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The relationship between prediction and data compression can be ex-
tended to universal prediction schemes and universal data compression.
Recent work shows that minimizing the sequential squared prediction error
for individual sequences can be achieved using the same strategies which
minimize the sequential codelength for data compression of individual se-
quences. De�ning a \probability" as an exponential function of sequential
loss, results from universal data compression can be used to develop uni-
versal linear prediction algorithms. Speci�cally, we present an algorithm
for linear prediction of individual sequences which is twice-universal, over
parameters and model orders.

1 Introduction

We describe a sequential linear prediction algorithm which is \twice universal," over
parameters and model orders, for individual sequences under the square-error loss
function; the sequentially accumulated mean-square prediction error is as good as
any linear predictor of order up to some M , where the parameters may be tuned to
the data. The linear prediction problem is transformed into one of sequential proba-
bility assignment, equivalent to lossless compression, which is accomplished through a
double mixture; �rst over all linear predictors of a given model order using a Gaussian
prior, and then over all model orders up to some maximum orderM . For square error
loss functions, the Gaussian prior enables the mixture probability over the continuum
of models to be found in closed form. With respect to model orders, a �nite mixture
is used with an arbitrary prior. Using lattice �lters, the coding distributions of all
possible linear predictors with model orders up to M can be weighted in an e�cient
recursive procedure whose complexity is not larger than that for a conventional linear
predictor of the largest model order. We derive an upper bound on the excess predic-
tion error which can be identi�ed with the excess coding redundancy in the assigned
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mixture probabilities. The bound holds for all individual sequences of all lengths, not
only for asymptotically long sequences. The two terms in the bound correspond to
a parameter redundancy term, which is proportional to p ln(n)=n, and a model order
redundancy term which is proportional to ln(p)=n, where n is the data length, and p
is the best model order.

2 Statement of the Problem and Main Result

Consider the problem of designing a causal predictor which observes a sequence

xn�1
1

�
= x[0]; x[1]; : : : ; x[n � 1], and then computes a prediction of the value of x[n]

given the past. We assume that the sequence x[n] is bounded such that jx[t]j < A <1
for all t, but is otherwise an arbitrary, real-valued sequence. We would like to design
a predictor whose performance is at least as good as the best batch linear predictor
of any order less than some M < 1. This goal will be accomplished in two steps.
First, we will demonstrate a �xed-order sequential prediction algorithm which per-
forms as well as the best batch linear predictor of that order. We will then construct
a predictor which performs as well as the best �xed-order predictor of order less than
M .

Theorem 1 Let xn
1
be a bounded, real-valued arbitrary sequence, such that jx[t]j< A,

1 � t � n. Let Rn
xx and rnx be the p-th order deterministic autocorrelation matrix

and vector de�ned as Rn
xx =

Pn
t=1 x[t]x[t]

T , and rnx =
Pn

t=1 x[t]x[t], where x[t] =
[x[t � 1]; : : : ; x[t � p]]T . Also assume that 1

t
Rt
xx has a unique minimum eigenvalue

bounded away from zero, �0 � �1 > 0, 1 � t � n. Let x̂a[n] = aTx[n] be the �xed

linear predictor with parameters a. De�ne a universal p-th order linear predictor as

x̂p[n] = âu[n]
Tx[n], where âu[n] =

�
Rn�1
xx + c

�2
I
�
�1

rn�1x , and � and c are positive

constants. Let l(xn
1
; x̂np;1) be the running total squared prediction error for the p-th

order universal linear predictor, i.e. l(xn
1
; x̂np;1) =

Pn
t=1(x[t]� x̂p[t])

2. De�ne a twice-

universal predictor x̂tu[n], as x̂tu[n] =
PM

i=1 �i[n]x̂i[n], where �i[n] is de�ned as

�i[n] =
exp(� 1

2c
l(xn�1

1
; x̂n�1i;1 ))PM

k=1 exp(� 1

2c
l(xn�1

1
; x̂n�1k;1 ))

:

Then the total squared prediction error of the twice-universal predictor, l(xn
1
; x̂ntu;1) =Pn

t=1(x[t]� x̂tu[t])2, satis�es

1

n
l(xn

1
; x̂ntu;1) � min

p;a

1

n
l(xn

1
; x̂na;1) +

4A2p

n

�
ln

�
A4(p+1)n

8�1
2

�
+1

�
+
8A2

n
ln(M)+O(n�2):

Theorem 1 tells us that the average squared prediction error of the universal pre-
diction algorithm is within O(p ln(n)=n) of the best batch linear prediction algorithm,
uniformly, for every individual sequence xn

1
. As we shall see, the cost terms can be

identi�ed as a parameter redundancy term, proportional to p ln(n)=n and a model or-
der redundancy term, proportional to ln(M)=n. The proof of Theorem 1 is completed
in two steps. First we demonstrate that a predictor generated by a mixture over all
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p-th-order linear predictors is universal with respect to the class of all p-th-order lin-
ear predictors. We then show that a second mixture over all model orders provides a
predictor which is universal with respect to both model orders and parameters. Each
of these steps are contained in the proofs of Theorems 2, and 1, in Sections 3, and 4,
respectively. The result is a twice-universal [1] [2] linear predictor which implements
a double-mixture over model orders and parameters. This resembles the context tree
weighting procedure in [3] which implements a double-mixture over the parameters
and model orders of context-trees used in data compression. Key to the development
of such universal algorithms is that the mixture be implementable by an e�cient
algorithm. We will show that the computational complexity of this twice-universal
predictor is no larger than that for a conventional linear predictor of the order M .

3 Fixed-Order Linear Prediction

In this section, we consider the problem of linear prediction with a predictor of �xed-
order p. The predictor is parameterized by the vector a = [a1; : : : ; ap]T , and the
predicted value can be written x̂a[t] = aTx[t], where x[t] = [x[t� 1]; : : : ; x[t � p]]T .
If the parameter vector a is selected such that the total squared prediction error is
minimized over a batch of data of length n, then the coe�cients are given by,

a[n] = arg min
a

nX
t=1

(x[t]� aTx[t])2:

The well-known least-squares solution to this problem is given by a[n] = (Rn
xx)

�1rnx ,
where Rn

xx =
Pn

t=1 x[t]x[t]
T , and rnx =

Pn
t=1 x[t]x[t].

The parameters a[n] can be computed recursively with the recursive least squares
(RLS) algorithm. A common approach to sequential prediction is to use the param-
eters a[t� 1] to predict x̂[t] = a[t� 1]x[t]. This is the so-called \plug-in" approach,
since the best estimate of the parameters based on the data xt�1

1
are \plugged-in" to

the predictor model for x[t]. It can be shown [4] [5] that the least-squares optimal
batch prediction error can be achieved sequentially by the plug-in approach of the
RLS algorithm to within O(p2 ln(n)=n). This indicates that the rate at which RLS
achieves the batch performance is slower than the (p=2) ln(n)=n which might be ex-
pected from universal coding results [6] [7], and is in agreement with the result in
[7] which demonstrates that although the plug-in approach to sequential probability
assignment can be optimal for certain model classes in the stochastic context, it is
not optimal for individual sequences.

For this reason, rather than selecting a single set of parameters to use for predic-
tion, we use the mixture approach of universal coding to obtain the universal predictor
coe�cients. This idea has already been applied in [2] for prediction in a probabilistic
context. By transforming the problem into one of probability assignment, we can
sequentially assign a probability to the sequence which is almost as good as that as-
signed by the best linear predictor. As such, we consider a means of estimating the
parameters of the p-th order linear predictor a[t] through an a priori mixture over
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the continuum of all possible parameters according to some prior. We now show that
the prediction error of this universal predictor is as good as the best linear predictor
determined from all of the data.

Theorem 2 Let xn
1
be a bounded, real-valued arbitrary sequence, such that jx[t]j < A

for all t and 1

t
Rt
xx has a unique minimum eigenvalue bounded away from zero, �0 �

�1 > 0. Let x̂a[t] be the output of a p-th-order linear predictor with parameter vector

a, and l(xn
1
; x̂na;1) be the running total squared prediction error, i.e. l(xn

1
; x̂na;1) =Pn

t=1(x[t] � x̂a[t])
2, where, x̂a[n] = aTx[n]. De�ne a universal predictor x̂u[n], as

x̂u[n] = au[n� 1]Tx[n], where,

au[n] =
h
Rn
xx +

c

�2
I
i
�1

rnx;

Rn�1
xx =

Pn�1
k=1 x[k]x[k]

T , rnx =
Pn

k=1 x[k]x[k], and � and c are positive constants. Then
the total squared prediction error of the p-th-order universal predictor, l(xn

1
; x̂nu;1) =Pn

t=1(x[t]� x̂u[t])2, satis�es

1

n
l(xn

1
; x̂nu;1) � min

a

1

n
l(xn

1
; x̂na;1) +

4A2p

n
ln

�
A4(p+ 1)n

8�2

�
+

4A2p

n
+O(n�2):

Theorem 2 tells us that the average squared prediction error of the p-th-order uni-
versal predictor is within O(p ln(n)=n) of the best batch p-th-order linear prediction
algorithm, uniformly, for every individual sequence xn

1
. The basic idea behind the

proof for Theorem 2 will be the following. We de�ne a \probability" assignment of
each of the continuum of predictors to the data sequence xn

1
such that the probability

will be an exponentially decreasing function of the total squared-error for that pre-
dictor. This use of prediction error as a probability or likelihood was also used by
Rissanen [6] and Vovk[8]. By de�ning a universal probability as an a priori average
of the assigned probabilities, then to �rst order in the exponent, the universal prob-
ability will be dominated by the largest exponential, i.e., the probability assignment
of the model order with the smallest total squared error. For a �nite collection of
predictors, the redundancy of the mixture can be bounded by the negative logarithm
of the weight assigned to the best model. However, for a mixture over a continuum of
models, we must seek an alternate bound on the redundancy. Speci�cally, we obtain
the conjugate prior such that the mixture over the parameters can be obtained in
closed form. We then relate the universal probability assignment to the accumulated
squared error of the universal predictor, giving the desired result.

Proof of Theorem 2: For each set of parameters a, we de�ne the probability
Pa(xn1) = B exp(� 1

2c
l(xn

1
; x̂na;1)) as an exponential function of the sequential loss on

the data. Over the continuum of predictors with coe�cients a, we assign the a priori
Gaussian mixture

p(a) = (
p
2��)�p exp

�
1

2�2
aTa

�
;

and de�ne the universal probability

Pu(x
n
1
) =

Z
a

p(a)Pa(x
n
1
)da:
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We can then obtain this universal probability in closed form,

Pu(x
n
1
) = B��p

����
�
1

c
Rn
xx +

1

�2
I

�����
�1=2

exp

�
� 1

2c

�
Rn
x[0]� rnTx

h
Rn
xx +

c

�2
I
i
�1

rnx

��
;

where Rn
x[0] =

Pn
k=1 x

2[k].
To compare the universal probability with the maximum probability over all pa-

rameters a, observe that

max
a

Pa(x
n
1
) = Pa(x

n
1
)j
a=âML

= B exp

�
� 1

2c
l(xn

1
; x̂naML;1)

�
;

where, âML = (Rn
xx)

�1rnx . Since,

l(xn
1
; x̂naML;1) =

nX
k=1

�
x[k]� �(Rn

xx)
�1rnx

�T
x[k]

�2
=Rn

x[0]� rnTx (Rn
xx)

�1rnx ;

we obtain

PâML
(xn

1
) = B exp

�
� 1

2c
(Rn

x[0]� rnTx (Rn
xx)

�1rnx)

�
:

Taking their ratio, and after some algebra, we obtain,

Pu(xn1)

maxa Pa(xn1)
= ��p

����
�
1

c
Rn
xx +

1

�2
I

�����
�1=2

exp

�
�1

2

�
rnTx

�
Rn
xx�

2Rn
xx + cRn

xx

�
�1

rnx

��
:

(1)

Taking the logarithm, and substituting Rn
xx = n �Rn

xx, yields

� ln

�
Pu(xn1 )

maxa Pa(xn1)

�
=

1

2
ln

����1c�2Rn
xx + I

����+ 1

2
rnTx [Rn

xx�
2Rn

xx + cRn
xx]

�1rnx

=
1

2
ln

����1c�2n �Rn
xx + I

����+ 1

2
n�rnTx [n �Rn

xx�
2 �Rn

xxn + cn �Rn
xx]

�1nrnx

=
p

2
ln(n) +

1

2
ln

����1c�2 �Rn
xx +

1

n
I

����+ 1

2
�rnTx [ �Rn

xx�
2 �Rn

xx +
c

n
�Rn
xx]

�1rnx

� p

2
ln(n) +

1

2
ln(c�p�2p) +

1

2
ln
��� �Rn

xx +
c

n�2
I
���+ 1

2
pA2��2

1
��2A2:

(2)

To continue, we need the following lemma bounding the logarithm of the deter-
minant of a positive de�nite matrix, which is proved in the appendix.

Lemma 1 For a p � p positive de�nite matrix M whose elements are each bounded

by C, i.e., jMi;jj < C, and positive constant �, the logarithm of the determinant of

the matrix M + �I satis�es

ln jM + �Ij � p ln

�
p + 1

2

�
+ p ln(C) + p ln

�
1 +

�

�0

�
;

where �0 is the smallest eigenvalue of M .
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Applying Lemma 1 to (2), we obtain

�2c lnPu(x
n
1
) � min

a
l(xn

1
; x̂na;1) + cp ln

�
n�2

c

(p+ 1)

2
A2

�
1 +

c

n�2�1

��
+

cpA4

�2
1
�2
:

(3)

We expand the de�nition of the universal conditional probability as

Pu(xnjxn�11
) =

R
a
p(a)Pa(xn1)daR

a
p(a0)Pa0(x

n�1
1

)da0
=

Z
a

�n(a)Pa(xnjxn�11
)da;

i.e.,

�n(a) =
p(a)Pa(x

n�1
1

)R
a
p(a0)Pa0(x

n�1
1

)da0
:

Note that �n(a) is proportional to the performance of the model a on the data up to
time n� 1, Pa(x

n�1
1

). That is, while the universal probability is an a priori Gaussian
mixture over the probabilities assigned to the sequence by each of the parameters a, in
order to maintain this a priori probability, the conditional probabilities, Pu(xnjxn�11

)
must be weighted according to their performance on the data so far, �n(a).

We de�ne the universal predictor as a mixture over the parameters a using the
same conditional weights as the conditional probabilities �n(a). A straightforward
but tedious calculation veri�es that the universal predictor de�ned by this mixture
uses the parameter vector au[t� 1] at each time t for prediction of the sample x[t],
where

au[t] =

Z
a

�t(a)ada =
h
Rt
xx +

c

�2
I
i
�1

rtx:

De�ning ~Pu(xn1 ) as the probability from the predictor which is a mixture over the
parameters a using the same weights as the mixture over the probabilities Pa(xn1), we
have

~Pu(xn) = B exp

(
� 1

2c

nX
k=1

�
x[k]�

�Z
a

a�k(a)da

�
x[k]

�2
)
: (4)

Comparing Pu(xnjxn�11
) and ~Pu(xnjxn�11

),

~Pu(xnjxn�11
) = B exp

(
� 1

2c

�
x[n]�

Z
a

�n(a)a
Tx[n]da

�2
)
;

and,

Pu(xnjxn�11
) =

Z
a

�n(a)B exp

�
� 1

2c

�
x[n]� aTx[n]

�2�
;
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we observe that ~Pu(xnjxn�11
) is a function of a convex combination of the predicted

values x̂a[n], while Pu(xnjxn�11
) is the same convex combination of the function eval-

uated at the same values. By Jensen's inequality,

~Pu(xnjxn�11
) � Pu(xnjxn�11

); (5)

provided that the function f(z) = B exp(�(x[t]� z)2=2c) is concave over the domain
of z, which leads to

�pc � (x[k]� x̂a[k]) �
p
c:

Since jaij < A=�1, (see [4]), the inequality (5) holds for c �
�
A+ A2

�1

�2
. How-

ever, since x[n] is bounded, we can always decrease the prediction error by enforcing
jx̂a[n]j < A, which leads to the selection c � 4A2.

Using c = 4A2 and (4) in (3), we obtain

l(xn
1
; x̂nu;1) � min

a
l(xn

1
; x̂na;1) + 4A2p ln

�
n�2(p+ 1)

8

�
1 +

4A2

n�2�1

��
+

4A6p

�2
1
�2
: (6)

Our \probability" assignment algorithm had two free constants to be set. Now
that we have selected a range for the constant c, we can investigate the constant �2.
Minimizing the expression in (6) with respect to �2 yields,

1

n
l(xn

1
; x̂nu;1) � min

a

1

n
l(xn

1
; x̂na;1) +

4A2p

n

�
ln

�
A4(p + 1)n

8�2

�
+ 1

�
+O(n�2)

where, �2 = (A4=�2) +O(n�1):
We note in particular that the parameter redundancy term in (6) is proportional

to p ln(n)=n rather than the p2 ln(n)=n redundancy shown for the plug-in method
of RLS. The redundancy is actually of the form (p=2) ln(n)=n, scaled by the factor
2c which accounts for the e�ect of range A of the sequence x[n]. Comparing this
result with a �nite number M models, where the parameter redundancy term would
be bounded by O(ln(M)=n), we see that the \e�ective" number of models for the
Gaussian mixture, grows linearly with n. This completes the proof of Theorem 2.

4 Proof of the Main Result

The proof of the main result of the paper, Theorem 1, uses the results from Section
3 which bound the parameter redundancy of the mixture model and a result from [4]
bounding the model order redundancy from a second mixture over the model orders.

Proof of Theorem 1: Suppose a set of linear predictors of order k, 1 � k �M , are
given, such that at each time sample, the k-th linear predictor produces the estimate
x̂k[n]. For the \loss" of the k-th order predictor de�ned as its running total squared
prediction error, de�ne the probability

Pk(x
n
1
)
�
= B exp

�
� 1

2c
l(xn

1
; x̂nk;1)

�
;
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and the universal probability Pu(xn1)

Pu(x
n
1
) =

1

M

MX
i=1

Pi(x
n
1
):

When x̂u[n] is de�ned as a universal predictor obtained by the same sequential mixture
over the individual predictors as over the probabilities, Theorem 1 in [4] shows that

1

n
l(xn

1
; x̂nu;1) � min

i

1

n
l(xn

1
; x̂ni;1) +

8A2

n
ln(M):

When each of the �xed-order predictors are k-th-order universal linear predictors
as de�ned in Section 3, then the overall predictor is formed by a double-mixture; �rst
over parameters, and then over model orders. The resulting prediction error of this
twice-universal predictor, x̂tu[n], satis�es,

1

n
l(xn

1
; x̂ntu;1) � min

p;a

1

n
l(xn

1
; x̂nap;1)+

4A2p

n

�
ln

�
A4(p+1)n

8�2

�
+1

�
+
8A2

n
ln(M)+O(n�2):

(7)

This completes the proof of Theorem 1.
Theorem 1, the main result of this paper, demonstrates that a prediction al-

gorithm based on a double-mixture over model orders and parameters, is indeed
twice-universal. One observation from this result, is that the predictor parameters
are very similar to those which arise from the recursive least squares procedure. In
fact, if the covariance matrix of the RLS algorithm is initialized with the value of
R0

xx = (c=�2)I � 4(�2
1
=A2)I, then the remaining RLS procedure is unchanged. For

c � 4A2, we see that c is greater than the largest instantaneous square prediction
error. We also have that � � A2=� is a ratio of the maximum possible square value
to the minimum average square value, or a measure of the \spread" of the sequence.
To be universal, the a priori mixture over the parameters should have a large enough
\variance" to cover this range.

The �rst term of the redundancy in (7) can be identi�ed as a parameter redun-
dancy term, since this is the excess prediction error induced above the batch error for
a given model order due to the lack of knowledge of the best batch parameters for
that model order a priori. Note that the parameter redundancy term here is of the
form O(p ln(n)=n), which is in agreement with the stochastic case, as implied both
by Davisson in [9] and the more general MDL [6]. We also note that the model order
redundancy term, 8A2 ln(M)=n, can be slightly improved upon. Rather than using
a priori weights, wi = 1=M , we could have weighted each of the models inversely
proportional to their model order, i.e.,

wi =
i�1PM
j=1 j

�1
:

The proof in [4] remains intact with the model order redundancy being � ln(wp)=n
rather than � ln(1=M)=n, where p is the order of the model with the smallest predic-
tion error. The resulting model order redundancy term becomes ln(p)=n+ln ln(M)=n.
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5 Algorithmic Issues

An issue that remains is the computational complexity of the universal approach
which incorporates the f1; : : : ;Mg �Rp predicted values from each of the M model
orders and the each of the continuum of predictors within a given model order along
with their sequential prediction errors to compute each predicted value. At �rst
glance, it might appear that the cost of universality is rather high, requiring the solu-
tion of an in�nite number of linear prediction problems in parallel. However, since the
mixture over the parameters can be accomplished through a properly initialized RLS
algorithm, it only remains to solve for each of the RLS predictors for i = 1; : : : ;M .
The linear prediction problems for each model order have a great deal in common
with one-another, and this structure can be exploited. Indeed, just as the RLS algo-
rithm for a given model order can be written as a time-recursion, there exist time-
and order-recursive solutions to the least squares prediction problem, in which at
each time step, the M-th order prediction problem can be constructed by recursively
solving for each of the predictors of lower order. The resulting complexity of these
algorithms can be made to have O(M) operations per time sample which results in a
total complexity of O(Mn). An example lattice prediction algorithm is given in [4].

6 Concluding Remarks

The main result of this paper, stated in Theorem 1, is an algorithm which is \twice
universal" [1] [2] for linear prediction with respect to model orders and parameters.
The universal predictor presented in this paper will perform as well as the best linear
predictor of any order up to some maximum order, uniformly, for every individual se-
quence. With this algorithm, the problems of model order selection and parameter es-
timation for linear prediction have been mitigated in favor of a performance-weighted
average among all model orders and all parameters. E�cient lattice algorithms which
recursively generate all of the linear predictors at the computational price of only the
largest model order and closed-form mixture parameters yield an algorithm that is
computationally very e�cient. Since the mixture parameters of the universal predic-
tor can be identi�ed as the RLS parameters with a properly initialized covariance,
this paper also gives a concrete rationale for initializing an RLS or Kalman �lter
algorithm with an a priori covariance; it makes the algorithm universal with respect
to parameters for individual sequences.
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A Proof of Lemma 1:

To prove this bound, we note that jM j < p!Cp. Therefore,

ln jM j � ln(p!) + p ln(C) = p

pX
k=1

1

p
ln(k) + p ln(C)

� p ln

 
pX

k=1

1

p
k

!
+ p ln(C) = p ln

�
p + 1

2

�
+ p ln(C):

Therefore, for eigenvalues of M , �k � �0,

ln jM + �Ij � p ln

�
p+ 1

2

�
+ p ln(C) +

pX
k=1

ln

�
1 +

�

�k

�

� p ln

�
p+ 1

2

�
+ p ln(C) + p ln

�
1 +

�

�0

�
:
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