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Sum Rate of Multiterminal Gaussian Source Coding

Pramod Viswanath

Abstract. We characterize the sum rate of a class of multiterminal Gaussian
source coding problems with quadratic distortion constraints. The key com-
ponent of the solution is the identification of a multiple antenna broadcast
channel that serves as a test channel.

1. Introduction

Consider the following canonical multiterminal encoding problem of a memo-
ryless Gaussian source. At any instant, we let n def= (n1, . . . , nN ) be the (vector)
source of i.i.d. zero mean, unit variance Gaussian random variables and consider

(1.1) x = Htn.

Here Ht is a K×N matrix and hence x = (x1, . . . , xK) is a jointly Gaussian vector.
There are K terminals observing distinct components of the source x, i.e., terminal
i has access to xi. The problem is for each terminal to encode its observation
separately and convey the encoded message to a common receiver. The receiver
uses these messages (m1, . . . , mK) to jointly estimate the original random variables
n1, . . . , nN . This is schematically represented in Fig. 1. The goal is to characterize
the smallest possible rates of encoding for the terminals such that a constraint on
the distortion between the data vector n and the reconstruction n̂ is met.

The general multiterminal lossy source coding problem is an open problem.
Several partial solutions are known; a general achievable region is in [13], a distor-
tion constraint on only one of the sources is tackled in [1]. Even the multiterminal
Gaussian source coding problem with a quadratic distortion function has not been
solved. Two Gaussian sources with separate mean squared distortions are addressed
in [15] where some parts of the achievable region are shown to be tight. Specifically,
the sum rate is not yet characterized for any nontrivial distortion measure (the high
resolution case for separate mean squared distortions is addressed in [30]).

In this paper we characterize the sum rate of the multiterminal Gaussian en-
coding as in Fig. 1 with a class of specific quadratic distortion functions. The key
step in our proof is the identification of a test broadcast channel: the multiple
antenna broadcast channel that models the downlink of a wireless system with N
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Figure 1. A canonical Gaussian multiterminal source coding problem.

antennas at the base station and K users with a single antenna at each receiver.
The channel is memoryless and focusing on one particular time instant, denote the
received symbol at receiver j by yj and y def= (y1, . . . , yK)t. They are related by:

(1.2) y = Htxdl + z .

Here H is the fixed N ×K matrix (from (1.1)) with Ht
ij entry denoting the (flat

fading) channel gain from the ith antenna to the jth user, assumed to be known
at both the transmitter and receivers. xdl is the vector input to the antenna array
with an average total power constraint of P . The additive noise zj is Gaussian with
zero mean and unit variance. Each user j has access only to the received symbol
yj .

The sum capacity of this nondegraded broadcast channel has been recently
addressed in [26, 29, 23]. The main result of [26] is Theorem 1 which characterizes
the sum capacity of this broadcast channel to be

(1.3) Csum
def= sup

Dº0, diagonal, tr[D]≤P

log det
(
I + HDHt

)
.

Let us denote D∗ as an optimizing diagonal matrix above and consider the quadratic
distortion metric

(1.4) d (n, n̂) =
1
N

(n− n̂)t (
I + HD∗Ht

)
(n− n̂) .

Our main result is the following, which holds for all P .

Theorem 1.1. The sum rate of the rate distortion region of the multiterminal
encoding of the source x in (1.1) with the distortion function in (1.4), and an aver-
age distortion no more than 1, is equal to Csum, the sum capacity of the broadcast
channel in (1.2).

The forward part of the proof relies on the identification of the appropriate
test broadcast channel. Several works have suggested the potential of a broadcast
channel to serve as a “dual” or “test channel” for multiterminal source coding.
The similarity in achievability techniques for the deterministic broadcast channel
(solved in [10]) and lossless multiterminal source coding (solved by Slepian and Wolf
[19]) was explored in Section 3 of [5]. Similarities (and correspondences) between
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source and channel coding problems with side information have been pointed out
in [7, 16]. More recently, [17] has extended these observations to multiterminal
problems with one side cooperation.

Our main contribution is the identification of a specific broadcast channel,
in particular the multiple antenna broadcast channel, as a candidate test channel
which then allows us to characterize the sum rate of the multiterminal source coding
problem considered here.

We begin with a description of an achievable region for a general multiterminal
source coding problem in Section 2. We introduce the multiple antenna broadcast
channel in Section 3 and summarize the main components of the characterization
(in [26]) of its sum capacity. This will lead us to explicitly compute an achievable
rate tuple for the multiterminal Gaussian source coding problem. Section 4 shows
the converse that the achievable sum rate is a lower bound to any scheme meeting
the distortion constraint. The converse uses a point to point source coding result
by letting the encoders cooperate, completing the proof of our main result, Theo-
rem 1.1. Section 6 discusses special cases and generalizations of the source coding
problem in Fig. 1 and the corresponding extensions of the sum rate characterization
in Theorem 1.1.

Finally a note about notation in the paper. We use lower case letters for
scalars (both deterministic and random ones), lower case and bold face for vectors
and upper case for matrices. The exceptions are the number of sources (antennas)
denoted by N , the number of observations to be encoded (users) denoted by K
and the power constraint P . Realizations of random variables are denoted by type
face. The superscript ∗ denotes the object to be the optimizing argument of a
contextually germane problem. We write N (µ, Q) to denote a jointly Gaussian
random vector with mean µ and covariance Q. All logarithms are natural. A º 0
denotes that A is a positive semidefinite matrix.

2. An Achievable Rate Region

We describe an achievable rate region based on a random binning technique
developed by Slepian and Wolf [19]. While the description of this region for two
sources is in various places in the literature (see [13] and Section 4 in [15] for
example), our description serves two purposes: it demonstrates the simple and nat-
ural extension of the two sources result to multiple sources and second, it develops
notation and the language to present our main result.

We begin with correlated sources x1, . . . , xK that have to separately encoded.
The receiver arrives at the joint estimates x̂1, . . . , x̂K and has to meet an aver-
age distortion constraint of no more than 1. The distortion metric is denoted by
d (x, x̂). An achievable rate region is defined through the (auxiliary) random vari-
ables u1, . . . , uK , the joint distribution (with the sources) of which, satisfies the
Markov property:

(2.1) P [ui = ui, i = 1 . . .K | xi = xi, i = 1 . . . K] = ΠK
i=1P [ui = ui | xi = xi] .

Further, we require there exist a deterministic function g : u 7→ x̂ such that
E [d (x, x̂)] ≤ 1. Then the tuple of rates (R1, . . . , RK) satisfying the following con-
straints is achievable:

(2.2)
∑

i∈S

Ri > f(S) def= I (ui, i ∈ S ; xi, i ∈ S | uj , j /∈ S) , ∀S ⊆ {1, . . . , K} .
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The interpretation for the auxiliary random variables is that ui is the encoded
message of xi which are losslessly conveyed to the receiver (possible due to the
result of Slepian and Wolf) and the receiver constructs x̂ from u. We summarize
the encoding operation briefly (along the lines of the summary in Section 3 of [5])
with the random variables involved (x,u, x̂) having finite alphabets.

• Random Binning: Fix ε > 0 and generate 2nI(ui ; xi)+nε length n vector
ui’s according to the law P [ui] independently and bin them randomly in
2nRi bins. This operation is done independently for each i = 1 . . . K. The
bin numbers are the messages encoded by the transmitters. The encoding
operation is as follows and done separately at each encoder. Encoder i
picks the first n length codeword among the binned ui’s which is jointly
typical with the (length n) observation xi (there is at least one with high
probability). The message conveyed is the bin number in which the jointly
typical ui lies.

• Markov Lemma: Now, we claim that the u1, . . . , uK picked by the encoders
separately are actually jointly typical with high probability. To see this,
observe that the observations x1, . . . , xK are themselves jointly typical
with high probability, and by construction xi is jointly typical with ui for
each i = 1 . . . K. The Markov property in (2.1) ensures that x and u are
all jointly typical (an extension of the basic Markov lemma, Lemma 14.8.1
in [6], along the lines of the extended Markov lemma, Lemma 3 in [15]).

• Reconstruction: The receiver has access to the messages, namely the K
bin numbers. We would like to recover the ui’s the transmitters picked.
By construction, there is at least one set of jointly typical ui’s in the bins
specified. With high probability there is no more than one set if

(2.3)
∑

i∈S

(I (ui ; xi)−Ri)
+

<
∑

i∈S

h (ui)− h (ui, i ∈ S | uj , j /∈ S) ,

for every S
def= {s1, . . . , sk} ⊆ {1, . . . , K}. The idea is that for every sub-

set S we do not want to allow any ui tuples in S that are jointly typical
conditioned on a typical uj tuple from the complement of S. Here we
used the notation of (x)+ to be zero if x < 0 and x otherwise. Also, h is
the differential entropy function and for discrete alphabets, the differential
entropy function is replaced by discrete entropy. Once the ui’s are reli-
ably recovered by the receiver, it then constructs the x̂ as a deterministic
function of the ui’s.

• An Equivalent Representation: We have arrived at the conditions in (2.3)
that allow the multiterminal encoding scheme described to work. Under
the Markov conditions in (2.1), we make the following claim, proved at
the end of this section.

Proposition 2.1. The region of rates defined in (2.2) and in (2.3)
are the same.

Our focus in this paper is on the sum rate and to arrive at an achievable
sum rate we would like to see which of the inequalities in (2.2) bite. Consider
the following properties of the set function f for all S, T ⊆ {1, . . . ,K}. We have
f (φ) def= 0.
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Proposition 2.2.

f (S ∪ {t}) ≥ f (S) , ∀t ∈ {1, . . . , K} ,(2.4)
f (S ∪ T ) + f (S ∩ T ) ≥ f (S) + f (T ) .(2.5)

Proof (2.4) follows from the chain rule of mutual information: For t /∈ S, we have

f (S ∪ {t}) = I (ui, i ∈ S ; xtxi, i ∈ S | uj , j /∈ S) + I (ut ; xtxi, i ∈ S | uj , j 6= t) ,

≥ I (ui, i ∈ S ; xi, i ∈ S | uj , j /∈ S) ,

= f (S) .

The supermodularity property in (2.5) requires the use of the property (2.1). In
particular, (2.1) implies that

P
[
ui = ui, i ∈ S | xi = xi, uj = uj, i ∈ S, j /∈ S

]
= Πi∈SP [ui = ui | xi = xi] ,

and we can write

(2.6) h (ui, i ∈ S | xi, uj , i ∈ S, j /∈ S) =
∑

i∈S

h (ui | xi) .

Now we rewrite f(S) as, using (2.6)

f (S) = h (ui, i ∈ S | uj , j /∈ S)−
∑

i∈S

h (ui | xi) ,(2.7)

= h (u)− h (uj , j /∈ S)−
∑

i∈S

h (ui | xi) .(2.8)

It follows from (2.8) that we have shown (2.4) if

h (ui, i /∈ S) + h (ui, i /∈ T ) ≥ h (ui, i /∈ S ∪ T ) + h (ui, i /∈ S ∩ T ) , or
h (ui, i ∈ Sc − T c | uj , j ∈ Sc ∩ T c) ≥ h (ui, i ∈ Sc − T c | uj , j ∈ T c) ,

which is true since conditioning cannot increase the entropy. We denoted the com-
plement of S in {1, . . . ,K} as Sc. This completes the proof of Prop. 2.2. 2

A polyhedron such as the one in (2.2) with the rank function f satisfying the
properties in Prop. 2.2 is called a contra-polymatroid. A generic reference to the
class of polyhedrons called matroids is [28] and an application to information theory
is in [22, 11] where achievable regions of the multiple access channel are shown to
be polymatroids. An important property of contra-polymatroids is summarized in
Lemma 3.3 of [22]: the characterization of its vertices. For π a permutation on the
set {1, . . . ,K}, let

b
(π)
i

def= f ({π1, π2, . . . , πi})− f ({π1, π2, . . . , πi−1}) , i = 1 . . .K,

and b(π) =
(
b
(π)
1 , . . . , b

(π)
K

)
. Then the K! points

{
b(π), π a permutation

}
, are the

vertices of (and hence belong to) the contra-polymatroid (2.2). We use this result
to conclude that all the constraints in (2.2) are tight and in particular a sum rate
of

(2.9) Rsum = I (ui, i = 1 . . . K ; xi, i = 1 . . .K) ,

is achievable.
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Proof of Prop 2.1: We fix S ⊆ {1, . . . , K} and see from (2.7) that

f(S) =
∑

i∈S

I (ui ; xi)−
∑

i∈S

h (ui) + h (ui, i ∈ S | uj , j /∈ S) .

Comparing (2.2) and (2.3) in the light of the equation above, we conclude the proof
of the proposition. 2

From now, we specialize and take the observations x1, . . . , xK to be jointly
Gaussian as in (1.1). We use an appropriate “test” broadcast channel to construct
the auxiliary random variables u1, . . . , uK satisfying the property (2.1) and to eval-
uate the corresponding sum rate (2.9). This is done in the next section.

3. Multiple Antenna Broadcast Channel

Consider the multiple antenna broadcast channel in (1.2). For N > 1, this
is a vector Gaussian broadcast channel, and unlike the scalar Gaussian broadcast
channel (N = 1), it is in general not degraded and the capacity region is unknown.
Recent works [26, 29, 23] have addressed the sum capacity of this channel. We
begin with a summary of the key components of our characterization (in [26]) of
the sum capacity of this channel.

3.1. Forward Part. The best known achievable region for the general broad-
cast channel is due to Marton ([14], Theorem 5 in [5]). While the result in these
references is for two users alone, a simple and natural extension to the multiple user
case is the following. We fix auxiliary random variables u1, . . . , uK that are jointly
distributed with the input xdl. Then the rate tuple (R1, . . . , RK) is achievable if it
satisfies the following constraints, ∀S = {s1, . . . , sk} ⊆ {1, . . . ,K}:
(3.1)

∑

i∈S

Ri <
∑

i∈S

(I(ui ; yi)− I (us1 ; us2 ; · · · ; usk
) .

Here we have used the notation of symmetric mutual information to be

(3.2) I (us1 ; us2 ; · · · ; usk
) def=

k∑

i=1

h (usi)− h (us1 , . . . , usk
) .

In [26] we identified a rich class of inputs (auxiliary random variables) for the
multiple antenna broadcast channel in (1.2) with the corresponding achievable rate
tuple that is easily computable. The strategy involves a bank of linear transmit
filters along with a precoding scheme built on a result of Costa [4]. Consider the
scalar point-to-point channel:

y = x + s + z

where s, z are independent Gaussian noise with s known to the transmitter but
not to the receiver and z known to no one. Costa showed that the capacity of
this channel is the same as that of the AWGN channel y = x + z, i.e. having the
side information on s at the transmitter is as powerful as knowing s both at the
transmitter and the receiver. We let the input signal be

(3.3) xdl =
K∑

i=1

x̃ivi,

where x̃1, . . . , x̃K are zero mean, unit variance Gaussian.The N dimensional vectors
v1, . . . ,vK are such that the square of their l2 norms sum to P . The idea here is
that x̃i is the message intended for user i and direction vi (and has power ‖vi‖2).
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We can apply Costa precoding to improve the performance of simple linear transmit
beamforming strategies. The received signal at user k is:

yk = x̃kht
kvk +

∑

j>k

x̃jht
kvj +

∑

j<k

x̃jht
kvj + zk

Here we have written H = [h1, . . . ,hK ]. We perform Costa precoding for each user
k, encoding the information in x̃k treating the interference

∑
j>k

√
qj x̃jht

kvj from
users k + 1, . . . , K as side information s known at the transmitter and the inter-
ference from the other users as Gaussian noise. With this strategy, the achievable
rate tuple is

Ri = log

(
1 +

(ht
ivi)

2

1 +
∑i−1

j=1 (ht
ivj)

2

)
, i = 1, . . . , K.

This can also be cast in terms of the Marton strategy by considering the following
choice of the auxiliary random variables:

(3.4) ui
def= ht

ivi x̃i +
(ht

ivi)
2

1 +
∑i−1

j=1 (ht
ivj)

2

k∑

j=i+1

ht
ivj x̃j , i = 1 . . . K.

The conceptual connection between Marton’s and Costa’s result is that they are
both based on a random binning encoding technique.

By maximizing over all transmit vectors v1, . . . ,vK (subject to the sum of their
l2 norm squared equal to P ) we showed in Section 2 of [26] that the achievable sum
rate is equal to Csum defined in (1.3)

(3.5) sup
Dº0, diagonal, tr[D]≤P

log det
(
I + HDHt

)
.

We also identified this sum rate as the sum capacity of a reciprocal multiple access
channel in [26]. Let us denote the auxiliary random variables that achieve the sum
rate in (3.5) by u∗1, . . . , u

∗
K , i.e.,

(3.6) Csum =
K∑

i=1

I (u∗i ; y∗i )− I (u∗1 ; u∗2 ; · · · ; u∗K) .

Here we have denoted y∗i as the signal by user i with the optimal input x∗dl.

3.2. Converse. In [26] the converse statement that the sum rate in (3.5)
cannot be exceeded by any strategy is done by creating a point to point channel
by letting the users cooperate (this vector Gaussian channel is in (1.2)). Now,
the capacity region of a broadcast channel depends only on the marginal channels
from the transmitter to the users separately (Theorem 14.6.1 in [6]) and in the
multiple antenna channel we can choose any joint distribution on z retaining the
marginal distributions of the components to be Gaussian with zero mean and unit
variance. Thus, to obtain an upper bound on the sum rate of (1.2), we can choose
a joint distribution on z in the point to point channel that we have created that
minimizes the benefit of the cooperation by the users while ensuring that z1, . . . , zK

are marginally zero mean Gaussian with variance no more than 1. In Section 3 of
[26] we focus on the choice of z to be jointly Gaussian with the covariance

(3.7)
1
λ∗

Ht
(
I + HD∗Ht

)−1
H.
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Here we have denoted D∗ to be the optimizing argument and λ∗ as the Kuhn-Tucker
coefficient (Chapter 28 in [18]) corresponding to the power constraint in (3.5). With
this choice, the point to point channel formed by the cooperating receivers can be
written as

(3.8) y = Ht (xdl + z̃) ,

where

(3.9) z̃ ∼ N
(

0,
1
λ∗

(
I + HD∗Ht

)−1
)

.

The capacity is given by

(3.10) Cp−p = max
tr[Σx]≤P

I (xdl ; y) .

In Section 3.3 of [26] we show the following results, validating the specific choice (
in (3.7)) of coloring of the noise.

(1) The diagonal entries of the covariance matrix in (3.7) are less than or
equal to unity. Hence this choice preserves the marginal distributions of
the noise.

(2) The point to point channel in (3.8) and the broadcast channel (1.2) share
the following quantities.
(a) The optimal input covariance for the point to point channel in (3.10)

is the same as that induced on xdl by the optimal choice of trans-
mit filters v1, . . . ,vK (and hence deciding the powers of the users
signals) in the Marton (or equivalently Costa precoding) strategy for
the broadcast channel.

(b) The capacity of the point to point channel where the users cooperate
(denoted by Cp−p) is equal to the sum rate Csum (in (3.5)). In other
words,

(3.11) Csum = min
z∼N (0,Σz), (Σz)ii≤1

max
xdl∼N (0,Σx), tr[Σx]≤P

I (xdl ; y) ,

and the choice of Σz in (3.9) is a solution to the minimization problem
here.

(c) The Kuhn-Tucker coefficient corresponding to the constraint on the
total power in the maximization of (3.10) can be taken to be λ∗, i.e.,
the Kuhn-Tucker coefficients corresponding to the power constraints
in (3.10) and (3.5) are equal.

3.3. Joint Distribution of xdl and y. The optimal input distribution on
xdl is somewhat hard to see from the optimization using the Marton strategy, but
is easy to calculate from the point to point channel of (3.8). Continuing from (3.10)
and using the observation that the Kuhn-Tucker coefficient corresponding to the
power constraint is λ∗, we can calculate the covariance of x∗dl (the optimal input)
to be the waterfilling solution:

(3.12) Σx =
I

λ∗
− 1

λ∗
(
I + HD∗Ht

)−1
.

The corresponding distribution of the output y∗ is

(3.13) y∗ ∼ N
(

0,
1
λ∗

HtH

)
.
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The joint distribution is given via (3.8).

3.4. Markov Property. We have not explicitly constructed the auxiliary ran-
dom variables u∗1, . . . , u

∗
K in the Marton strategy and only identified their structure

(in (3.4)) through the transmit filters v1, . . . ,vK that optimize the sum rate. In
[26], the proof that the optimal sum rate with this class of Marton strategies (in
(3.6)) is equal to the expression of (3.5) is through a reciprocal multiple access
channel which sheds further insight into the structure of the optimizing vi.Here
we focus on a Markov property satisfied by the optimal auxiliary random variables.
Since the achievable sum rate with the Marton strategy (using the optimal auxiliary
random variables, see (3.6)) is equal to the capacity of the point to point channel
of (3.8), we can write

(3.14) I (x∗dl ; y∗) =
K∑

i=1

I (u∗i ; y∗i )− I (u∗1 ; u∗2 ; · · · ; u∗K) .

We also have

(3.15) I (x∗dl ; y∗) = I (u∗1, . . . , u
∗
K ; y∗) .

(3.15) follows by the relation between u and xdl defined through (3.3) and (3.4)
and the Markov chain u → x∗dl → y. Now we can expand I (u∗1, . . . , u

∗
K ; y∗) by

the chain rule of mutual information as

=
K∑

i=1

I
(
u∗i ; y∗ | u∗1, u∗2, . . . , u∗i−1

)
,

=
K∑

i=1

I
(
u∗i ; y∗, u∗1, u

∗
2, . . . , u

∗
i−1

)−
K∑

i=2

I
(
u∗i ; u∗1, u

∗
2, . . . , u

∗
i−1

)
,

=
K∑

i=1

I
(
u∗i ; y∗, u∗1, u

∗
2, . . . , u

∗
i−1

)

−
K∑

i=2

h (ui) + h
(
u∗1, . . . , u

∗
i−1

)− h (u∗1, . . . , u
∗
i ) ,(3.16)

=
K∑

i=1

I
(
u∗i ; y∗, u∗1, u

∗
2, . . . , u

∗
i−1

)− I (u∗1 ; u∗2 ; · · · ; u∗K) ,(3.17)

where the last step followed by a telescoping of the second summation in (3.16).
Comparing (3.14) and (3.17), we arrive at

I
(
u∗i ; y∗1 , . . . , y∗i−1, y

∗
i+1, . . . , y

∗
K , u1, . . . , u

∗
i−1 | y∗i

)
= 0, ∀i = 1 . . . K,

and hence at the Markov properties for i = 1 . . .K:

P
[
u∗i = ui | y∗j = yj , u

∗
k = uk, j = 1 . . .K, k = 1 . . . i− 1

]
= P [u∗i = ui | y∗i = yi] .

Finally, we can conclude that

(3.18) P [u∗i = ui, i = 1 . . . K | y∗i = yi, i = 1 . . . K] = ΠK
i=1P [u∗i = ui | y∗i = yi] .
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3.5. An achievable rate tuple for Gaussian source coding. We first
summarize the joint distribution between the various random variables associated
with the multiple antenna broadcast channel.

x̃ ∼ N (0, I) and z̃ ∼ N
(

0,
1
λ∗

(
I + HD∗Ht

)−1
)

are independent and all the other variables are derived from these two. In particular,
we have

x∗dl and u∗ are derived from x̃ via (3.3) and (3.4),
and

y∗ = Htỹ where ỹ = x∗dl + z̃.

Now we scale x̃ and z̃ by
√

λ∗ and consider the following correspondence between
the multiterminal source coding and broadcast channel parameters.

(1) We identify the (scaled) optimal channel output y∗ with the source ob-
servations x. We first observe that the alphabet sizes match and further
from (3.13) and (1.1) that the distributions are the same (N (0,HtH)).

(2) We identify the (scaled) optimal channel input x∗dl with the source recon-
struction n̂. Again, observe that the alphabet sizes match (they are both
N dimensional vectors).

(3) We associate the (scaled) ỹ with the sources n, observing that they have
the same distribution (N (0, I)).

(4) Finally we identify the (scaled) optimal channel auxiliary variables u∗

with the source auxiliary variables u.
With this correspondence, the Markov property in (3.18) allows us to exactly derive
the property required by auxiliary random variables and source observations in
(2.1). Using the (scaled) optimal input, output and auxiliary random variables in
the Marton strategy for the broadcast channel, we have arrived at a strategy for
the multiterminal Gaussian source coding problem in Fig. 1.

We can evaluate the sum rate achieved and the distortion caused by this scheme.
Scaling u and x by the same number (

√
λ∗) does not alter the mutual information

between them and the sum rate achieved (see (2.9)) is equal to the sum capacity of
the multiple antenna broadcast channel, the expression in (3.5). The relationship
between the source and reconstruction (from the correspondence with the broadcast
channel variables) is

n = n̂−
√

λ∗z̃

where we recollect z̃ ∼ N
(
0, 1

λ∗ (I + HD∗Ht)−1
)
. The factor of

√
λ∗ is due to the

scaling operation before the correspondence. The average distortion caused is

E [d (n, n̂)] =
λ∗

N
E

[
z̃t

(
I + HD∗Ht

)
z̃
]

= 1.

Thus we have completed the forward part of Theorem 1.1.

4. Converse: Cooperative Lower Bound

A lower bound on the sum rate of any encoding scheme that meets the distortion
is obtained via the rate distortion function of the point to point source coding
problem where the encoders all cooperate. This lower bound is given by

(4.1) min
P[n̂|n]

I (n ; n̂) ,
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subject to the constraints

(4.2) n ∼ N (0, I) and E
[
(n− n̂)t (

I + HD∗Ht
)
(n− n̂)

]
≤ N.

This is an instance of the classical (vector) Gaussian source coding problem with a
quadratic distortion function and the value in (4.1) is evaluated to be

(4.3) log det
(
I + HD∗Ht

)
.

An alternative approach to see this is to use the results of [9] where the authors
construct for every point to point source coding problem with a “desired” opti-
mal test channel, a distortion function that achieves it. Here, to obtain the rate
distortion value of (4.3), we want the test channel to be

n ∼ N (0, I) , and n = n̂ +N
(
0,

(
I + HD∗Ht

)−1
)

.

Using the result of [9], the corresponding distortion function is of the form

d (n, n̂) = − log P [n | n̂]

which is the same as the distortion function we have here (in (4.2)). The lower
bound is thus equal to Csum and we have shown the converse part of Theorem 1.1
as well.

5. An Extension of Theorem 1.1

The connection between the multiple antenna broadcast channel and the mul-
titerminal source coding problem is via the following key observation: the auxiliary
random variables achieving the sum capacity of the broadcast channel (denoted
by u∗1, . . . , u

∗
K) satisfies a Markov property with the corresponding channel outputs

(denoted by y∗1 , . . . , y∗K) in (3.18):

(5.1) P [u∗i = ui, i = 1 . . . K | y∗i = yi, i = 1 . . . K] = ΠK
i=1P [u∗i = ui | y∗i = yi] .

The relation between the auxiliary random variables u and the channel outputs y
is through the input xdl and the noise z. However, both the source distribution and
distortion metric are determined only by the components of the broadcast channel
(y, H,xdl, z) in (1.2):

y = Htxdl + z,
and not on the actual structure of the auxiliary random variables. So far, we have
considered only a specific class of channel inputs xdl: those that achieve the sum
capacity of the broadcast channel. In this section, we consider the extension of
Theorem 1.1 by looking at an arbitrary jointly Gaussian input xdl (still subject to
the overall transmit power constraint) to the fixed channel H.

Let us consider the channel input xdl of the form: xdl ∼ N (0, Σx). Can we
find the auxiliary random variables u1, . . . , uK and the correlated noise z such that
the Markov property in (5.1) holds? We show below that we can (this approach
was taken independently in [29] to characterize the sum capacity of the multiple
antenna broadcast channel with a different proof technique). However, we will see
that the corresponding noise correlation (for which the Markov property of (5.1)
holds) is such that the generated pair, source distribution and distortion metric,
is still contained in the class given in Theorem 1.1. In other words, looking at
a general Gaussian input to a fixed multiple antenna broadcast channel does not
allow us to extend the main result in Theorem 1.1.
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To choose the noise correlation, we adopt the same strategy as that in the
converse of the sum capacity (c.f. Section 3.2): look for the noise correlation that
minimizes the capacity of the point-to-point channel formed by allowing all the
users to cooperate. If we can achieve the capacity of the point-to-point channel
with this worst case noise using a Costa coding strategy, i.e., with appropriately
defined auxiliary random variables u1, . . . , uK ,

(5.2) I (u1, . . . , uK) = min
z∼N (0,Σz), (Σz)ii≤1

I (xdl ; y) ,

then we have identified a potential extension of Theorem 1.1, via the correspondence
of Section 3.5. In (5.2), the channel input is fixed to be of the form xdl ∼ N (0, Σx).
To make the input interesting, let us assume that the kernels of Σx and Ht are
identical. (If Ker (Σx) is larger than Ker (Ht), then we can choose a different H
(without affecting the channel output y and hence the optimization problem in the
right side of (5.2)) whose complex conjugate has the same kernel as that of Σx. On
the other hand, only the image of Ht plays a role in the eventual distribution of y
and thus there is no loss in generality in assuming that Ker (Σx) is no smaller than
that of Ht.)

First consider the following map from the jointly Gaussian channel inputs (pa-
rameterized via the covariance Σx) to the mutual information with the worst case
noise:

(5.3) Σx :7→ min
z∼N (0,Σz), (Σz)ii≤1

I (xdl ; y) .

Our first observation is that this map is concave (on the cone of positive semidefinite
matrices). This follows from the fact that for any fixed Σz the mutual information
is concave in Σx and then observing that the pointwise infimum of a collection of
concave functions (parameterized here by the noise covariance Σz) is still concave.
Hence there exists a positive semidefinite matrix Q (that depends on both Σx and
the channel H) such that

(5.4) Σx = argmaxΣº0:xdl∼N (0,Σ), tr[QΣ]≤P min
z∼N (0,Σz), (Σz)ii≤1

I (xdl ; y) .

A modern reference on the properties of convex functions on the cone of positive
semidefinite matrices is Section 4 of [2]. In particular, this provides a justification
for (5.4) and further to see that

(5.5) the kernel of Q ⊆ the kernel of Σx.

Thus we can write the expression on the right side of (5.2) as

(5.6) max
Σº0:xdl∼N (0,Σ), tr[QΣ]≤P

min
z∼N (0,Σz), (Σz)ii≤1

I (xdl ; y) .

The similarity of this expression to that in (3.11) can be seen by the following
correspondence:

(5.7) x̂ := Q
1
2 xdl, and Ĥ is chosen such that ĤtQ

1
2 x = Htx, ∀x.

This can be achieved since the kernel of Q is contained in that of Ht. Here we
have written Q

1
2 to have the same eigenvectors as that of Q but with eigenvalues

square roots of the former ones. The distribution of y is invariant to this change of
variable and hence we rewrite the optimization problem in (5.6) as

(5.8) max
Σº0:x̂∼N (0,Σ), tr[Σ]≤P

min
z∼N (0,Σz), (Σz)ii≤1

I
(
x̂ ; y = Ĥtx̂ + z

)
.
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This problem is identical to the one solved in the sum capacity characterization
and an optimal noise correlation (as in (3.9)) is

(5.9) z̃ ∼ N
(

0,
1
λ∗

(
I + ĤD̂∗Ĥt

)−1
)

.

An optimal channel output is (as in (3.13))

(5.10) y∗ ∼ N
(

0,
1
λ∗

ĤtĤ

)
.

We can write the optimal input as (c.f. (3.3))

(5.11) x̂ =
K∑

i=1

x̃iv̂i,

As before x̃1, . . . , x̃K are i.i.d. and N (0, 1). Previously we had focused on a specific
collection of transmit vectors vv1, . . . ,vK (those that achieve the sum capacity of
the channel H), but now we have the transmit vectors to achieve the sum capacity
of the channel Ĥ. With this identification of the optimal arguments in (5.8), we
can revert to the original optimization problem (c.f. (5.6)) and identify the optimal
input as

(5.12) xdl := Q−
1
2 x̂ =

K∑

i=1

x̃iQ
− 1

2 v̂i.

Here Q−
1
2 refers to a matrix with the same eigenvectors as those of Q but with

inverted positive eigenvalues. The equality in (5.12) follows from the fact that
v̂i, i = 1 . . . K are perpendicular to the kernel of Q (c.f. (5.5)). Further more,
by construction we must have

∑K
i=1 Q−

1
2 v̂iv̂t

iQ
− 1

2 = Σx. We continue to pick the
auxiliary random variables u1, . . . , uK exactly as in (3.4) (with Q− 1

2 v̂i replacing vi).
With these associations (i.e., the auxiliary random variables, the channel input and
the channel noise correlation) and the relation to an associated broadcast channel
(with channel matrix Ĥ) we have shown the validity of (5.2).

The first step in our proposed extension of Theorem 1.1 is complete and we
can consider the correspondence to a multiterminal source coding problem as in
Section 3.5. We see that the source distribution and distortion metric generated
using the channel H and input Σx are identical to those generated via the broadcast
channel Ĥ and its sum capacity achieving input. Thus, this approach does not
permit an extension of Theorem 1.1.

6. Discussion

We have characterized the sum rate of the multiterminal Gaussian source coding
problem for a class of distortion metrics. While this is restrictive (the problem with
a general quadratic (or otherwise) distortion metric is still open), this is the first
instance in the literature of such a solution. To understand the result better, we
discuss various aspects of the solution in this section.
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6.1. Distortion constraint. In the statement of our main result (Theo-
rem 1.1) we specified the average distortion to be less than or equal to 1. If instead
we change the average distortion constraint to some positive number c, how does
the sum rate required change? To see this, let us first look at the vector point to
point Gaussian source coding result. With the Gaussian source n ∼ N (0, I) and a
quadratic distortion metric (for some A Â 0)

1
N

(n− n̂)t
A (n− n̂)

and an average distortion constraint of c we have the rate distortion function equal
to

R = (log det A−N log c)+ .

Thus if we scale the distortion constraint by a factor a > 1 then the rate required
decreases by an amount N log a. However, if the distortion constraint is larger than
the “variance” of the source, then we do not need to encode the source at all and
the rate is zero. The multiterminal case shows a similar behavior and we summarize
this in the following.

Proposition 6.1. For the source in (1.1) and distortion metric in (1.4) and
an average distortion constraint of c, the sum rate is equal to

(Csum −N log c)+ .

With a change in allowed distortion from 1 to c, the sum rate is reduced by an
amount N log c, while remaining nonnegative.
Proof The converse part involves a point to point (vector) Gaussian source coding
problem and the difference of N log c in the rate distortion function follows just as in
the vector Gaussian example above (with A = I + HD∗Ht). For the forward part,
we maintain the correspondence as in Section 3 with a somewhat different scaling.
We scale x̃ by

√
λ∗ as before but scale z̃ by

√
cλ∗. Now the relation between x and

the reconstruction n̂ is

x = Htn and n = n̂ +
√

cλ∗z̃.

The sum rate achieved is I (n ; n̂) which evaluates to Csum reduced by an amount
N log c. Further, the average distortion caused is

E [d (n, n̂)] =
cλ∗

N
E

[
z̃t

(
I + HD∗Ht

)
z̃
]

= c.

2

6.2. Class of Distortion Metrics. Let us fix the source observations through
the matrix H. Our focus has been on a quadratic distortion function of the type in
(1.4). The key parameter D∗ is the optimizing diagonal matrix in (1.3). However,
the power constraint in the broadcast channel (denoted by P ), is a parameter we
can vary thus varying D∗. Thus for every fixed source observations (i.e., fixed H)
we have characterized the sum rate for a class of distortion metrics parameterized
by P .

Now suppose we fix the source observation statistics through the covariance
HtH. Then we observe that multiplying H by an orthogonal matrix from the
left does not change the observation statistics. On the other hand, for every fixed
P , the corresponding D∗ also does not change if H is multiplied by the left with
an orthogonal matrix. Thus, the class of distortion metrics for which we have a
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characterization of the sum rate is now parameterized by P and Q, an N × N
orthogonal matrix:

d (n, n̂) =
1
N

(n− n̂)t (
I + QHD∗HtQt

)−1 (n− n̂) .

6.3. Class of Sources. In the previous subsection, we fixed the source sta-
tistics and focused on the class of distortion metrics for which our characterization
holds. We can ask a dual question by fixing the distortion metric and asking what
class of source statistics have we characterized the multiterminal sum rate of. In
particular, consider the canonical distortion metric:

(6.1) d (n, n̂) = c (n− n̂)t (n− n̂) ,

for some positive constant c. What class of source observation statistics (parameter-
ized through H) have we covered in our sum rate characterization? It is particularly
simple to identify a subset of this class: the class of WBE (Welch Bound Equality)
matrices characterizes via,

HtH has unit diagonal entries and HHt =
tr [HHt]

N
.

WBE matrices were defined by Welch [27] in the context of sequences with small
correlation among themselves. Their application in the context of communication
theory (in particular, as the spreading sequences of the users in DS-CDMA (direct
sequence code division multiple access) system) is brought out in [24, 25]. For a
WBE matrix H we have

tr [D] = tr
[
HDHt

]
.

Since log det is concave in the cone of positive definite matrices (see [20] for an
application of this idea),

max
Dº0,diagonal and tr[D]≤P

log det
(
I + HDHt

)

is maximized at D∗ = P
N I. Hence the distortion constraint in (1.4) simplifies to

that in (6.1).

6.4. Vector Observations. In this section, we look to generalize the problem
posed in Fig. 1, where each terminal has access to only a scalar observation while
the source itself is N dimensional. Consider the following generalization of the
problem formulation. As before the source is n ∼ N (0, I) but terminal i has access
to an Mi dimensional observation vector xi:

(6.2) xi = Ht
in, i = 1 . . .K.

Here Ht
i is a Mi×N dimensional matrix. The receiver is joint as usual and attempts

to get a reconstruction n̂ of the source n meeting a suitable distortion constraint.
Following the proof of the case of scalar observation at each terminal, the

natural test channel here is the multiple antenna broadcast channel with multiple
receive antennas, Mi number of them at receiver i. The received signal by user i,
denoted by yi is

(6.3) yi = Ht
ixdl + zi.

The sum capacity of the multiple antenna broadcast channel as presented in [26]
was limited to single receive antennas at the users, but the technique allows a
simple and natural generalization with multiple receive antennas at the users. This
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extension is shown in [21]. This natural extension of the result in the broadcast
channel allows us to extend our main result (Theorem 1.1) to the vector observation
case with the same relative ease. Here we state this extension skipping the details
of the proof. We fix P > 0 the power constraint for the broadcast channel of (6.3),
the sum capacity of which is given by (the main result of [21])

(6.4) C
def= max

Σ1,...,ΣKº0,
PK

i=1 tr[Σi]≤P
log det

(
I +

K∑

i=1

HiΣiH
t
i

)
.

This is the extension of the single receive antenna result in (1.3). Consider the
distortion metric

(6.5) d (n, n̂) =
1
N

(n− n̂)t

(
I +

K∑

i=1

HiΣ∗i H
t
i

)−1

(n− n̂) ,

parameterized by P . We have denoted the optimizing arguments in (6.4) by
Σ∗1, . . . , Σ

∗
K . The extension of Theorem 1.1 is the following, which holds for all

P .

Theorem 6.1. The sum rate of the Gaussian multiterminal source coding prob-
lem in (6.2) with the distortion function in (6.5) and an average distortion con-
straint of 1 is equal to C, the sum capacity (in (6.4)) of the multiple antenna
broadcast channel in (6.3).
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