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ABSTRACT

Factor graphs were first studied in the context of error correction
decoding and have since been shown to be a useful tool in a wide
variety of applications. In this paper, we provide a brief introduc-
tion to factor graphs with an empahsis on their broad applicability,
and then describe a new algorithm for segmenting binary images
that have been blurred and corrupted by additive white Ganssian
noise. Though the algorithm is developed for this particular class
of images, generalizations are immediate. Simulation results detail
the performance of the algorithm for images in three separate blor-
ring conditions. The results suggest the potential for this approach,
providing additional evidence of the usefulness of the factor graph
framework.

1. INTRODUCTION

In recent years, factor graphs have been used to formulate algo-
rithms for a wide variety of applications. Initially studied in the
area of error correction decoding, factor graphs have been applied
to such problems as equalization, phase unwrapping, network to-
mography, and Kalman filtering [1][2][3]. The wide applicability
of factor graphs can be attributed in part to their fundamental na-
ture: a factor graph expresses the factorization of a global function
of many variables into the product of several local functions, each
of a subset of the original variables. Whenever such a function
arises, a factor graph can be formed and may comprise the basis
for a divide-and-conquer approach to the problem at hand. De-
veloping an algorithm on a graph for a particular application may
require some deeper insight, but often the sum-product algorithm

. can be used and produces desirable resulis. In this paper, we dis-
cuss some basic concepts concerning factor graphs and apply this
graphical model to the segmentation of a particular class of im-
ages.

Image segmentation is an important process in the areas of
pattern analysis and machine vision. From the detection and clas-
sification of an object to the 3D reconstruction of a scene, im-
age segmentation can play a vital role in 2 number of applications.
Many techniques, including, for example, snakes and deformable
templates, have been used to perform segmentation [4]{5]. In this
paper, we take a statistical approach by considering the probabilis-
tic relationship between an observed image and the corresponding
desired segmentation. Factor graphs and the sum-product algo-
rithm yield an efficient algorithm for estimating the underlying
segmented image. Simulation results are provided that compare
the performance of this algorithm to several other methods and
demonstrate the potential for this approach.
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2. FACTOR GRAPHS

The following discussion is based largely on the material and no-
tation of [1]. Let X = {%1,%2,-..,Tn} be a set of variables, and
let f be a function of those variables that factors according to
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for some set of functions {g1,g2,...,9m}, where Xy C X for
all k and the notatien f(X) denotes a function of the variables
in set X. The function f is termed the global function, while
g1,92,...,9m are termed local functions. A factor graph
G = (V, £) is then an undirected bipartite graph that expresses this
factorization, where the vertex set

v:.YU{gl,QZ,—--sgm}l (2)

and the edge set
E={lge,z1): 11 € Xi }. 3)

Note that while f is often a probability density function, this is
not necessarily the case. For example, factor graphs can be used to
represent the DFT kernel or the indicator function testing whether
or not a codeword belongs to an error correction code [1]. This
is a significant difference between factor graphs and many other
graphical models, such as Markov random fields (MRFs), which
accounts for some of their general applicability. We also note that
while the product operation is usually taken as standard pointwise
multiplication, one can generalize this te other operations, assum-
ing certain requirements are met, including summation and convo-
lution [6].

While representing a factorization in a factor graph may be
interesting, it is of course the algorithms that can be formulated
from the graph that makes it a useful tool. Usually such algo-
rithms are stated as message-passing schemes. For example, one
is often interested in marginalizing the global function for some
set of variables. The sum-product algorithm is a message-passing
scheme that efficiently computes these marginals either exactly if
the graph is a trec or approximately if the graph contains cycles.
The efficiency of the sum-product and related algorithms derives
from exploiting a divide-and-conquer strategy.

It was noted in [1] that the sum-product algorithm is one mem-
ber of a larger class of algorithms that can be obtained by replac-
ing the sum and product operations with any two operations that
form a semi-ring, where the second operation depends on the type
of factorization a given graph represents. For example, Kalman
filtering is derived using an integral-product algorithm, while the
Viterbi algorithm can be formulated as a max-sum algorithm.



3. IMAGE SEGMENTATION

Here we provide an application of factor graphs to lmage segmen-
tation. In particular, we wish to segment an observed image that
can be represented as a hinary image that has been blurred by a
2D linear filter and corrupted by additive white Gaussian noise.
Images obtained in a recent LIDAR experiment in which a sub-
merged object was imaged from above water might be modeled in
this way.

Let Y = {y:; : (i,7) € I} be the set of observed

- image pixels, and let X = {z;: (¢,5) € I} be the set of

underlying binary pixels, where I is an indexing set. Also, let
Xij ={#:5,%i41,5, Tij41, Tig1,541 ), and let Xi,j denote the
smallest subset of X such that the observation y; ; is condition-
ally independent of X \ X,-,j given JE',-J. This set X ; can be
easily determined by locating the nonzero elements of the impulse
response of the blurring filter.

We impose the following factorization of the conditional prob-
ability density function of X given Y
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where the function t; ; is formulated based on an a priori prefer-
ence for connected images, the function f(yi ; IX,j) is the condi-
tional probability distribution of y,,; given X; ;, and Z is a nor-
malization constant. For example, Figure 1 illustraies the factor
graph resulting from a blurring filter that has a 2 x 2 region of
suppott. In actuality, we ignore the constant Z in the factor graph
medel since the value of Z is not easily determined and will not
have an effect on the final result.

To determine an appropriate function for 1 ;, we first assume
that the statistics of the segmented image are spatially invariant so
that we may set #; j{X;;) = #(X:;) for all (¢, j}. Then, as-
suming the segmentation region is connected and large relative to
the size of a pixel, we note that certain configurations of the pix-
els in X’,',j would be most likely, namely those with four pixels
either inside or outside the segmentation region. For these config-
urations, ¢ should be the largest. Similarly, certain configurations
should rarely, if ever, appear, namely those with & ; = Tig1,;+41,
Tigl,j = Fij+1,and 24 ; # zi41,;. Hence, the value of # should
be the smallest in these cases. The remaining configurations oc-
cur at the edge of the segmentation region and, therefore, should
appear at a frequency in between the first two cases. Through em-
pirical means, respective values of 1000, 1, and 10 were assigned
to the function ¢ for configurations in each of the three cases de-
scribed. The algorithm does not appear sensitive to small changes
in 14, and the above values seemed adequate irrespective of the
particular blurring or SNR used to create the observed image.

Now, for the class of images being considered, it is clear that
f(y,-,jj.i’i,j) will be a condilional Gaussian distribution with a
variance equal to the noise variance and a conditional mean that
is a linear combination of the pixels in X’g,j. Unfortunately if )2',’,1'
contains more than a few pixels, then the sum-product algorithm
rapidly becomes intractable. Consequently, it may be necessary to
approximate the blurring filter with one that contains a few, possi-
bly sparsely spaced, nonzero elements.

Given the factor graph induced by the above factorization, the
sum-product algorithm provides, after normalization, estimates of
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Fig. 1. Factor graph corresponding to a 2 x 2 blur

the marginal probability distributions f(zi,;|Y). Choosing the
most likely value for each x;,; from this distribution is one method
for obtaining an estimate for the desired segmentation.

We note that the factorization of f(Y|.X) expressed in Equa-
tion (4) may also arise when performing image segmentation us- .
ing MRFs [7). However, the MRF framework has led to different .
algorithms to perform the segmentation. For example, in [7], the
segmentation is accomplished vsing a dynamic programming algo-
rithm. When various forms of belief propagation have been used,
they have been applied to different formulations of the image seg-
mentation problem, ¢.g. [8].

4. SIMULATION RESULTS

Here we describe the simulation of the above algorithm on three
different test cases. In each case, a binary image of a simply con-
nected object was generated, blurred, and corrupted with additive
white Gaussian noise of a range of variances. In the first simula-
tion, the unit impulse function, &(n1, n2), was used for the blur-
ring filter, i.e. no blurring was introduced. The blurring filier for
the second simulation was the FIR filter

a18(n1,n2) + a28(n1 + 5,n2 + 5)
+ aszé(ni + 5,12 — 5)
+ asd(m — 5,m2 + B)

~ +asé(m — 5,12 — 5),

hlni,ms)

(3)

with a; = 0.2 for all 4. Since this filter contains only five nonzero
taps, the exact factor graph model yields a tractable algorithm
for segmentation. In the third simulation, however, a 2D Gaus-
sian shaped pulse was used to blur the image. To obtain reason-
able complexity in the factor graph model used to segment the
image (not te filter the data), we approximated this impulse re-
sponse by the function given in Equation (5) with a; = 0.6 and



®

Fig. 2. An example of {a) a silhouette and (b) an observed image
used in simulation at an SNR of -5dB.

a2 = a3 = a4 = as = 0.1. Figure 2 illusirates a representative
example of a binary silhouette used in the simuiation along with
a corresponding observed image using the second filter with a
signal-to-noise ratio (SNR) of -5 dB.

Figure 3 provides three plots that detail the performance of
the factor graph algorithm (FG) on the simulated images. The
plots give Pe, the ratic of mislabeled pixels to total number of pix-
els considered, as a function of SNR, where the signal power was
computed from the blurred images. For comparison, the plots also
detail the performance of image segmentation techniques involv-
ing heuristic measures (H}, Wiener filtering (WF), and the use of
the deterministic least square error 11 x 11 inverse filter (LS). Note
that the last technique uses the actual binary image to compute the
filter. Since this image is generally not available, the curve for the
LS methed should be interpreted as a bound on the performance
of any similar technique.

The superiority of the factor graph technigue in the first two
cases is clear from Figures 3a and 3b. Figure 3¢ shows that in the
Gaussian blur case, the factor graph algorithm again cutperforms
the other methods at low SNR, but suffers a significant degrada-
tion in performance at high SNR, This is probably the result of
error induced by the approximation of the Gaussian shaped pulse
by a simple five-tap filter. To mitigate the effect of this model in-
accuracy, we also simulated the factor graph algorithm in the case
of Gaussian blurring at high SNR using a factor graph model that

152

log10{Pe)

“ho 20 =T ) 20

0
SNR (dB)

(a)

log1Q(Pa)

“ho 20 ~10 [} 10 20
SNA (dB}
(b)
0 ‘
; - LS
# H
05 -8 WF
-+ FG2

-1

log10(Pe)
[
4]

1]
ny

n L N

-10 4]
SNR (dB)

()

Fig, 3. Image segmentation error for (a) no blur, (b) an FIR blur
and (c) a Gaussian pulse shaped blur.



assumes a constant SNR of -5 dB independent of the noise vari-
ance. Hence, we model the approximation ervor as an additional
source of additive white Gaussian noise. The resulting plot is
shown in Figure 3¢ and is labeled FG2. A significant improve-
ment is evident.

We also note that most of the curves exhibit three performance
regions that result from the difference in the difficulty of correctly
classifying pixels that are near segmentation edges versus those
that are well within a segmentation region. This is an important
observation since the SNR region of interest can vary over a span
of more than 20 dB depending on the application. For instance,
when using segmented images of an object from multiple views
to reconstruct the 3D shape of the object, the basic featares of the
object may be extracted without accurately classifying those pixels
near the segmentation edges. Of course, to obtain highly detailed
reconstructions, even those pixels must also be correctly classified.

5. CONCLUSION

In this paper, building on the wide applicability of factor graph
models, we provided a new algorithm for image segmentation. The
simulation results demonstrated the superiority of this algorithm as
compared to several other techniques. Additional improvement in
performance might, in some cases, be attained by the development
of low complexity factor graph algorithms the tractably allow a
more accurate approximation of the impulse response of the bluar-
ring filter. Finally, we also note that despite the development of
our algorithm for a specific class of images, several generaliza-
tions are immediate. For example, it is a straightforward extension
10 consider the segmentation of an image into multiple regions or
to consider a non-Gaussian additive noise model.
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