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Abstract— We investigate the problem of sequential prediction
of individual sequences using a competitive algorithm approach.
We have previously developed prediction algorithms that are
universal with respect to the class of all linear predictors, such
that the prediction algorithm competes against a continuous class
of prediction algorithms, under the square error loss. In this
paper, we introduce the use of a “context tree,” to compete against
a doubly exponential number of piecewise linear models. We use
the context tree to achieve the performance of the best piecewise
linear model that can choose its partition of the real line and
real-valued prediction parameters, based on observing the entire
sequence in advance, for the square error loss, uniformly, for
any individual sequence. This performance is achieved with a
prediction algorithm whose complexity is only linear in the depth
of the context tree.

I. INTRODUCTION

A number of results in machine learning [4], [5], adaptive
signal processing [6], [7], and information theory [8] describe
prediction algorithms that are universal in that they sequen-
tially achieve the performance of the best model in a particular
class, for every bounded sequence and for a variety of loss
functions. While some of this work considers parametrically
continuous linear classes, the structural constraint on linearity
considerably limits the modeling power of the class. In this
paper, we increase the richness of the competition class by
including a doubly-exponential number of piecewise-linear
structures, that can approximate any smooth nonlinear model
arbitrarily well.

For piecewise linear modeling, the space spanned by past
observations is partitioned into a union of disjoint regions. For
each region, an estimate of the desired signal is given as the
output of a fixed linear regressor. As an example, suppose for
a scalar piecewise linear predictor, that the past observation
space, x[t − 1] ∈ [−A,A], is parsed into J disjoint regions
Rj where

⋃J
j=1 Rj = [−A,A]. At each time t, the underlying

predictor forms its prediction of x[t] as x̂[t] = wjx[t − 1],
wj ∈ R, when x[t − 1] ∈ Rj .

In this paper, we first present results for the piecewise
linear regression problem when the boundaries of each region
are fixed and known. We will demonstrate an algorithm that
achieves the performance of the best piecewise linear regressor
for a given partition of a real line. We then extend these
results to when the boundaries of each region are also design
parameters in this class. In this case, we try to achieve the
performance of the best piecewise linear regressor when the re-

gressor has the additional freedom of choosing the boundaries
of each region from a large class of possible partitions. These
partitions will be compactly represented using a “context-tree”
[1]. Here, we have neither a priori knowledge of the selected
partition nor the best model parameters given that partition.
We focus on scalar piecewise linear regression, such that each
prediction algorithm in the competition class is a function of
only the latest observation, i.e., x[t − 1]. These results can
be extended to higher-order regression models by considering
context tree partitionings of multiple past observations.

We start our discussion when the boundries of each region
are fixed and known. Given such a partition

⋃J
j=1 Rj =

[−A,A], real valued sequences xn = {x[t]}n
t=1 and yn =

{y[t]}n
t=1 are assumed to be bounded but are otherwise arbi-

trary, in that |x[t]| < Ax for some Ax < ∞ and |y[t]| < Ay for
some Ay < ∞, respectively. Given past values of the desired
signal x[t], t = 1, . . . , n − 1, and a sequence of observations
y[t], t = 1, . . . , n, we define a competing algorithm from the
class of all piecewise scalar regressors as x̂[t] = ws[t−1]y[t],
where s[t − 1] = j when x[t − 1] ∈ Rj , and wj ∈ R,
j = 1, . . . , J . For each region, wj ∈ R, j = 1, . . . , J , can
be selected independently. For the linear prediction problem,
we have y[t] = x[t − 1].

Here we try to minimize the following regret:

sup
xn

⎧⎪⎨
⎪⎩

n∑
t=1

(x[t] − x̂q[t])
2
− inf

wj∈R
j∈{1,...,J}

n∑
t=1

(x[t] − x̂w[t])
2

⎫⎪⎬
⎪⎭ ,

(1)
where, x̂w[t] = ws[t−1]y[t], and x̂q[t] is the prediction of a
sequential algorithm; i.e., we try to achieve the performance
of the best piecewise linear regressor tuned to the underlying
sequences xn and yn.

We will demonstrate an algorithm whose prediction error
over that of the best piecewise linear predictor is upper
bounded by O(JA2 ln(n/J)). We then extend these results
to when the partition itself is varied within the competi-
tion class. We define a depth-K context tree structure for
a partition of size 2K of the real line as in Figure 1,
where, for this tree, K = 2. For a depth-K context tree,
the 2K finest partition bins are leaves of the tree. On this
tree, each of the bins are equal in size and assigned to
[Ax, Ax/2], [Ax/2, 0], [0,−Ax/2], [−Ax/2,−Ax]. In general,
this need not be true.
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• Use a context-tree to represent partitions of R
• Depth-K full tree embeds N (K) different

context-tree partitions in the set
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Fig. 1. A full tree of depth 2 that represents all context-tree partitions of
the real line [−Ax, Ax] into at most four possble regions.

For a tree of depth-K, there exist 2K+1−1 nodes, including
leaf nodes and internal nodes. Each node η on this tree repre-
sents a portion of the real line, Rη . The region corresponding
to each node η, Rη , (if it is not a leaf) is constructed by the
union of regions represented by the nodes of its children; the
upper node Rη

u
and the lower node Rη

l
, Rη = Rη

u
∪ Rη

l
.

By this definition, any inner node is the root of a subtree and
represents the union of its corresponding leaves (or bins).

We define a “partition” of the real line as a specific par-
titioning Pi = {Ri,1, . . . , Ri,Ji

} with
⋃Ji

j=1 Ri,j = [−A,A],
where each Ri,j is represented by a node on the tree in Figure
1 and Ri,j are disjoint. The competitive framework defined to
minimize the regret in (1) corresponds to a single, fixed parti-
tion, Pi, where we compete against the best piecewise linear
regressor given the partition Pi. There exist NK ≈ (1.5)2

K

different such partitions, Pi, i = 1, . . . , NK , embedded within
a depth-K tree. This is equivalent to the number of “proper
binary trees” of depth K, and is given by Sloane’s sequence
A003095[2], [3].

To achieve the performance of the best partition, we try to
minimize the following regret

sup
xn,yn

{
n∑

t=1

(x[t] − x̂q[t])
2
− inf

Pi

inf
wi,j∈R

n∑
t=1

(x[t] − x̂w[t])
2

}
,

(2)
where x̂w[t] = wi,si[t−1]y[t] and si[t− 1] identifies the region
within the partition Pi. The algorithms introduced here are
“twice-universal” such that the competition class can both
select the regression parameters of the piecewise linear model
and also the partition of the model itself based on observing
the whole sequence in advance. Instead of trying to find, or
estimate, the best partition from the class of all partitions and
best parameters given the partition, we will use a performance
weighted combination of all partitions with the corresponding
parameters to construct a strictly sequential universal algo-

rithm that asymptotically achieves the performance of the best
partition with the best parameters. This approach is based
on sequential probability assignment from universal source
coding [1], [11], [10]. We use the notion of a context tree
from [1] to compactly represent the N(K) partitions of the
real line. Here, instead of making hard decisions in every step
of our algorithm, we use a soft combination of all possible
models and parameters to achieve the performance of the best
model, with complexity that remains linear in the data length.
In contrast to the individual sequence results presented here,
in [9], a regression tree is developed for statistical estimation
of an unknown nonlinear state space model, nearly attaining
the minimum mean square error, for that unknown model.

We begin with the case when the partition of the piecewise
linear model is fixed and known in Section II. We then
extend these results using context trees in Section III to
unknown partitions. In each section, we provide theorems
upper-boundind the regret with respect to the best competing
algorithm. The derivations of the theroems are constructive,
yielding the corresponding algorithms.

II. KNOWN REGIONS

We begin with the class of piecewise linear predictors in
each region for a known partitions and seek to minimize the
following regret:

sup
xn,yn

{
n∑

t=1

(x[t] − x̂q[t])
2
− inf

wj∈R

n∑
t=1

(x[t] − x̂w[t])
2

}
,

(3)
where x̂q[t] is the prediction at time t of any sequential
algorithm, x̂w[t] = ws[t−1]y[t] and the variable s[t − 1] = j
when x[t − 1] ∈ Rj , j = 1, . . . , J . That is, we wish to
obtain a sequential algorithm that can predict every sequence
xn as well as the best fixed piecewise linear algorithm for
that sequence with the given partition of the real line as⋃J

j=1 Rj = [−Ax, AX ], where |x[n]| < Ax and |y[n]| < Ay ,
for all n.

A competing algorithm from the class of all piecewise linear
predictors given this partition would be represented by the
parameter vector �w = [w1, . . . , wJ ] and accumulate the total
loss

ln(x, x̂�w) =

n∑
t=1

(x[t] − ws[t−1]y[t])2. (4)

Defining J time vectors (or index sequences) of length nj ,
t
nj

j = {t : s[t − 1] = j}, with j = 1, . . . , J , and sequences
x

nj

j = {x[tj [k]]}
nj

k=1 and y
nj

j = {y[tj [k]]}
nj

k=1, the loss (4) can

be rewritten as ln(x, x̂�w) =
∑J

j=1

∑nj

t=1 (xj [t] − wjyj [t])
2.

Since the number and boundaries of the regions are known,
we have J independent least-squares problems in J regions.
Applying the regression algorithm introduced in [6] for each
region independently yields our candidate algorithm: x̃w[n] =
w̃s[n−1][n − 1]y[t], with

w̃j [n] =
R

nj
xjyj

R
nj+1
yjyj + δj

,
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where nj is the number of points of xn−1 that belong to Rj ,
δj > 0 is a positive constant, and Rn

xy =
∑n

t=1 x[t]y[t]. The
following theorem relates the performance of the universal
predictor, ln(x, x̃w) =

∑n
t=1 (x[t] − x̃w[t])2, to that of the

best batch piecewise linear predictor.
Theorem 1: Let xn and yn be bounded, real-valued se-
quences, such that |x[t]| < Ax, and |y[t]| < Ay for all t.
Then for ∆ = diag(δ1, . . . , δJ ), ln(x, x̃w) satisfies

ln(x, x̃w) ≤ min
�w

{ln(x, x̂�w)+�wT ∆�w}+

J∑
j=1

hj ln

(
1 +

njA
2
y

δj

)

with hj = 1
nj

∑J
k=1 njkA2

x,k, where njk is the number of
elements of region k that result from a transition from region
j and |x[t]| ≤ Ax,k when x[t] ∈ Rk. Here, ln(x, x̂�w) =∑n

t=1 (x[t] − ws[t−1]y[t])2 and s[t − 1] is the state indicator
variable.

The proof of Theorem 1 is based on sequential probability
assignment and follows directly from [12].

Maximizing the upper bound with respect to nj , replacing
Ax,k with Ax and δj with δ yields

ln(x, x̃w)−min
�w

{ln(x, x̂�w)+δ‖�w‖2} ≤ JA2
x ln(n/J)+O(1).

III. CONTEXT TREES

Given a context tree as in Figure 1 of depth K, we try to
minimize the regret in (2), where si[t−1] = j if x[t−1] ∈ Ri,j ,
and Pi = {Ri,1, . . . , Ri,Ji

} with
⋃Ji

j=1 Ri,j = [−Ax, Ax] for
each i. Each Ri,j is represented by a node on the full tree
and Ri,j are disjoint. The partition Pi can be viewed as a
subtree or “context tree” of the depth K full tree with the
Ri,j corresponding to the leaves of the tree.

From [11], we define C(Pi) as the total number of bits to
represent each partition Pi on the tree C(Pi) = Ji +nPi

−1,
where nPi

is the total number of internal nodes in Pi. Since
nPi

≤ Ji, C(Pi) ≤ 2Ji − 1. Given the tree, we construct a
sequential algorithm with linear complexity in the data length
n that asymptotically achieves the performance of the any
partition with the best piecewise linear predictors as stated
in the following theorem.
Theorem 2: Let xn and yn be bounded scalar real-valued
sequences, with |x[t]| < Ax, and |y[t]| < Ay , for all t. Then
we can construct a sequential predictor x̃w[t] with complexity
linear in the data length n such that

n∑
t=1

(x[t] − x̃w[t])2 ≤

inf
Pi

inf
wi,j∈R

{
n∑

t=1

(
x[t] − wi,si[t−1]y[t]

)2
+ δ‖�wi‖

2

}

+ 4A2
xC(Pi) + JiA

2
x ln(A2

yn/Ji) + O(1)

where δ > 0 and C(Pi) is a constant that is less than or
equal to 2Ji − 1.

A. Proof of Theorem 2

Given a partition Pi =
⋃Ji

j=1 Ri,j , we consider a family
of predictors, each with its own prediction vector �wi =
[wi,1, . . . , wi,Ji

]T . Here, each wi,j represents a linear predic-
tion for the jth region of partition Pi, i.e., when x[t−1] ∈ Ri,j ,
x̂�wi

[t] = wi,jy[t]. For each pairing of Pi and �wi, we also
consider a measure of the sequential prediction performance,

or loss, of the corresponding algorithm, ln(x, x̂�wi
|�wi,Pi)

�
=∑n

t=1(x[t] − wi,si[t−1]y[t])2, where si[t − 1] is the state
indicator variable for partition Pi, i.e., si[t − 1] = j if
x[t − 1] ∈ Ri,j . We define a function of the loss, namely,
the “probability”

P (xn | �wi,Pi)
�
= exp

(
−

1

2a
ln(x, x̂�wi

|�wi,Pi)

)
,

which can be viewed as a probability assignment of Pi, with
parameters �wi, to xn induced by the performance of the
corresponding predictor with Pi and �wi on the sequence xn,
where a is a positive constant. Given Pi, the algorithm in the
family with the best predictors in each region assigns to xn

the probability

P ∗(xn | Pi)
�
= exp

(
−

1

2a
inf
�wi

ln(x, x̂�wi
|�wi,Pi)

)
.

Maximizing P ∗(xn|Pi) over all Pi (on the tree) yields

P ∗(xn|Pi
∗)

�
= supPi

P ∗(xn|Pi). Here, P ∗(xn|Pi
∗) corre-

sponds to the best piecewise constant predictor in the class
on the tree of depth K. Our goal is to demonstrate a se-
quential algorithm which achieves P ∗(xn|Pi), for any Pi. We
accomplish this with a double mixture approach. First, we
derive a universal probability assignment P̃u(xn) to xn as
a weighted combination of probabilities on the context tree.
We will then demonstrate that this universal probability indeed
achieves P ∗(xn|Pi), for any Pi. As the final step we construct
a sequential prediction algorithm, of linear complexity, whose
associated probability assignment to xn is as large as P̃u(xn)
and hence the desired result.

Given any Pi, using the sequential algorithm

for x̃w[n] for the partition Pi yields P̃ (xn|Pi)
�
=

exp
(
− 1

2a

∑n
t=1(x[t] − w̃si[t−1][t − 1]y[t])2

)
. As the next

step, we assign to each node η on the context tree a
sequential predictor working on the data observed by this
particular node. For a node η representing the region
Rη , we first assign a time vector (or index sequence) of
length nη , t

nη
η = {t : x[t − 1] ∈ Rη} and a sequence

d
nη
η = {x[t

nη
η [k]]}

nη
k=1. Clearly, for each node η, there

corresponds a portion of the observation sequence of length
nη and for a parent node in the tree with upper and lower
children we have nη = nη

u
+ nη

l
, where nη

u
is the length

of the subsequence that is shared with the upper child and
nη

l
is the partition shared with the lower tree. For each node,

we assign a predictor c̃η [n] = wη [n − 1]y[n], where

wη [n] =
R

nη
xηyη

R
nη+1
yηyη + δ
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and Rn
xy =

∑n
t=1 x[t]y[t] and δ > 0. Here xη [t] and yη [t] are

the samples that belong to node η.
We then define a weighted probability of a leaf node

as P̃η(xn) = exp
(
− 1

2a

∑nη
t=1(dη [t] − c̃η [t − 1])2

)
, which

is a function of the performance of the node predic-
tor on the sequence d

nη
η . The probability of an in-

ner node is defined as P̃η(xn) = 1
2 P̃η

u
(xn)P̃η

l
(xn) +

1
2 exp

(
− 1

2a

∑nη
t=1(dη [t] − c̃η [t − 1])2

)
, which is a weighted

combination of the probabilities assigned to the data by each
of the child nodes, P̃η

u
(xn) and P̃η

l
(xn), and the probability

assigned to d
nη
η by the sequential predictor of Rη . We

then define the universal probability P̃u(xn) of xn as the
probability of the root node P̃u(xn) = P̃r(x

n), where we
represent the root note with η = r. Using the recursion for the
probability of an inner node, it can be shown[11] that the root
probability P̃r(x

n) is given by the sum of weighted probabili-
ties of partitions Pi P̃u(xn) =

∑
Pi

2−C(Pi)P̃ (xn|Pi), where
C(Pi) = Ji + nPi

− 1 is defined as the “cost” of partition Pi

and P (Pi)
�
= 2−C(Pi) can be viewed as a prior weighting, or

prior probability, of the partition Pi. It can also be shown that∑
Pi

2−C(Pi) = 1 [1].

Hence, for any Pi, P̃u(xn) ≥ 2−C(Pi)P̃ (xn|Pi) yielding,
−2a ln(P̃u(xn)) ≤ 2aC(Pi) − 2a ln(P̃ (xn|Pi)). Applying
Theorem 1 to P̃ (xn|Pi), we have

− 2a ln(P̃u(xn)) ≤ (5)

2aC(Pi) + inf
wi,j∈R

{
n∑

t=1

(
x[t] − wi,si[t−1]y[t]

)2
+ δ‖�wi‖

2

}
+

JiA
2
x ln(A2

yn/Ji) + O(1).

Hence we have a probability assignment P̃u(xn) which is
as large as the probability assignment of the best partition
P ∗(xn|Pi

∗) to xn, to first order in the exponent. Nevertheless,
P̃u(xn) is not in the form of the assigned probability from a
valid sequential predictor. We now demonstrate a sequential
prediction algorithm whose probability assignment to xn is as
large as P̃u(xn) and which is also in the proper prediction
form.

The universal probability P̃u(xn) can be calculated recur-
sively by defining a conditional probability, from the induced
probability, i.e.,

P̃u(x[n]|xn−1)
�
=

P̃u(xn)

P̃u(xn−1)
,

where P̃u(xn) =
∏n

t=1 P̃u(x[t]|xt−1). To achieve P̃u(xn),
we will demonstrate a sequential algorithm whose probability
assignment is as large or larger than P̃u(x[t]|xt−1) for all t.

Given xn−1 and P̃u(xn−1), node probabilities Pη(xn−1)

should be adjusted after observing x[n] to form P̃u(xn).
However, owing to the tree structure, only probabilities of
nodes that include x[n − 1] need to be updated. Only K + 1
nodes contain x[n − 1]: the leaf node that contains x[n − 1]
and all the nodes that contain that leaf. Hence, at each time

n, only K + 1 node probabilities need be adjusted to form
P̃u(xn). This enables us to update P̃u(xn−1), a mixture of
N(k), doubly exponential in K, predictors with only K + 1
updates.

Tracing this path through the context tree, along “dark
nodes”, P̃u(xn−1) can be compactly represented as sum of
K + 1 terms, collecting all terms that will not be affected by
x[n], i.e.,

P̃u(xn−1) =

K∑
k=0

σk[n − 1]e

„
− 1

2a

Pnη
k
−1

t=1 (dη
k
[t]−c̃η

k
[t−1])2

«
.

(6)
We enumerate dark nodes as ηk, where k = 0, . . . , K. For
each dark node ηk, σk[n−1] are products of node probabilities
P̃η(xn) that share the same parent nodes with ηk but will be
unchanged by x[n]. Hence, at each time n−1, σk[n−1] can be
calculated recursively with only K updates. In the calculation
of σk[n−1], we use the nodes that will be unchanged by x[n],
i.e., P̃ru

(xn) = P̃ru
(xn−1), P̃rlu

(xn) = P̃rlu
(xn−1). Thus, to

obtain P̃u(xn), we need to update only the exponential terms
in (6). Since also dr[nr] = dη1

[nη1
] = dη2

[nη2
] = . . . =

x[n],

P̃u(xn) =

K∑
k=0

σk[n − 1]e

„
− 1

2a

Pnη−1

t=1 (dη
k
[t]−c̃η

k
[t−1])2

«

× exp

(
−

1

2a
(x[n] − c̃η

k
[n − 1])2

)
, (7)

yielding the sequential update for P̃u(xn).
Then, P̃u(x[n]|xn−1) can be written P̃u(x[n]|xn−1) =∑K
k=0 µk[n − 1] exp

(
− 1

2a
(x[n] − c̃η

k
[n − 1])2

)
, where the

weights µk[n − 1] are defined as

µk[n − 1]
�
=

σk[n − 1]e

„
− 1

2a

Pnη
k
−1

t=1 (dη
k
[t]−c̃η

k
[t−1])2

«

P̃u(xn−1)
.

We now construct sequential prediction algorithms whose
associated probability assignments asymptotically achieve
P̃u(xn) by upper bounding P̃u(x[n]|xn−1) at each time n.

If we can find a prediction algorithm such that

exp

{
−

1

2a
(x[n] − x̃c[n])2

}
≥ P̃u(x[n]|xn−1), (8)

the result is obtained. One method to obtain the desired result
relies on the concavity of the exponentiated loss function for
a > 4A2

x. By Jensen’s inequality,

P̃u(x[n]|xn−1) ≤ e

j
− 1

2a

“
x[n]−

PK
k=0 µk[n−1]c̃η

k
[n−1]

”2
ff

which gives the universal predictor as

x̃c[n] =
K∑

k=0

µk[n − 1]c̃η
k
[n − 1], (9)

ISIT 2006, Seattle, USA, July 9 ­ 14, 2006

429



where ηk are the nodes such that x[n − 1] ∈ Rη
k
, i.e., dark

nodes. From (5) we conclude that
n∑

t=1

(x[t] − x̃w[t])2

≤ 8A2
xC(Pi) + inf

wi,j∈R

{
n∑

t=1

(
x[t] − wi,si[t−1]

)2
+ δ‖�ci‖

2

}
+

JiA
2
x ln(A2

yn/Ji) + O(1).

Another approach arises by noting that Pu(x[n] | xn−1) is
in the form of the Aposteriori Prediction Algorithm (APA) of
[4]. For values of a ≥ 2A2

x, there exists an interval of the real
line that satisfies Equation (8) for x̃c[n] within the interval and
a value within this interval can be found in polynomial time
[4]. Using this constraint on a yields

n∑
t=1

(x[t] − x̃w[t])2 ≤

4A2
xC(Pi) + inf

wi,j∈R

{
n∑

t=1

(
x[t] − wi,si[t−1]

)2
+ δ‖�wi‖

2

}
+

JiA
2
x ln(A2

yn/Ji) + O(1)

completing the proof of Theorem 2 �.
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