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Abstract— In this paper, we study the density of extrinsic infor-
mation at the output of the demodulator of an iterative MIMO
processing system. In particular, if the # priori information is
Gaussian distributed, the conditions under which the extrinsic
information is also approximately Gaussian distributed are found.

I. INTRODUCTION

Iterative processing technique has been widely used in
communications over multiple-antenna channels, e.g., a near-
capacity achieving scheme [1], Turbo-BLAST [2], space-
time turbo codes [3], [4], low-density parity-check (LDPC)
modulation [3].

The extrinsic information transfer chart (EXIT chart) [6]
is a useful analysis and design tool for iterative processing
systems, e.g., studying the threshold effects of iterative multi-
input multi-output (MIMO) processing [7], designing good
LDPC code degree sequences [5].

An implicit assumption in the EXIT chart technique is that,
if the conditional density of the a priori information is a
density function p{z, @ = ay) which has a single parameter o,
the conditional density of extrinsic information at the output
of a constituent decoder can be reasonably approximated
by p{z,a = as). Then the decoding process is essentially
characterized by the evolution of «. In the analysis of turbo
decoding [6], the one parameter density function is
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with o7 as the parameter a and b the cormresponding infor-
mation bit. It was observed in [8] that the conditional density
of extrinsic information in turbo decoding is approximately a
Gaussian density. Gaussian approximation is also used in other
iterative decoding analysis methods, e.g., the SNR approach
for turbo decoding [9] and LDPC decoding analysis [10].

In this paper, we will consider the iterative MIMO pro-
cessing system in Fig. 1 and study the conditional density
of extrinsic information at the output of the demodulator.
The space time modulation is constrained to be linear in
information bits. Our contribution is that we find certain
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Fig. 1. A bit interleaved serally concatenated coding system in a block
fading MIMO channel and the corresponding iterative decoding system.

conditions under which the conditional density of extrinsic
information at the output of the demodulator can be well
approximated by the type of Gaussian density in Eq. (1) when
the a priori information is distributed according to Eq. (1)
with certain or. If the outer decoder also satisfies such a
density approximation, the use of various iterative processing
analysis methods which are based on Gaussian approximation
is justified.

We first briefly introduce some concepts of iterative de-
coding and EXIT charts. To decode bit b;, the soft-input
soft-output (SISQ) demodulator takes the channel output YV
and the a priori input La(by), 1 € k < K, and outputs
the extrinsic information L.(b;). The extrinsic information
sequence is interleaved and passed to the SISO outer decoder
which performs similar computations. Its output sequence is
interleaved and passed to the demodulator as the a priori input
in the next iteration.

The EXIT curve for the demodulator is defined as follows.
Define I, = I(b;; La(b;)).where La(b;) is the a priori infor-
mation for bit by, and I. = I{b;; Lo(b;)} where Lo{(b;) is the
extrinsic information of bit b;. The demodulator can be viewed
as a nonlinear system mapping the input mutual information to
the output mutual information. Given the signal-to-noise ratio
(SNR), I, can be viewed as a function of [,, I. = T1{l,),
which is the EXIT curve for the demodulator. Except for a
few special channels, it is intractable in general to derive the
analytical form of an EXIT curve.

This paper is organized as follows. In Section II, we first
describe the signal model, then present necessary and suff-
cient conditions for the invariance of density and a constant
EXIT curve. Later, we will analyze the conditional density
of extrinsic information, and find several conditions such that
Gaussian approximation is reasonable. Section I contains our
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conclusions,

Our notation will be as follows: capital letters denote
matrices; underscores denote vectors; boldfaced letters denote
random objects; daggers denote complex conjugate transpose;
asterisks denote conjugation; primes denote transpose;

1. DENSITY ANALYSIS

A. Signal Model

In the MIMO channel in Fig. 1, there are ¢ transmit antennas
and r receive antennas. The channel state information (CSI)
matrix H = [hy;] € €™ is known to the receiver only
and does not change within a block of T symbols. The
coefficient h;; denotes the complex channel gain between
transmit antenna j and receive antenna 7 and experiences i.i.d.
frequency flat fading for all pairs of 4 and j. We assume h, ;
is distributed according to CA(0, 1). From block to block, H
changes independently. Let X € C**7 indicate the transmitted
signal matrix, ¥ € C"*7 be the received signal matrix such
that the discrete-time baseband equivalent channel model is

2

where N € C7*7T is an additive noise matrix with i.i.d. entrics
n; ; ~ CN(0,20%).

In this paper, for ease of analysis, we focus on a class of
linear dispersion (LD) codes [11] whose codeword matrices
X are linear in the information bits, i.e.

K
X = ZbkAk
k=1

where {b; € {~1,+1}}{_, are the information bits and A; €
C*T 1 < k < K are dispersion matrices. For convenience,
we call them bit-linear LD (BL-LD) codes. It is easy to verify
that with PAM or QAM, space-time block codes (STBC) [12]
are BL-LD codes.

We further constrain the dispersion matrices to satisfy the

property

Y=-HX+N

3)

Apdl = %rt, 1<k<K @

where £ is the bit energy. The constraint in Eq. (4) is satisfied
by various space time codes, e.g., Alamouti scheme [13],
STBCs from orthogonal designs [12], LD codes [11]. In order
for Eq. (4) to have solutions, we assume T > .

B. Necessary and Sufficient Conditions on the Invariance of
Density

First we describe the computation of extrinsic information.
The extrinsic information is defined as
Pb;=1Y=Y H=H)
P(b; =-1jY =Y, H=H)
In the above computation, the a priori probability P(b = b} =
]_[,CK=1 P(by = by) is updated by the g priori information
1
1+ exp{La(bk)} ’

Le(b) =In — La(bs).

%)

P(by = —1)=1—P(b; = 1) = ©)

Before analyzing and approximating the density of extrinsic
information, we present a theorem which states necessary and
sufficient conditions on dispersion matrices for the invariance
of density and a constant EXIT curve,

Theorem 1: Let C be a BL-LD code

K
C={X:X=D teApb; € {-1,+1},Vk}
k=1
with dispersion matrices A, € C**7, 1 < k < K. {f and only
if

AAL+ A AL = 0,vi, w50 4 5, (7

the following two statements are true:

1) For all k, the density of extrinsic information Le(by)
conditioned on the information bit by = by is invariant
with respect to the a priori information,

2) The EXIT curve I, = T1(I,) is constant.

Proof: We first prove the direct part of the claim.

Assume A,-A} + A_,-A;‘ = 0. Without loss of generality, we

consider the SISO decoding of the bit b,. Define the vector b
as b = [b1,--+,bx]|. Define the vector basbh=lby, - .bx].
Define the matrix X as X = E;‘ = by Ay This 1mpl|es that
the codeword matrix X for b satisfies X — X + A We
have

_ P(b1=1}Y=Y:H=H)

Lbty=1 P(b= Dp(Y = Y|H = H,b =)
Tabio_1 PlO=0)p(Y = Y[H=H,b=b)
be, L P(b =b)exp{— f{Y, —H\)(Y —HX) }}
sy P{b = b)exp{— Y= HX)(} XY

=In

=In

(8)
Because AlA;- + Ain =0, ¥j # I, we have
HXXTH!' = H(X + 0, A)(XT + b, Ay HT
= H[XXt 4 o (X AL+ A4, XY + 4,40 A1
(9}

K
= H|IXX' + 6> bi(ApA] + 4 AD) + A, Al H?
k=2
= HIXX! + A, A1H!.

Since the information bits are independent and P(b; =1) =

P(b, = —1) = 0.5, after some manipulation, we obtain
tr{YV{H A1} + (HA)Y!
Le(b1)= { ( 1)0,2 ( }
~ _giRtatayver syt Fyyt
ZP( = §) exp{ri=H XXy +;c§2m;) HHAN ]y
+ln

Y P(b=10) exp{"r{‘H‘{"{“H”;}f*)*ﬂﬁi’)yf}}
3

_ Y (HAY! + (HAY
o? ’

(10)
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Since Y = HX+N = Y1, b H Ay + N, we further observe
that

L(b1)
_ {0, b H(ALAL + ALADHY + NATHY 4 HA N}

0—2
mr{QHAlA{HT}b . er{NATH! + HA N}
= 1 2 .

o? o

(1mn

In the second step, we used the conditions AlA; +AjA{ =0,
Vj # 1. Hence the extrinsic information Le(b;) is a function
of b1, H and N, and is independent of the a priori information
La(bi), 2 < & < K which are used to determine the priors
of by, 2 < k < K. Thus, the first statement is proved for bit
b;. For other bits by, 2 < k < K, the proof is essentially
same. It follows that the extrinsic mutual information [, =
I(by: Lo(bg)|,) is constant for all values of a prieri mutual
information [I,. Thus the EXIT curve I, = T1({,) is constant.

Next we prove the only if part of the claim.

Let b\by denote Jby,--- by, bkt1.- - , x| If the condi-
tional density of extrinsic information is invariant with respect
to the @ priori information, the EXIT curve is constant.
Assume the EXIT curve I, = Ty([,) is constant. Thus
the heights of left and right endpoint are same. Since for
1<k<K

T(br; Le(by)| e = 0) = I(b,; Y|H),
and
I(by; Lo (b )ile = 1) = I(by: Y|H, b\by),
we have
I(by; Y|H) = I(by; YH, b\bi). (12)
By the chain rule for mutual information, we have
I(by; Y, b\bxH)
=1(by; Y[H) + I(bi: biby[H, Y)
=I(bx: b\bi[H) + I(by; Y |H. b\by)
=I(by; Y|H,b\by).

In the third step, we use the independence of the information
bits. Combining Eq. (12) and (13), we obtain

(13)

I{b:b\by/H,¥Y) =0. (14)
Therefore, for 1 < & < K, we have
by =b,-- ,bg = bg|H,Y
p(by =b; & = bk] ) (15)

=p(bi = by |H, Y)p(b\bx = B\bx |2, Y).

Hence it must be true that
K
p(by = b1, b = b |V, H) = [] p(bi = b|Y; H).
k=1

(16)
By Theorem 1 of [14], we require AiA;[ +AJ—AZ = 0, ¥4, ¥j,
EE-NE N [ |

One consequence of a constant EXIT curve is that iterative
decoding can be done in one iteration.

Next we will give a BL-LD code example such that The-
orem | is satisfied. As mentioned in Section [I-A, if the
modulation scheme is PAM or QAM, STBCs from orthogonal
designs are BL-LD codes. Furthermore, it is easy to verify
that with BPSK or QPSK, we have AiAJT- + AJ-AI = 0, Vi,
¥4, © # j. Therefore, if a STBC from orthogonal designs with
BPSK or QPSK is used as the space time modulation scheme
in Fig. 1, the density of extrinsic information will be invariant
with respect to the a priori information, and hence only cne
iteration of demodulation and decoding is needed.

Now we move on to analyze and approximate the condi-
tional density of extrinsic information. Motivated by Theorem
1, we will first study the density of extrinsic information when
the a priori information is perfect, i.e., I, = I(b;; La(b;)) =
1.

C. Density of Extrinsic Information when I, =1

Without loss of generality, we consider the decoding of b;.
When I, = 1, the decoder has perfect a priori information of
ba, -+ -, b Therefore, the contribution from bs, - -+, bx can
be subtracted from the channel output ¥ and the signal model
essentially reduces to

Y =b;HA, + N, an
where according to the constraint Eq. (4), matrix A; satisfies
.41A§ = §¢I;. For notational simplicity, we will omit the
subscript in Eq. (17).

The extrinsic information for bit b 1s computed: as
tr{(Y ~HA (Y -HA)} }
i 2g?

exp{—
exp{— 5
_tr{Y(HA) + HAY'}
a2
L Ue(HAAHY), {N(HA) + HAN')
a2 2

o2

Le(b) =In

tef (¥ +HANY +H AN}
= }

(18)

© R ~(HY+ (N, H).
Conditioned on H=H
_ tr{N(HA)' + HAN'}
= =

r T
1 » *
e Z Z[nj.k(HA)j,k + (HA)J'."-‘nJ‘,k}

j=1k=1

r T
= JLQ Z Z 2-Re{n;x(HA);  }.

j=1k=1

il

(19)

Thus conditioned on H = H, 5 is a Gaussian random vanable
with zero mean and variance 2v(H).
Since AA = £1;, we have

tr{HAA 1}
wHAL T -

YH) =2 2—:tr{HHT}. (20)

P
Conditioned on b = &, the density .of extrinsic information
can be written as
v 1 |z —y(H)BP? }
= H=H)——— —— S dH.
bl = [ o )\/me"p{ T
: ' €2))
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Because H is a r x ¢ matrix, H are irrelevant to block length
T. From Eq. (20) and (21), it follows that the conditional
density of extrinsic information p(z) is invariant with respect
to block length T'. Therefore, in this subsection, we focus on
the density analysis with T = 1.

It is computationally difficult to find the analytical form of
the conditional density from Eq. (21). From Eq. (18) and Eq.
(19), we obtain

Le(b) = ——-«tr (H\EA) (H\/EA)T
END w2 njk(H\f)

J=1k=1

(22)

Since (\/EA)(\/gA)T = [, , A is a square matrix and H is
an i.i.d. circular symmetric complex Gaussian random matrix,
H(\/‘;A) has the same distribution as H. Therefore, Lo(b)
has the same distribution as L, which is defined as

tr{HH’f}b += \/-ZZRe{nJ VB

i=1k=1
UL o P €
-U X [Emar ;\Eﬂe{nj,kn;k}] @3)
F=1k=1
T t .
2300 Liw
Ji=1k=1

Since conditioned on b = b, Lj),1 < j <1 <k <1
are i.i.d. random variables, the conditional density of L is the
rt-fold convolution of the conditional density of f,j,k. The
conditional density of L i can be derived as (same result in
Eq. (42) of [6])

52 bl — 1+ 2521
PL(i[h) = — e exp +200 L
2v1 + 252 2
where 8% = UT% Conditioned on b = §, the mean and variance

2 .
of Ty are —f’; = 322 and £ =+ = Et + ;TER respectively.

Next we conSIder the asymptotic cpnditiona] density of

_extrinsic information when the number of antennas becomes

large. By the Central Limit Theorem (Theorem 4.7-1 [15]),
conditioned on b = b, the distribution of

Z_; 1Zk 1(L1k" 'Eb
V(s + 2

converges to the standard normal distribution as rt increases
to infinity. Therefore, if vt is large, we are motivated to
approx:mate the condmona] density of extrinsic information
L=%7_, %t  L;. by a Gaussian density

(25)

2re, 4re  4re?
N(_ T 3 +

—). 26
el ot (26)

Furthermore, we have
Are  4re?

4re €
— 4+ — = {1+ =)
a? + ot crg( + ozt)
If & is small, the density in Eq. (26) can be further approx-

imated by

27

dre
" ).

N ( (28)

which fits in the model of the density in Eq. (1).

We conclude that when the priors are perfect (I, = 1), it is
reasonable to approximate the conditipnal density of extrinsic
information by A/(25£b, 4} if the following conditions hold

s r-{is large;

. ;Z—t is small;

D. Density of Extrinsic Information when I, <1

" When the @ priori information is not perfect, i.e., I, < 1, it
is practically impossible to determine the density of extrinsic
information. However, if the dispersion matrices of the BL-LD
code satisfy

i
AcAl+ .43-‘4T

- = 0,V # ], (29)

)
where “—™ means “be close to”, motivated by Theorem 1 and
its proof, we conjecture that the conditional density of extrinsic
information at J, < 1 be close to the conditional density at
I, = 1 (for detailed argument, refer to [16]). Furthermore,
if the conditions summarized at the end of last subsectjon are
satisfied, it is reasonable to use the type of density N' (%48, 07 )
to approximate the conditional density of extrinsic information
at arbitrary I, < 1. As for how close to 0 is close enough,
we do not have an answer yet.
Next, we consider a BL-LD code (an LD code in Eq. (36)
of [11], with QPSK modulation)
by + bs + L) b
X'(:7 1) — bqu4‘;~rb5 -+ —1be:;ab;-_
0
—b2+5%-zb5 + —zb¢+1b
X(:,2) = by — Hatile
o~ bpby—iby o —ibyiby
Ve : (30)
0
bot+bytiby + —'ibgq—i-fbi
ibg
b;—e\:/_g;- ibs 4 ibg;ib-
—b3 + ibg
_b2+l\7/_;r; ibs 4 —1b§2+zbz

X3 =

by — by + Hedibe ‘Eb —
X 4) =

We simulate the conditional density of extrinsic information
with # = 3 and E, /N, = 0 dB. In the computation of bit
energy E), we assume a rate % outer code is used.

In Fig. 2, the a priori muwal information {, is equal to
one. Extrinsic information data are generated according to
Eq. (18). The solid curve corresponds to the histogram of the
extrinsic information conditioned on b = 1, while the dashed
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Fig. 2. The histogram of extrinsic information when a priori mutual
information [, is 1. Ey/N, is 0 dB. The dashed curve is the Gaussian
approximation,

rrte3, Tmd, Kol Ehﬂnﬂ dB, an LD code.

[ . — T T —
- . T Heitdgrarn {1 5
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Fig. 3. The histogram of extrinsic information when a priori mutual
information o is 0. E, /Ny is 0 dB. The dashed curve is the Gaussian
approximation.

curve corresponds to a Gaussian distribution A/ (e, 2¢1) where
i is equal to the mean of extrinsic information conditioned on
b = 1. The Gaussian distribution approximates the histogram
quite well, which is predictable since r -1 = 9 and -5 is
low. Fig. 3 shows the histogram and Gaussian approximation
when the a priori mutual information [, is equal to zero.
In this case, extrinsic information data are generated through
SISO decoding. It can be found that the approximation is still
quite accurate since the condition in Eq. (29) is approximately
satisfied. Since 0 < I, < 1, the histogram of extrinsic
information would also be well approximated by a Gaussian
density of type M{u,2u) if 0 < I, < 1.

We will like to point out that through simulations, we
observed that even if the conditional density of extrinsic
information does not look like the Gaussian density, sometimes

~ the EXIT chart technique still works well. it demonstrates the

robustness of this technique.

[11. CONCLUSION

We have studied the conditional density of extrinsic infor-
mation at the output of space time demodulator. We have
found that when (1) the product of the number of transmit
and receive antennas v - t is large; (2) & is small, i.e., the

SNR is low or the number of transmit antennas ¢ is large;
(3) the modulation schemes satisfy i—é-?i,i — 0, Vi # 7,

the conditional density of extrinsic mformatlon is reasonably

approximated by ‘a Gaussian density A/ (—Lb g L) when the a
priori information is also Gaussian distributed.
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