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A Lower bound on the Performance of 
Sequential Prediction 

Suleyman S. Kozat and Andrew C. Singer 

Abstract- We consider the problem of sequential linear 
prediction of real-valued sequences under the square-error 
loss function. For this problem, a prediction algorithm has 
been demonstrated [l] [2] whose accumulated squared pre- 
diction error, for every bounded sequence, is asymptotically 
as small as the best fixed linear predictor for that sequence, 
taken from the class of all linear predictors of a given order 
p. The redundancy, or excess prediction error above that 
of the best predictor for that sequence, is upper bounded 
by A2pln(n)/n, where n is the data length and the sequence 
is assumed to be bounded by some A. In this paper, we 
show that this predictor is optimal in a min-max sense, 
by deriving a corresponding lower bound, such that no se- 
quential predictor can ever do better than a redundancy of 
A 2 p  In(n)/n. 

I. SUMMARY 
We investigate the problem of predicting a real-valued 

sequence, x” = {z[t]}F==,, as well as the best linear pre- 
dictor out of a large, continuous class of linear predictors. 
The sequences we consider are assumed to be bounded, in 
that Ix[t] l < A for some 0 < A < 00, but are otherwise 
arbitrary. 

Rather than assuming a statistical ensemble of sequences, 
and attempting to achieve good expected performance, the 
goal of this game is to sequentially predict a sequence as 
well as the best linear predictor out of a large class of pre- 
dictors. Hence, to assess the performance of any sequential 
predictor, we lower bound the following worst-case regret, 

I n  n 

where &[t] is the prediction of the sequential predictor a t  
time t ,  and &[t] is the prediction of the predictor from the 
class C of predictors. By lower bounding this regret, we 
demonstrate that no sequential predictor can outperform 
the best linear predictor for each sequence, and that for 
any predictor, there will always be a sequence for which 
the best linear predictor is better by at least this amount. 

We first consider the class of first order linear predic- 
tors such that the competing class of predictors form their 
predictions as &[t] = wx[ t  - 11 for each sample of the se- 
quence xn, where w E R is a scalar. We lower bound the 
regret ( 1 )  by defining a suitable distribution on xn and tak- 
ing expectation over this distribution. This distribution on 
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xn is generated by a two-state Markov chain, with a beta 
prior on the state transition probability. This enables us 
to demonstrate the following result: 

Theorem 1: Let z[t] be a bounded, real-valued, but 
otherwise arbitrary sequence such that Ix[t]l 5 A for some 
A > 0. Then for any E > 0 there exists a constant G such 
that the total prediction error of any sequential predictor 
satisfies, 

I n  n 

2 A 2 ( 1  - E )  ln(n) - G, 
where a is the class of all sequential predictors. 

We use this result to then consider the problem of lin- 
ear prediction with linear predictors of fixed-order p .  Now, 
at each time instant t ,  the prediction is given by &[t] = 
- wT& - 11, where = [ w l ,  . . . , w p ]  and ~ [ t  - 11 = [x[t - 
11,. . . , x[ t  - p] lT .  The distribution on the sequence xn is 
constructed as follows. We create a new sequence by in- 
terleaving p independent sequences of the type described 
previously. That is, we interleave p independent two-state 
Markov chains, and then take expectations over this dis- 
tribution. This choice of distribution enables derivation of 
the following: 

Theorem 2: Let z[t] be a bounded, real-valued, but 
otherwise arbitrary sequence such that Ix[ t ] l  5 A for some 
A > 0. Then for any E > 0 there exists a constant G such 
that the total prediction error of any sequential predictor 
satisfies, 

2 A 2 p ( l  - E )  ln(n) - G, 
where a is the class of all sequential predictors. 

The lower bounds we derived here are asymptotically 
tight such that in [2][3] a prediction algorithm is demon- 
strated whose accumulated excess prediction error over the 
best pth-order linear predictor is upper bounded by A 2 p  ln(n) 
for every bounded sequence. Thus, this universal predic- 
tion algorithm is optimal in a min-max sense, such that no 
sequential predictor can ever do better. 
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