(n) - r5(n))’] < min El(a(n) ~ bz, (n)"]

For convergence of the weight coefficients of the strictly
sufficient order predictors (p > w), the previous argument is
not valid. For sufficient order predictors p > w, we require
the following assumptions:

Assumption 5: Each difference in the sum in Equa-
tion (23) (ep(1)? — ew(l)?) is independent from (e,(s)? —
ew(s)?) for s # I, the errors ey(n) are Gaussian distributed
random variables, and Elep(n)ew(n)] = Jmin,w + O(1/n).

As a result, we can show the following.

Statement 5: For a wide sense stationary Gaussian
observation process, the mixture coefficients of the RLS-
Bayesian algorithm, ux(n), for strictly sufficient order pre-
dictors vanish with probability-1 as n — oo, such that,

ux(n) — 0, asn — oo, k > min(w,m) (pr) (21)

The Chebyshev inequality in Equation (17) becomes
Pr[Binn —e < Y(n)] > 1 — (Var(Y(n))/e®), where B =
(Jmin,w(p — w)), and the o(lnn) terms are negligible com-
pared to terms in Inn. If we chose ¢ = B;Inn where
0 < B; < B, this yields

Var(Y(n))

Pr(B-Bi)lnn<Y(@®)]>1- B lnn

(22)

Thus if we can show that (Var(Y (n))/(B?In®n)) — 0, then
we can conclude that Y (n) — oo as n — oo in probability.
By definition Var(Y (n)) is given by,

Var(Y(n)) = Var (Z(e,,(z)2 - ew(l)z)) . (23)
=1

By Assumption 5, we can interchange the variance and sum-
mation, and Equation (23) becomes Var(Y (n)) =~

>or; Var(ep(l)? — ew(l)?). For each term in the above sum-
mation,

Var(ep(1)* — ew(!)”) = Var(ep()?) (24)
+Var(ew()®) — 2(Elep(1)*ew (D)) — &p() 6w (D)),

where é,(1)? = Elep(1)?]. By Assumption 5 and Gaussian

moment factorization, it can be shown that Var(e,(l)?) =

QE[ep(l)2]2) and E[ep(l)zew(l)zl = év(l)zéwu)z
+ 2E[ep(1)ew(!)]?. Thus Equation (24) becomes

Var(es(1)? — ew())?) = - (25)
265(1)% + 26, (1)° — 4E[e,(Dew (D).

Using Equation (18), Equation (25) yields,

Var(ep(1)? — ew(l)?) = (26)
2J'n':.in.,w + 2# - 4E[6p(1)ew(l)]2 + 0(1/[)

By Assumption 5, Elep(!)ew(l)] = Jmin,w +O(1/1), and we
conlude that Var(Y (I)) = o(In?1). Hence, by Equation (22)
uk(n) — 0, asn — oo, k > min(w,m) (pr).

4. CONCLUSION

In this paper, two examples of MSAF algorithms were ana-
lyzed in terms of their convergence characteristics and final
MSE. The MSE of the LMS-Bayesian and RLS-Bayesian
algorithms are shown to converge to the MSE of the best
predictor used in the MSAF. Thus, these two algorithms
are shown to be universal in this stochastic context.
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