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ABSTRACT

In this paper, we derive some of the stochastic prop-
erties of a universal linear predictor, through analyses
similar to those generally made in the adaptive sig-
nal processing literature. In [1], a predictor was intro-
duced whose sequentially accumulated mean squared
error for any bounded individual sequence was shown
to be as small as that for any linear predictor of or-
der less than some maximum order m. For stationary
Gaussian time series, we generalize these results, and
remove the boundedness restiriction. In this paper we
show that the learning curve of this universal linear pre-
dictor is dominated by the learning curve of the best
order predictor used in the algorithm.

1. INTRODUCTION

Autoregressive (AR) modeling by predictive least squares
is a widely studied method for time series analysis,
with many applications including channel equalization,
speech modeling, coding and parametric spectral esti-
mation. For an mth order linear predictor, the ob-
served data at time n is modeled by a linear combina-
tion of the previous m samples, i.e.,

Em(n) = Zaﬂ(n - ).

i=1

For a given order predictor, a common way to select the
unknown coefficients is to minimize the total squared
prediction error, i.e., minimize,

n

m 2
En(z,8m) =Y (z(t) - a(t - i)) )
i=1

t=1

When the best order is not known, a wide variety of
methods have been proposed for model order selection.
In [1], instead of fixing a specific model order, an algo-
rithm was developed to dynamically adjust a weighted-
combination, or mixture, of all model orders up to some
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m. This results in a sequential predictor whose sequen-
tially accumulated mean square prediction error for any
bounded indivual sequence is as small as that attain-
able by any linear predictor of order less than m. In
this sense, the predictor is “universal” with respect to
both model parameters and model orders. Neverthe-
less, for a probabilistic setting, say for Gaussian data,
the probabality that an indivual sequence is bounded
Jz(n)| < A goes to zero as n goes to infinity, for any
A € R*. In this paper, we explore new results in a
stochastic context, without the boundedness restric-
tion.

The organization of this paper will be as follows.
In Section 2, we define several terms related to the
universal linear predictor. In the third section, we ex-
plore the convergence of time-varying weights of the
mixture in the mean value. The limiting values and
rate of convergence of these weights are important for
calculation of the mean-squared error of the universal
linear predictor. In Section 4, the mean-squared error
of the universal linear predictor is derived, and some
simulations are provided.

2. DEFINITIONS

Let Zx(n) be the output of a sequential linear predictor
as obtained by the recursive least squares (RLS) algo-
rithm with model order k. Define a universal linear
predictor as a weighted sum over linear predictors of
order less than or equal to m,

Zy(n) = Zuk(n)fk(”)’ (1)
k=1
_exp(~cly_1(z, &)
pr(n) = Sy exp(—cli-1(z, &)’

where ¢ is a positive constant and ux(n), the weights
in the mixture, are proportional to the performance
of the kth order predictor on the data observed so-
far. The performance, l;—;(z,£x) is the accumulated
squared prediction error that results from sequential




application of the time varying set of predictor coef-
ficients, ai,...,al, i.e., by using &x(t). For each new
sample at time n, these coefficients are obtained such
that E,_;i(z, k) is minimized over these coefficients.

Then,
2

n k
ln(z, @) =D [ 2(t) =D af 'zl —j)
t=1 7=1

Because these linear prediction coefficients are opti-
mized only over the data available (up to but not in-
cluding the value to be predicted), the sequential pre-
diction error is a fair measure of performance of each
predictor.

3. CONVERGENCE OF WEIGHT
COEFFICIENTS IN THE MEAN VALUE

Suppose the underlying process to be estimated is a
stationary Gaussian random process with unknown co-
variance but zero mean. In this probabilistic setting,
Davisson [3] has shown that, the expected squared se-
quential prediction error of an RLS linear predictor of
order p for any n satisfies,

02 [p’ TL] d;f

(2)
El(a(n) = &5(n)*) = o*[pioc] (1+ £ +o(n ")),

where o2[p; 00| = lim, oo 02[p; n] exits and is the op-
timal expected square error without the sequentiality
constraint on the linear predictor and no(n=!) — 0.
The quantity o2 [p; 0o} is a non-increasing function of p
such that the pth order linear predictor asymptotically
outperforms (or at least gives the same minimum error
of) any predictor with order less than p. The accumu-
lated additional mean-squared prediction error of an
RLS algorithm will therefore be the harmonic sum of
terms of the form p/n which is approximately pIn(n).
Hence,

Elln(z, 2p)] = 0®[p; 00)(n + pln(n)) + o(ln(n)). (3)

For calculation of the mean values of the mixture coef-
ficients, pp(n), we make the assumption that,
_ exp(—c Elly_1(z, 2,)])

ke exp(—c Elle-1(z,2x)])

Elup(n)]

Then by (3),
1

Elpp(n)] = 1+ Z;;n:l,k#p exp(—c Ag)’

(4)

where,

Ay = o?[k; 0] (n + k1n(n))
—o?[p;oo)(n + pln(n)) + o(ln(n)).
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Since each exponent in (4) is approximately n(o?[p; oo} —
a?[k; 0o]) for large n, the sign of the difference, (o2[p; o] —
o2%[k;c0]) is important for the limiting value and the
rate of the convergence. Suppose the underlying pro-
cess is a general Gaussian random process, such that
o2 [k; 0o] is monotonic and strictly decreasing in k. Then,
for the maximum order predictor, m, the sign of the
difference is always negative. Thus every exponential
in the denominator vanishes as n goes to infinity, such
that,

nan;O Elpm(n)] = 1.

For any other p,(n), with p < m, at least one of the
exponentials in the denaminator will diverge, yielding,

lim E{uy(n)]=0,p=1,...,m—1.
n—oo

Nevertheless, suppose z(n) is a wth order Gaussian AR
process,

z(n) = }EJ_: crz(n — k) + e(n), (5)
k=1

where £(n) is a sequence of iid Gaussian random vari-
ables with zero mean and variance 2. When (m > w),
the term o2[p;co] is not a monotonically decreasing,
but rather a monotonically non-increasing function of
p. For sufficient order predictors (p > w), (02[p; oo =
o?lw; 00} = ¢2). Thus the previous analysis is true for
only non-sufficient order predictors, i.e.,

lim E{p,(n)]=0,p=1,...,w—1.

n—oo
For a sufficient order predictor p, the exponents in (4)
with (k > w) are approximately (p — k) In{n) for large
n. Thus at least one of the exponentials will diverge
for (p > w),

lim Elpp(n)]=0,p=w+1,...,m.
n—oo

Since by definition, Y ,*, E{ux(n)} = 1, we conclude
that,

lim Elp,(n)j=1,p=w.
n—oo

As an example, suppose a second order Gaussian AR
process, z(n)+0.5z(n — 1) + 0.25z(n — 2) = &(n), with
02 = 1, is estimated by a fourth-order universal linear
predictor with ¢ = 0.5. As seen from Figure-1, all
Elpp(n)]’s except Eluz(n)], goes to zero as n goes to
infinity, which is in accordance with the results derived

in this section.
4. MEAN-SQUARED ERROR

Deriving the true learning curve of this predictor is
cumbersome due to the time-dependent weight coeffi-
cients, pk(n), which depend upon the data z(n) in a
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Figure 1: Mean Mixture weight, E[ux(n)], k=1,2,3,4.

non-linear manner. To make these calculations tractable,
a few assumptions are made (Al through A4).

A1) The weight coefficients ui(n), are statistically
independent from predictions Zx (n), and data z(n), but
dependent upon one-another otherwise.

A2) The signal z(n) and the predictions Zx(n) are
jointly wide-sense stationary (WSS) Gaussian random
processes, with zero mean.

This yields,

El(z(n) = 3 px(m)n(n)?),

k=1

Ju(n)

Ms

2
oy —2

Il

Elpx(n)]Elz(n)Zk(n)]  (6)

a~
i

1

[V]s

.3

k=1

Elur(n)m(n)) E[E1.(n)di(n)),

1
-

where E[z2(n)] =
tions,

o2. By the law of iterated expecta-

Elz(n)ig(n

)] E[E[z(n)Zk(n)]x(n)]],

Elz(n)ElZe(n)|lz(m)]].  (7)

Note that E[Zx(n)|z(n)] is the minimum mean square
error (MMSE) estimate of &x(n), given z(n). The
MMSE estimate of a Gaussian random variable based
on another jointly Gaussian random variable is a linear
function of that variable, |5, hence,

E[&x(n)|z(n)] = az(n),

))/Elz?(n)]. 8
When the prediction Z(n) is the output of the MMSE-
optimal predictor of order k, the error of prediction,
ex(n) def z(n) — &x(n), and the prediction &1(n) are

orthogonal in probabilistic sense, 3],

Elex(n)zr(n)] = 0.

a = Elz(n)Zr(n

(9)
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Suppose we make the third assumption such that,
A3) The error of prediction ex(n) and the predic-

tion Zx(n) are orthogonal in probabilistic sense, so that

(9) holds for all n, (even if Zx(n) is not the output of

the MMSE-optimal predictor).

Then we can express ’a’ as,

(Efz(n)éx(n))/Elz*(n)),
Jk('n)

(Bla} (m))/Bla®(n))) = =52

o

a

Il

where Ji(n) = Elel(n)] is given by (2). Thus by (6),

02 =2 Elu(n))(02 — Je(n))

k=1
+cross terms.

Ju(n)

(11)

An explicit analysis of the cross terms is cumbursome.
Suppose the underlying process is a wth order AR Gaus-
sian random process where (w < m). For all pairs of
predictors of order k and [, make the last assumption
that,

A4) E[dx(n)au(n)] = E[z],(n)]

This equation is true for the output of the sufficient
order predictors, when each predictor converges to the
MMSE-optimal predictor, [3]. From the results of sec-
tion 3, for the insufficent order predictors, the terms
with E[ux(n)u(n)] will converge to zero at an expo-
nential rate. Thus we can argue that the contribution
of the insufficient order terms will vanish from the cross
terms exponentially, making the assumption plausible
and more accurate as n increases.

If the underlying random process is a general Gaus-
sian process such that o2[k, 0] is monotonic and de-
creasing in k, then the assumption is

Elgr(n)ai(n)] = E[25,(n)]. (12)
The same argument can be made for this case also, so
that the contributions of all the lower order terms will
vanish form the cross terms exponentially, as n goes to
infinity.

Then for a Gaussian AR process of order (w < m),
we can simplify the cross terms as,

cross terms = Z Elpr(n)pm(n)] EZr(n)zi(n)],
k=1 l=1

~ Y Y Elu(n)m(n)EE (n)]. (13)
k=11=1

Since by definition 3",

Zkl

Efux(n)] =1, and

e1 Elur(n)pu(n)] = 1, we can simplify the



Ju(n) considerably, using (13),

oz =23 Elux(n))(07 — J(n))

Ju(n) =
k=1
+0§—Jw(n)v
= Elpw(n))Ju(n) (14)
Y Eum)@(n) - Ju(n),
k=1,k#w

where E[ux(n)] is given by (4) and Jx(n) is given by (2).
The terms Jy,(n) and p,(n) will be replaced by Jp,(n)
and pm(n), if the process is a general Gaussian random
process such that the term o2[k, 00] is monotonic and
decreasing in k. Then by (14), we conclude that,

Bl(a(n)~&.(n)*)  _min _B{(z(n)=&x(n))?, (15)

i.e., the universal linear predictor is universal in a stochas-

tic sense as well.

This approximation of J,(n) for the mean-squared
error (MSE) of the universal linear predictor will im-
prove as n increases, as each of the approximations im-
prove. For a general Gaussian random process, J,(n)
converges to 02[m, oo] (which is 62[m, co] = o2[w, c0] =
o2 for an AR process of order (w < m)). Then J,(n)
is (asymptotically) unbiased.

As a second example, suppose a third order Gaus-
sian AR process, z(n) — 2.4z(n — 1) — 1.91z(n — 2) —
0.50z(n — 3) = €(n), with o2 = 0.1 is predicted by a
third order universal predictor, with ¢ = 1. As seen
from Figure-2, the plot of J,(n) curve matches the de-
cay and convergence characteristics of the MSE curve of
universal linear predictor. The simulations for weight
coefficients, Figure-3, also agrees with the results of
section 3 (as in the first example).

5. CONCLUSION

In this paper, we investigated the MSE for the universal
linear predictor presented in [1], by making a few plau-
sible assumptions whose affects diminish as n increases.
It is shown that the learning curve of this universal lin-
ear predictor can be approximated as a weighted sum
over all predictors’ learning curves used in algorithm.
As n goes to infinity, the MSE of universal linear pre-
dictor converges to the MSE of the best order linear
predictor used in algorithm. Thus we can conclude
that the universal linear predictor is also universal in
this stochastic context.
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