
ar
X

iv
:1

11
1.

47
68

v1
  [

cs
.IT

]  
21

 N
ov

 2
01

1

Capacity of Multiple Unicast in Wireless Networks: A
Polymatroidal Approach

Sreeram Kannan∗and Pramod Viswanath†

Coordinated Science Laboratory and Dept. of ECE
University of Illinois, Urbana-Champaign, IL 618l01
Email: {kannan1, pramodv}@illinois.edu

Abstract

A classical result in undirected wireline networks is the near optimality of routing (flow) for multiple-
unicast traffic (multiple sources communicating independent messages to multiple destinations): the min
cut upper bound is within a logarithmic factor of the number of sources of the max flow. In this paper we
“extend” the wireline result to the wireless context.

Our main result is the approximate optimality of a simple layering principle: local physical-layer
schemes combined with global routing. We use thereciprocity of the wireless channel critically in this
result. Our formal result is in the context of channel modelsfor which “good” local schemes, that achieve
the cut-set bound, exist (such as Gaussian MAC and broadcastchannels, broadcast erasure networks, fast
fading Gaussian networks).

Layered architectures, common in the engineering-design of wireless networks, can have near-optimal
performance if thelocality over which physical-layer schemes should operate is carefully designed. Feed-
back is shown to play a critical role in enabling the separation between the physical and the network layers.
The key technical idea is the modeling of a wireless network by an undirected “polymatroidal” network,
for which we establish a max-flow min-cut approximation theorem.

1 Introduction

Wireless networks are typically engineered using a layeredapproach: the physical layer deals with the channel
noise, the medium access control layer deals with scheduling of users in the wireless context, the network
layer handles routing of information and the transport layer deals with network congestion. While this design
methodology has several engineering advantages that have led to the proliferation of wireless networks, a
fundamental understanding of layering architectures is still lacking.

In this paper, we look explicitly for layered communicationstrategies that are near optimal for multiple
unicast in general wireless networks. This would serve two (distinct) objectives:

• To obtain the approximate capacity of multiple unicast in wireless networks, and

• To establish a layered communication architecture that canguide engineering design.

∗Supported in part by NSF grants CCF 1017430 and CNS 0721652.
†Supported in part by NSF grants CCF 1017430 and CNS 0721652.

1

http://arxiv.org/abs/1111.4768v1


1.1 Prior Work

Fundamental understanding of layering architectures has recently received plenty of attention from the net-
working community [55] [54], and scenarios have been identified under which a joint optimization of the
transport and network layers naturally decompose into separate optimization problems, thus yielding a justi-
fication for the layered architecture. While there have beenattempts to include certain aspects of the wireless
medium into this framework [66], the understanding is far from complete. In this paper, we take a fundamen-
tal, information theoretic perspective, on if and when, thephysical, medium access and network layers can be
separately designed.

1.1.1 Capacity Results for Wireless Networks

Substantial progress has been made in the recent past in understanding the key aspects of the wireless medium
(broadcast and superposition) from an information-theoretic view point. In particular, the capacity of MIMO
broadcast channel has been resolved [92], approximate capacity of the2-user interference channel has been
established [21] and the approximate capacity of2-userX-channels [59] [39],K-user interference channels
with diversity [14], [65] [24, 64] has been obtained. While these results establish information theoretic under-
standing of several important (“physical layer”) channels, there is no conceptual guideline to fit the solutions
for reliable communication for the channel in the context ofa bigger network it could be a part of. In a
different direction, there has been significant progress inunderstanding network-level capacity issues in the
context of simple traffic models, starting from the breakthrough work [12], where the approximate capacity
of single unicast is characterized, and later generalized to several scenarios: the approximate capacity of uni-
cast in discrete memoryless networks is characterized in [51], a separation result between analog and digital
components in relay networks is established in [10] and the approximate capacity of broadcasting in Gaussian
networks is established in [2].

While unicast traffic in general Gaussian networks and multiple unicast traffic in single-hop Gaussian
networks are reasonably well understood, the capacity of multiple unicast traffic in Gaussian wireless net-
works remains an open problem in multi-terminal information theory. In recent times, several research groups
have made progress on this problem [80, 63, 40, 84, 11, 34] , but the general problem still remains unsolved.
Specific directions, with promise of success, involve simplifying the problem by considering specific traffic
patterns such as2-unicast [63, 80, 47, 90, 91, 41, 81, 32, 86]; another approach is to consider more specific
network topologies, like for example,K sources communicating toK sinks viaL fully-connected layers of
K relays each [40, 70]. While these existing works attempt to compute the degrees-of-freedom (or approx-
imate capacity) exactly for specific instances of the problem, we adopt a different viewpoint and focus our
attention on obtaining general results for arbitrary networks (at the expense of obtaining potentially weaker
approximation in specific instances).

In the context of multiple-unicast in large wireless networks, there has been significant progress in un-
derstandingscaling lawsfor geographical wireless networks; beginning with the seminal work in [33] and
culminating in the hierarchical relaying scheme in [73] anda combination of the two [68, 69, 74] (with several
critical works in between [95, 56, 7, 94, 27]). Despite its significant advantages, the performance guarantees
are only in the context of certain specific wireless network models and, more importantly, the communication
scheme is not a representation of a simple layered architecture for communication.

1.1.2 Information-theoretic Layering Architectures

Separation theorems form a basic tool in information theory: in his celebrated paper [79], Shannon showed
that source coding (compression) and channel coding (communication) can be separated without loss of op-
timality. Following this, several separation (and non-separation) theorems have been proved in the multi-
terminal context (see, for example, [18, 20]). The result most relevant to the current discussion is the sepa-
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ration between network coding and channel coding proved in the pioneering work in [45]. There it is shown
that, for a wireline network composed ofindependent noisy channels, a separation architecture composed of
a physical layer that performs independent coding for each channel and a network layer which transports bits
across the induced noiseless network, is optimal. This is a very interesting structural result that holds under
arbitrary traffic models and is proved without the necessityto compute the capacity of the network. Thus the
question of studying the capacity of wireline networks can be reduced to the question of studying the capacity
of capacitatedgraphs.

Fork-unicast in wireline graphs, a very interesting dichotomy is known in the theoretical computer science
literature: for undirected graphs, the classical work of Leighton and Rao [50] shows that routing achieves the
min-cut to within aO(log k) factor and furthermore, there is a standing conjecture [52][35] [43] [48] which
claims that routing is infact optimal; whereas for general directed graphs, it has been shown recently [16]
that there is no polynomial time algorithm that can approximate the value of min-cut to within akǫ factor.
Since max-flow can be computed in polynomial time, this result implies that there are networks for which
flow cut gap is greater thankǫ. Furthermore, it has been proved recently [15] that computing the network
coding region for directed graphs is equivalent to determining the entropy vector region, which is believed to
be a very hard problem. Thus the string of positive results inthe context of undirected (or bidirected) graphs
and negative results in the context of directed graphs serveas an indicator that it may be easier to understand
bidirected wireless networks.

A study of layering in directed wireless networks is intiated in [46]. The key idea is that of channel
emulation, where a given channel is upper bounded by a wireline network with joint capacity constraints in
such a way that the wireline network can emulate all possiblebehavior of the channel. This is a very strong
condition, which ensures that the channel can be upper bounded by the wireline networkirrespective of the
traffic pattern. This program has been already accomplished for networks of2-user MAC and broadcast
channels, but appears to be very hard for general networks. In this paper, we instead work with only multiple-
unicast traffic but go on to study layering in general bidirected networks.

1.1.3 Polymatroidal Networks

Polymatroidal networks and approximation theorems for these networks form a crictical component in this
paper. Polymatroidal networks are similar to edge capacitated networks, however, in addition to having
edge capacity constraints, there are joint capacity constraints on the set of edges which meet at a vertex.
Polymatroidal networks were introduced by Lawler and Martel [49] and Hassin [36] in the single-commodity
setting and are closely related to the submodular flow model of Edmonds and Giles [23]; the well-known
maxflow-mincut theorem holds in this more general setting (see Chapter60 in [77] for a discussion). Multiple
unicast in polymatroidal networks has not been studied tillthe recent work of [1], where an approximate
max-flow min-cut result is established for undirected polymatroidal networks.

Recently, there have been several applications of network flows, and their generalizations such as flows
in linking systems [78], to information flow in wireless networks [12, 9, 97, 31, 76, 42]. The polymatroidal
structure of the multiple access channel capacity region was observed and exploited by Tse and Hanly [82].
Directed polymatroidal networks were utlized in the work ofVasudevan and Korada [85], where a separation
architecture for a network of deterministic broadcast and MAC channels converts the network into a poly-
matroidal network and existing results for broadcasting inpolymatroidal networks [25] are used to obtain
capacity bounds.

1.2 Summary of Results

An important contribution of this paper is the followingmeta-theorem:
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Meta Theorem: If there is a “good” physical-layer scheme (which is approximately cut-set
achieving and reciprocal) for a certain channel, then, for multiple-unicast in a network com-
posed of such channels, a layered architecture is approximately cut-set achieving (to within a
logarithmic factor in the number of messages).

Analysis

Cut equivalence

Polymatroidal Network

Network layer: Routing

Local channel

Good PHY scheme

Define “local”

Figure 1: Layered Architecture

Fig. 1 depicts the layered architecture used in this paper. The following is a summary of the key ideas
which are used in this paper to argue that a layered architecture is approximately capacity optimal:

• Model a wireless network as a bidirected network, by using the natural reciprocity of wireless networks.

• Utilize a good local “physical layer” scheme for each channel and identify the combinatorial structure
of the rate region (typically submodularity).

• Show that local physical layer schemes convert a wireless network into a bidirected polymatroidal
network. Thus the bidirected polymatroidal network can be viewed asa graphical modelfor wireless
networks.

• Prove a Leighton-Rao type approximation result for bidirected polymatroidal network, which shows
that routing is near optimal fork-unicast traffic.

• Argue that the layered architecture with local physical layer scheme + global routing achieves the cut-
set approximately in the wireless network.

• We provide a technique by which “good” results for a given channel can belifted upto good results for
a general network comprised of those channels.

We justify the meta-thereom formally in the context of the following channel models:

1. Networks composed of Gaussian broadcast and MAC channels

4



2. Networks composed of broadcast erasure channels with feedback

3. Fast fading wireless networks

4. Degrees-of-freedom approximation for fixed wireless networks

5. Linear deterministic networks composed of MAC and broadcast channels

6. Networks composed of MIMO MAC and broadcast channels withdelayed CSI feedback

7. Fast fading linear deterministic networks

For each of these networks, under a generalk-unicast traffic model, the approximation factor on the rate
is O(log k) for theentire rate regionin addition to the loss incurred due to the physical layer scheme, which
is typically a power-scaling loss. Under more specific traffic models, such as theX-traffic model (where each
of the J sources have messages to send to each of theK destinations) or a “group-communication” traffic
model (where a subsetS of nodes have messages to send to each other), we prove a constant approximation
factor for thesum-rate, again in addition to a power scaling loss (the constant being 1, 2 or 4 depending on
the specific channel and traffic model).

The material in this paper was presented in part in [4, 5].

1.3 Organization

The rest of this document is organized as follows:

• An overview of the layering approach is provided in Sec. 2. After defining the “locality” over which
local physical layer schemes must be implemented, a list of desirable properties of local solutions are
provided.

• In Sec. 3, polymatroidal networks, which form the back-boneof the layering architecture, are defined
and results for multiple-unicast in polymatroidal networks are presented.

• In Sec. 4, “good” local physical layer solutions are described for various channel models. For some
models, it is shown that existing schemes satisfy the desirable properties, whereas for other models,
where existing schemes are insufficient, new ones are constructed.

• In Sec. 5, the local schemes are fitted into a global network context. Capacity theorems are proved for
the various channel settings by connecting the wireless network problem formally to the polymatroidal
network problem.

2 Layered Architecture

Engineering approaches to reliable network communicationinvolve “layering”, a separation of the roles of
physical (dealing with channel uncertainty), medium access (dealing with sharing the wireless medium) and
networking (dealing with end-to-end the resulting “wireline” network communication). On the other hand,
fundamental architectures are suggested by information theoretic study of large wireless networks (a major
research direction in the past decade, with performance measured in a coarse scaling context). For instance,
multihop routing [33] is a layered architecture, while hierarchical MIMO [73] (nearly scaling-law optimal in
a geographically uniform context) is not. The information theoretic understanding of layering architectures
has recently started receiving attention (see [45, 46]). Our approach is in similar lines as the approach in [85],
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where a layered architecture for a network of deterministicbroadcast and MAC channels is used to obtain
capacity bounds.

In understanding the systematic design of layered architectures, it helps to look at the global wireless
network as a collection of “local” wireless networks. The focus of this section is to introduce this view point;
we propose that the notion of locality comes from both geographic (spatial) and temporal contexts. We see
that certain combinatorial properties of the (physical layer) solutions to the local networks aredesirable; these
will help prove fundamental guarantees on the performance of the layered architecture in the global context.

2.1 Locality

A wireless network is a collection oflocal channels, if there are no interactions between the channels. For-
mally, a wireless network composed is defined as follows: Consider a graphG = (V,E). For eachv ∈ V ,
xv, yv denote the transmit and received symbol respectively. LetC+(v), C−(v) denote the set of all channels
in which v can transmit and receive from respectively, i.e.,xv can be written asxv = {xcv}c∈C+(v), and
yv = {ycv}c∈C−(v). We will consider a wireless network with independent noise, where

P(y1, . . . , yn|x1, . . . , xn) = ΠvP(yv|{xu}u:(u,v)∈E), (1)

and this description explicitly captures the relationshipbetween the graph and the joint probability transition
function.

Consider a set of channelsc ∈ C. A wireless network is said to be composed of channelsc ∈ C if the
probabilistic description of the network is of the form,

P(y1, . . . , yn|x1, . . . , xn) = ΠcP({y
c
v}v∈V −(c)|{x

c
u}u∈V +(c)) (2)

= ΠcΠv∈V −(c)P(y
c
v|{x

c
u}u∈V +(c):(u,v)∈E), (3)

whereV −(c) = {v : c ∈ C−(v)} andV +(c) = {v : c ∈ C+(v)}. Each channelc is referred to as a
component channel of the network.

A canonical scenario occurs when the wireless network is simply a collection of statistically independent
noisy channels. Here each channel between a transmitter anda receiver is local. A more interesting example
occurs in the case of afrequency plannedwireless network, where each component of the wireless network
operates in a specified frequency range. Here, the overall channel model can be decomposed as the product
of channel models in each frequency range; the scale of locality corresponds to the scale of frequency reuse.

In general, such a geographic decomposition (via frequencyplanning) may not happen. Nevertheless, we
can view the decomposition as occurring intime(indeed, this has been a popular method for analyzing general
wireline / wireless networks [6, 12]). When we decompose across time, the local channel corresponds to the
global one, as viewed over a specific single block of time. In this context, the layering architecture restricts
the sophistication of physical layer (and medium access layer) strategies to be restricted to operate on a single
layer in time, and at the end of each epoch, the information isdecodedand re-encoded (using the networking
layer) for the next local channel. The layering architecture thus enforces decoding of all information at each
“hop” (in time); schemes, such as quantize-and-forward [12], which forward analog information do not fit the
layered architecture model.

2.2 Desirable Properties of Local Solutions

A natural desirable property of any (physical layer) solution to a local channel is it be as optimal (from an
information theoretic view point) as possible. In particular, we will be interested in how close the solution
is to fundamental upper bounds given by the cutset bounds andcertain natural combinatorial properties of
the solution. For a network described by a probability transition matrix, the cut-set bound can be written as
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follows. Given a cutΩ ⊆ V , letDΩ be the set of demands separated by the cut, i.e.,DΩ := {k : sk ∈ Ω, tk ∈
Ωc}. The cut-set bound bounds the sum of rates of sources inDΩ and can be written as1

∑

k∈DΩ

Rk ≤ sup
px1,...,xn

I(XΩ;YΩc |XΩc). (4)

Our focus on cut-set bounds as opposed to specialized outer bounds for specific wireless channels (such
as the broadcast and interference channels) is motivated due to the following reasons.

• Generality: The cut-set bound [28] is an information theoretic outer bound on the achievable rate region
and it can be written down for a general wireless network.

• Decomposition: The chain rule of mutual information allows the cut-set bound of a network to de-
compose into the cut-set bounds on local channels; thus solutions that come close to the cut-set bound
at a local level have a potential to be layered and be still close to the cut-set bound at a global level.
Formally, if we have a cutΩ ⊆ V , the value of the cut is given by

I(XΩ;YΩc |XΩc) = H(YΩc |XΩc)−H(YΩc |XV ) (5)

= H(YΩc |XΩc)−
∑

c

H(Y c
Ωc |Xc

V ) (6)

≤
∑

c

H(Y c
Ωc |XΩc)−H(YΩc |XV ) (7)

≤
∑

c

H(Y c
Ωc |Xc

Ωc)− H(YΩc |XV ) (8)

=
∑

c

H(Y c
Ωc |Xc

Ωc)− H(YΩc |Xc
V ) (9)

=
∑

c

I(Xc
Ω;Y

c
Ωc |Xc

Ωc), (10)

and thus the cut-set decomposes into sum of the cut-sets evaluated for each channel.

• Structure: Cut-set bounds have been well studied in the theoretical computer science literature and their
combinatorial structure have been well understood. In fact, algorithms for approximately computing
the cut-set bounds form an integral part of the theory of approximation algorithms.

• Invariance under feedback: The cut-set bound (evaluated under general joint distributions) is essentially
a bound based on upper bounding the rate by the rate of a point-to-point channels and is, therefore,
invariant to feedback.

Finally, reciprocity of the local channels (rate region reciprocity with the roles of transmitter and receiver
reversed) will be paid attention to. The combinatorial structure imposed by the bidirected nature of each local
channel will yield to efficient algorithms that are close to cuts.

2.3 Layering Methodology

Layering architectures stitch together the local solutions into a global solution:

1. The solution to a local channel allows for reliable digital communication at a local level.

1While there is a stronger way of writing this bound, this weaker form of the bound will suffice for the purposes here.
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2. Replacing each local channel by a set of (wireline) links leads to a network comprised of noiseless
channels, with the rates on the various edges arecoupledby the rate regions of the local solutions.
Reciprocal local solutions ensure that the network obtained isbidirected(i.e., any edge between node a
to node b has a corresponding edge between node b to a, with thetwo edges being involved in the same
types of capacity region constraints).

3. Over the resulting wireline network, we might have to potentially employ network coding to re-encode
the information between local channels. We utilize the combinatorial properties of the coupled rate
constraints to study these new class of wireline networks. In particular, if the combinatorial struc-
ture governing the rate constraints is a specific form of a polytope known as apolymatroid, we obtain
polymatroidal networks. Therefore, we study polymatroidal networks (which have local polymatroidal
constraints on rate region) and prove that routing can achieve the cut-set bound to within aO(log k)
factor for thek-unicast problem, and also prove some better approximations for more specific commu-
nication problems.

4. Since the cut-set bound on a network of channels decomposes into asumof cut-set bounds on the local
channels, we can readily compare the performance of the layering architecture to a fundamental upper
bound on the global network performance.

Whenever local solutions are close to the cut-set bounds forthe corresponding local channels, we can
establish the fundamental near-optimality of the layeringarchitecture. We have accomplished this program for
several canonical local wireless channels including broadcast erasure channels, Gaussian uplink and downlink
channels, and interference channels with diversity (example: fast fading).

3 Polymatroidal Networks

Polymatroidal capacity networks and max-flow min-cut results for polymatroidal networks form the back-
bone of this paper. In this section, we give a brief introduction to polymatroidal networks. A detailed discus-
sion of polymatroidal networks and the max-flow min-cut approximation result can be found in [1].

3.1 Polymatroids

A set functionf : 2N → R over a finite ground setN is submodular ifff(A)+f(B) ≥ f(A∩B)+f(A∪B)
for all A,B ⊆ N ; equivalentlyf(A ∪ {i}) − f(A) ≥ f(B ∪ {i}) − f(B) for all A ⊆ B andi 6∈ A. It is
monotone iff(A) ≤ f(B) for all A ⊂ B. A polymatroid refers to the following set inRN :

P =

{

(x1, ..., xN ) :
∑

i∈S

xi ≤ f(S) ∀S ⊆ [N ]

}

, (11)

wheref(S) is a monotone submodular function withf(∅) = 0. Thus a polymatroid is fully specified by spec-
ifying a monotone submodular function withf(∅) = 0 (we will call such a function itself as a polymatroid).
An example of a polymatroid is the following: given a set ofN vectorsv1, ..., vN in R

M , the functionf(S)
defined as the rank of the matrix composed of{vi}i∈S defines a polymatroid (we refer the reader to [71] for
an introduction on polymatroids) .

3.2 Definition of Polymatroidal Networks

A commonly studied wireline scenario is one where each edge is labeled by a capacity: this is the largest
amount of information flowing on that edge. Here we are interested in a more general model which is able to
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handle the additional constraints when edges meet at a node,similar in spirit to the broadcast and superposition
constraints in wireless.

Consider a nodev in a directed graphG and letδ−G(v) be the set of edges in tov andδ+G(v) be the set of
edges out ofv. In the standard model each edge(u, v) has a non-negative capacityc(u, v) that is independent
of other edges. In the polymatroidal network for each nodev there are two associated submodular functions:
ρ−v andρ+v which impose joint capacity constraints on the edges inδ−G(v) andδ+G(v) respectively. That is, for
any set of edgesS ⊆ δ−G(v), the total capacity available on the edges inS is constrained to be at mostρ−v (S),
similarly for δ+G(v). Note that an edge(u, v) is influenced byρ+u andρ−v .

A cutΩ ⊆ V partitions the set of vertices into two setsΩ andΩc. LetF (Ω) denote the set of edges going
from Ω to Ωc (we will drop the dependence onΩ if it obvious from the context). The cost/capacity ofF is
complex to define in polymatroidal networks (note that in standard networks it is simply

∑

e∈F c(e) where
c(e) is the capacity ofe). To define the cost in polymatroidal networks, each edge(u, v) in F is first assigned
to eitheru or v; we say that an assignment of edges to nodesg : F → V is valid if it satisfies this restriction.
A valid assignment partitionsF into sets{g−1(v) | v ∈ V } whereg−1(v) (the pre-image ofv) is the set of
edges inF assigned tov by g. Then we minimize over all assignments.

Definition 1. Cost of edge cut:Given a directed polymatroidal networkG = (V,E) and a set of edges
F ⊆ E, its cost denoted byν(F ) is ming:F→V, g valid

∑

v

(

ρ−v (δ
−(v) ∩ g−1(v)) + ρ+v (δ

+(v) ∩ g−1(v))
)

. In
an undirected polymatroid networkν(F ) isming:F→V, g valid

∑

v ρv(g
−1(v)).

A max-flow min-cut theorem for the unicast problem in directed polymatroidal networks is known in
the literature [49] . This result has been extended to the broadcast traffic scenario in [25]. Our focus here
is on multiple unicast traffic, for which flow-cut gaps are currently unknown. The best known result for
multiple-unicast, even in the traditional wireline network with capacity constrained edges, is the approximate
optimality of max flow (in terms of being close to the min cut);this result is available (in a strong sense) only
for bidirected (or undirected) networks. Our goal is to obtain a similar result for bidirected polymatroidal
networks.

We define a bidirected polymatroidal network as a directed polymatroidal network with the following
properties.

• Every edgee = (i, j) has a corresponding reverse edgeτ(e) := (j, i).

• For any vertexv, the polymatroidal constraintρ−v (·) on the incoming edges In(v) is the same as the
polymatroidal constraintρ+v (·) on the outgoing edges Out(v). More concretely,

ρ−v (Ev) = ρ+v (τ(Ev)) ∀Ev ⊆ In(v). (12)

3.3 Main Result

The following theorem is proved in [1], which generalizes the results of [50] to the case of polymatroidal
capacity networks:

Theorem 1. For a bidirected polymatroidal network withk source-destination pairs, the ratio between the
max-flow rate region and the min-cut rate region isO(log k). The max-flow and an approximate min-cut
can be calculated in polynomial time. Furthermore, this factor is tight in general, i.e., there are families of
polymatroidal networks such that the flow-cut gap isΩ(log k).

Proof. (High level idea) The proof is done for undirected polymatroidal networks, whose capacity is within a
factor2 of bidirected capacity networks. The max-flow can be writtendown as a large linear program. While
this program has an exponential number of constraints, a polynomial time algorithm can be obtained to solve
this program using the polymatroidal structure. The dual ofthe linear program is related to the cut via an
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integer relaxation. An important step in the proof is to simplify the constraint structure of the dual via the
use of continuous extensions of submodular functions, in particular the Lovász extension [58]. The resulting
program has a convex objective function but the constraint structure is much simpler. This convex program
(which equals the dual of the flow) and the cut are related by aninteger relaxation.

The work of Linial, London and Rabinovich [57] showed a fundamental (andtight) connection between
flow-cut gaps in edge-capacitated undirected networks and low distortion embeddings2 of finite metric spaces
into ℓm1 .This connection effectively reduced the flow-cut gap question to investigatingℓm1 embeddings of finite
metric spaces induced by graphs.

For the polymatroidal network problem, embeddings into a generalℓ1 spaces are no longer sufficient, and
we require a specific type of embedding called line embedding, where the nodes are embedded into a line in
R. These embeddings were implicit in the seminal work of Bourgain [13], first explored by Matousek and
Rabinovich [62] [75] and later exploited in [26] to obtain flow-cut gaps in undirected node-capacitated graphs.
These results imply that every finite metric space ofn elements can be embedded by a contraction into a line
preserving the average distortion ofk points to within a factor ofO(log k). We use this result to connect the
convex program written using the Lovász extension to the cut, hence proving a flow-cut gap ofO(log k).

The converse part, i.e., the existence of families of polymatroidal networks with a gap ofΩ(log k) fol-
lows from the existence of families ofedge capacitatednetworks (which are special cases of polymatroidal
networks) with a flow-cut gap ofΩ(log k).

3.4 Special Traffic Scenarios

While in general, the factor ofO(log k) for flow-cut gaps is tight for multiple-unicast in bidirected polyma-
troidal networks, there may be special communication scenarios for multiple unicast when the factor can be
improved. We present some instances here, where the flow cut gap is much better even for the more general
case ofdirectedpolymatroidal networks.

3.4.1 Broadcast traffic:

Broadcast traffic is a special type of multiple unicast traffic where all the messages originate at a single
source. Consider a directed polymatroidal network with a single sources having independent messages toK
destination nodest1, ..., tK .

Lemma 1. [25] For a directed polymatroidal network with broadcast-traffic pattern, the rate region of the
max flow equals the rate region of the min-cut.

3.4.2 Sum rate in directedX networks:

ConsiderJ sourcesS1,...,SJ andK destinationsT1,...,TK , where each source has an independent message
for each destination. The rate tuple is aJK length vectorRjk between eachj andk. This communication
problem is referred to commonly as theX-network problem.

Lemma 2. For a directed polymatroidal network withX-traffic pattern, thesum-rateof max flow equals the
sum-rate bound given by min-cut.

Proof. Construct a super sourceS which talks to theJ sources with infinite capacity links and a super sinkT

which is connected from each of theK sinks via infinite capacity links. The max-flow min-cut theorem for
unicast betweenS andT in directed polymatroidal networks [49] implies the desired result.

2An embedding of a metric space(V, d) (metricd on pointsV ) into another metric space(V ′, d′) is a mappingf : V → V ′. The
distortion off is the smallestα ≥ 1 such that1

α
· d(u, v) ≤ d′(f(u), f(v)) ≤ α · d(u, v) for all u, v ∈ V .
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3.4.3 Sum rate for group communication in directed networks:

Consider a directed polymatroidal network with a speciallymarked group of nodesS ⊆ V . Each node
s in S has an independent message for every other node inS. Thus it is a multiple unicast problem with
|S|(|S| − 1) messages. We refer to this traffic pattern as the group-communication traffic pattern. Suppose
we are interested only in maximizing the sum-rate.

Lemma 3. [1] For a directed polymatroidal network with a group-communication traffic pattern, the sum-rate
of max-flow is greater thanhalf the sum-rate bound given by min-cut.

Proof. The proof of this theorem is non-trivial and requires a reduction from the directed polymatroidal net-
work to the directed edge capacitated network using a combinatorial uncrossing argument. For a directed
edge-capacitated network, this theorem is proved by Naor and Zosin [61]. For a detailed proof of this state-
ment for polymatroidal networks, we refer the reader to [1].

4 Local Physical Layer Schemes

In this section, good local physical layer schemes for several channel models will be discussed. For each of
these channels, the goals will be to identify a physical layer scheme, quantify its rate region, understand its
closeness to the cut-set bound and to examine its combinatorial structure. We will also analyze if the rate
region remains (approximately) the same when the sources and destinations are exchanged and channels are
reversed. In later sections, these properties will allow usto stitch together local physical layer schemes to get
global schemes. The results in this section for various channel models are summarized in Table 1.

We will use the notationRch
ach andRch

cut to denote the achievable and the cut-setrate regionsrespectively,
where ch denotes the channel of interest.

4.1 Linear Deterministic Broadcast and Multiple Access Channels

Consider a broadcast channel withd receivers of the form,

yi = Hix , ∀i = 1, 2, ..., d, (13)

whereyi is the received vector at receiveri andx is the transmitted vector. The source intends to communicate
independent messages to each of its destinations. For a subsetK of {1, 2, ..., d}, letHK denote the matrix
with Hi, i ∈ K stacked up alongside one another. The capacity region of this broadcast channel [60] is given
by

C = {(R1, ..., Rd) :
∑

i∈K

Ri ≤ Rank(HK) ∀K ⊆ [d]}. (14)

This capacity region is also equal to the cut-set bound, which is a polymatroid (see [71]).
Let us consider a “reciprocal” multiple access channel in which there ared transmitters and one receiver,

y =
∑

i

HT
i xi, (15)

and all the transmitters have an independent message to transmit to the single destination. The capacity region
of a general MAC channel is known (see, for example, Chapter 14 in [17]) and for the linear deterministic
channel, is given again by the rate region in (14). We observethat the capacity of the broadcast channel and
the reciprocal MAC channel are the same and are equal to theircut-set bound.

Thus for a linear deterministic broadcast and MAC channel, the rate region is exactly polymatroidal, equal
to the cut, and is reciprocal.
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Characteristic / Closeness-to-Cut Combinatorial Reciprocity
Channel Structure

Linear Deterministic MAC / BC Exact Polymatroidal Exact

Gaussian MAC / BC Approximate Polymatroidal Approximate

Erasure Broadcast Far Polytope Far

Erasure Broadcast (Feedback) Approximate Polymatroidal Approximate

Fading MAC / BC
with delayed CSI Approximate Polymatroidal Approximate

Fading linear deterministic Approximate Polymatroidal Approximate

Fading X-Channel Approximate Polymatroidal Approximate

Fixed X-Channel Approximate Polymatroidal Approximate
in DOF DOF region in DOF

Table 1: Canonical wireless channels, as viewed via three lenses.

4.2 Gaussian Broadcast and Multiple Access Channels

Let us first consider a multiple access channel, defined by

y =
∑

i

hixi + z, (16)

where the transmitted vectorxi is constrained by a power constraintP at each of thed nodes,y is the received
vector andz denotes the noise, which is of unit power. Let the rate regionachievable on this multiple access
channel be denoted byRMAC

ach (P ). This region is known to be polymatroidal [82]. This rate region equals the
cut-set bound evaluated under product distributions [17] ,i.e.,

RMAC
ach (P ) = RMAC

cut,product(P ). (17)

Let the cut-set bound evaluated under general distributions be given byRMAC
cut,general(P ). We can easily verify

the relation,

RMAC
ach (P ) ⊇ RMAC

cut,general

(

P

d

)

. (18)

Next, let us consider a “reciprocal” or “dual” broadcast channel, given by,

yi = Hix+ zi , ∀i = 1, 2, ..., d, (19)

where the transmitted vectorx is constrained by a power constraintdP , yi is the received vector andzi
denotes the noise at each receiver, which is of unit power. Let us call the rate region of the broadcast channel
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asRBC(P ). This rate region has been fully characterized, but is not equal to the cut-set bound and is not
polymatroidal (see Chapter6 in [83] for a discussion).

The rate region of this broadcast channel with sum power constraint Pd contains the rate region of the
multiple access channel withindividual constraintP at each node [87, 88], i.e.,

RBC
ach(P ) ⊇ R MAC

ach (P ). (20)

For purpose of symmetry, we can choose to operate the broadcast channel at the rate region specified by
RMAC(P ), i.e., let us set

RBC
ach(P ) = RMAC

ach (P ). (21)

This will also ensure that the rate region of the achievable schemeRBC
ach(P ) is polymatroidal. Thus, in our

achievable strategy, the rate region of a multiple access and that of the dual broadcast channel are equal and
given by a polymatroidal region.

Let the cutset bound for the broadcast channel be specified asRBC
cut,general(P ). Since there is only one input

variable, the cut-set bound under product distribution andgeneral distribution are the same.

Lemma 4. The achievable region of the MAC channel compares with the cutset bound under general distri-
butions as follows,

RMAC
ach (P ) ⊇ RMAC

cut,general

(

P

d

)

. (22)

For the broadcast channel, we have the relation,

RBC
ach(P ) ⊇ RBC

cut,general

(

P

d

)

. (23)

Proof. The proof is deferred to Appendix A.

Thus for a Gaussian broadcast and MAC channel, the rate region is approximately polymatroidal, close to
the cut, and is approximately reciprocal.

4.3 Broadcast Erasure Channels

Consider a network comprised of broadcast erasure channels. For a broadcast erasure channel withd receivers,
the channel model can be written as,

yi = eix, ∀i = 1, 2, ..., d, (24)

whereei is a binary random variable which when0 represents that at receiveri, the packet got erased. Ifei
are all independent, then the broadcast erasure channel is said to be an independent erasure broadcast channel.
Such a channel is specified by erasure probabilitiesǫi, i = 1, 2, ..., d, where

ǫi = Pr{ei = 0}. (25)

For the purpose of simplicity in this paper we will consider only broadcast erasure channels that are indepen-
dent and symmetric, which implies that there is only one parameterǫ andǫi = ǫ ∀i.

Lemma 5. For an erasure broadcast channel without feedback, the cut-set bound can be as large asL times
the achievable rate region.

Proof. See Appendix B.

This result implies that for broadcast erasure channels (without feedback), there are no good local schemes
that can achieve close to the cut.
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4.3.1 Broadcast Erasure Channels with Feedback

Since there are no good local schemes for the broadcast channel, we suggest that the scale of the locality be
enlarged to include the presence of feedback links in the physical model to get better local schemes.

The capacity of the erasure broadcast channel with ACK feedback (the receiver acknowledges whether it
received the packet) was studied by [30] for the two user channel, and later extended to the more general case
independently by [89] and [29]. The schemes are based on network coding and interference alignment and
demonstrate that the following rate region is achievable.

Lemma 6. [89, 29] The following rate region is achievable for the erasure broadcast channel with ACK
feedback,

Rach,fb=







(R1, ..., RD)|
∑

i=1,2,..,d

Rπ(i)

1− ǫi
≤ 1 ∀π







. (26)

Hereπ is a permutation of the set(1, . . . , d). Note that this region is not polymatroidal. However, it is
close to the min cut rate region (which is itself polymatroidal) as seen below:

Lemma 7.

Rach,fb⊇
Rcut

O(log d)
. (27)

Proof. See Appendix C.

The reciprocal nature of wireless channels from which the broadcast erasure channel is constructed nat-
urally suggests a way of providing feedback links ofcommensuratestrength. Formally: a channel is said to
havecommensurate feedbackif there is are feedback links from the various receiving nodes to the transmit-
ters with the same rate region as the cut-set bound for the forward channel. In Appendix D, we look at one
possible way of obtaining feedback links of commensurate strength as the forward links.

Thus for a broadcast erasure channel with feedback, the rateregion is approximately polymatroidal, close
to the cut, and is approximately reciprocal.

4.4 MIMO Broadcast and MAC Channel with Delayed Feedback

We will consider MIMO broadcast and MAC channels, similar toSec. 4.2, but with the difference that the
channel states are i.i.d. over antennas and time. If the CSI is instantaneously available at the transmitter
and the receiver, then the methods and results of Sec. 4.2 continue to hold. However, the problem becomes
interesting when global channel state information is no longer available. In some settings, the channel may
change so fast that by the time, the channel state feedback reaches the transmitter, the channel state has
changed significantly. This feature is essentially presentin the erasure channel if we think of erasure as being
a channel state, which is unknown to the transmitter originally but the presence of the ACK feedback delivers
this channel state to the transmitter with a delay. Recent work by Ali and Tse [8] showed the surprising result
that even in Gaussian networks, delayed CSI can be very beneficial as compared to the absence of CSIT [96].
This will form the basis of our investigation of these channels.

We assume that each broadcast and MAC channel gets feedback from its receivers about the channel state,
however, the channel changes before the feedback arrives, precluding the use of feedback to predict the future
state of the channel. We will resort to a degree-of-freedom characterization for this problem. Letdi denote
the achievable degrees of freedom for thei-th message, i.e.,

di := lim
SNR→∞

Ri(SNR)

log SNR
, (28)
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whereRi is the achievable rate for useri. The achievable DOF region is denoted byDach, and the region
given by the cutset bound is denoted byDcut.

Such a multiple access case is easy to deal with because even without channel state information, the cut-set
bound can be achieved,

DMAC
ach = DMAC

cut . (29)

However for the corresponding broadcast channel, in the absence of CSIT, we can only achieve rates that are
far from the cut-set. In [8], it is shown that the presence of channel state feedback, even when delayed, can
significantly alter the situation, as was the case with broadcast erasure channels:

Lemma 8. [8] For a fading MISO broadcast channel with a source withL transmit antennas andL single
transmit antenna receivers, the following DOF region can beachieved with the help of delayed CSIT:

DBC
ach =

{

L
∑

i=1

Di ≤ l
K

∑L
i=1

1
i

}

. (30)

Our first result is to obtain an approximation for the rate region of MIMO broadcast channels with delayed
feedback, formally stated in the following lemma.

Lemma 9. For a fading MIMO broadcast channel withl transmit antennas andd users with useri having
mi antennas, and delayed CSI feedback, the following DOF region can be achieved:

DBC
ach ⊇

DBC
cut

O(log p)
, (31)

wherep := min(l,
∑

imi) is the minimum of the number of transmit and receive antennasin the system.

Thus for a fading MIMO broadcast channel, the rate region is approximately polymatroidal, close to the
cut, and is approximately reciprocal.

4.5 FadingX-channels

Consider aL-userX-channel, there areL sourcess1, ..., sL andL destinationst1, ..., tL with eachsource
having message to send to each destination, thus there areL2 messages in total. The connectivity graph
between the nodes is a bi-partite graph withE being the set of edges. We will abbreviate edge(si, tj) as(i, j)
since the meaning is clear from the context.

Note that an interference channel is a special case of this channel. Capacity achieving schemes even for
theL-user interference channel are not known in the general setting. In [14], the authors show that each user
in aL-user interference channel can achieve half their point-to-point degrees-of-freedom (DOF) if the channel
is fast-fading, using a mechanism called interference alignment, which was initially proposed for the2-user
X-channel in [59]. This result has since been generalized in several directions; most notably, in [65], it is
shown that using an “ergodic interference alignment” scheme, each user can get half her rate atall SNR, and
in [64], it is shown that the DOF result can be proved even under fixed channel coefficientsusing a scheme
termed “real interference alignment”. These results have been unified into a single framework in [93]. It has
also been shown [67] that ergodic interference alignment can be used to achieve linear capacity scaling in
dense interference networks.
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Figure 2: Cuts inX-Channel

4.5.1 Cuts in anX-channel

Consider an exampleX-channel with two sources and three destinations, shown in Fig. 2. Two cuts are
marked in the figure. The light (green) cutΩ1 separates only destination1 from the two sources, thus providing
a bound: R11 + R21 ≤ CΩ1 , whereas dark (red) cutΩ2 separates all sources from all destinations and
therefore provides a bound onR11 + R12 + R13 + R21 + R22 + R23 ≤ CΩ2. Of these two bounds, the
first bound corresponds to that of a polymatroidal constraint whereas the second bound does not correspond
to a polymatroidal constraint (since in a polymatroidal network, only edges that meet at a node have a joint
constraint).

For a generalX-channel, these two types of cuts will be present, and we can classify them as

1. Cuts that separate a single node from the rest of the nodes (referred to as cuts of the polymatroidal
form), and

2. Cuts that separate multiple sources from multiple destinations.

We would like to show an achievable scheme that not only achieves the cut-set bound approximately,
but also the rate region of the achievable scheme satisfies a polymatroidal constraint. Therefore, for anX-
channel, we will have to show that only cuts of the polymatroidal form (separating one node from the rest)
play a dominant role. This is a key challenge that we address in this section.

4.5.2 Channel Model

The channel model can therefore be written as,

yi(t) =
∑

j∈In(i)

hij(t)xj(t) + zi(t) ∀t = 1, 2, ..., T, (32)

wherexi(t), yi(t), zi(t) are the transmitted vector, received vector and noise vector at timet, In(i) represents
the set of neighbors of nodei who have an incoming edge toi and fading coefficienthij(t) is associated with
edge(i, j) ∈ E at timet. The noise vector is assumed to have unit variance and is independent at each node.
There is a power constraint ofP per node.

We will make the following assumptions about the fading distribution:

• Fading coefficients are assumed to be i.i.d. over edges and over time.
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• The fading coefficient will be assumed to be symmetric, i.e.,if hij is a discrete random variable,

Pr{hij = a} = Pr{hij = −a}, ∀a (33)

otherwise, if the random variable is absolutely continuous, the pdfp(.) must satisfy

p(hij = a) = p(hij = −a) ∀a. (34)

• The fading distribution is assumed to satisfy:

a := e−E(log |h|2) <∞. (35)

One example of a fading distribution that satisfies these assumptions is whenhij(t) is i.i.d. across nodes
and time with a complex gaussian distribution, for whicha = 1.723 [72].

We will use the shorthandC(P ) to denote the ergodic capacity of a fading channel with powerconstraint
P , and the fading coefficienth of unit variance,

C(P ) := Eh

[

1

2
log(1 + |h|2P )

]

. (36)

4.5.3 Scheme for theK-user interference channel

First, we consider the case ofk-user interference channel, where there are messages only from si to ti for
eachi = 1, 2, ..., k. In the ergodic set-up, the following result is known:

Lemma 10. [65] For an k-user ergodic interference channel, where the direct linksare non-zero, the follow-
ing rate tuple is achievable:

Ri =
1

2
C(2P ), ∀i = 1, 2, ..., k. (37)

4.5.4 Scheme for theX-channel

We generalize this physical layer scheme to theX-channel withL sources andM destinations, demonstrating
not only that the cut-set bound is approximately achievable, but also that only cut of the polymatroidal form
are relevant.

Theorem 2. For anL-source,M -sink ergodicX-channel, the following rate region is achievable,

Rach
X =

{

(Rij)|

∑

j:(i,j)∈E Rij ≤
1
2C(2P ) ∀i ∈ S

∑

i:(i,j)∈E Rij ≤
1
2C(2P ) ∀j ∈ T

}

. (38)

and furthermore, ifd is the maximum degree of any node,

RX
ach(P ) ⊇

RX
cut(

2P
ad

)

2
, (39)

wherea := e−E(log |h|2).

Proof. Let us writeRij for the rate of communication betweensi andtj . We use the following achievable
strategy:

• Let us construct a bipartite graph between the source vertices and sink vertices, and edges given byE.

17



• A matching in a bipartite graph is a choice of edges such that each node is present in at most one edge.
In our case, a matching can be thought of representing a choice of at most one destination for each
source. Choose a matchingM on the bipartite graph, letπ be the corresponding permutation. The
characteristic vector of a bipartite matching is given by the vector(xij) : xij = 1, if (i, j) ∈ M ,
otherwisexij = 0.

• Consider the interference channel froms1, ..., sL to dπ(1), ..., dπ(L). For thesi, tπ(i)) pairs that are
connected, we can achieve a rate of1

2C(2P ) using the strategy of Lemma 10.

• This implies that a rate given by12C(2P ) times the characteristic vector of the bipartite matching is
achievable.

• Now, we can achieve any convex combination of the rates givenby matchings on the graph. This is
given by the following polytope, called the matching polytope,

M = conv{(xij)M |M a matching}. (40)

• By a theorem in bi-partite graph matchings [77], this matching polytope can be alternately described
as:

P =

{

(xij)|xij ≥ 0 ∀i, j,

∑

j:(i,j)∈E xij ≤ 1 ∀i
∑

i:(i,j)∈E xij ≤ 1 ∀j

}

. (41)

• Therefore the achievable rate region is given by (51).

• The cut-set boundRcut
X implies the following, which are only a subset of the cuts (the cuts which

separate one node from all the others) :
{

(Rij)|

∑

j:(i,j)∈E Rij ≤ E log(1 +
∑

j:(i,j)∈E h
2
ijP ) ∀i ∈ S

∑

i:(i,j)∈E Rij ≤ E log(1 +
∑

i:(i,j)∈E h
2
ijP ) ∀j ∈ T

}

.

• Now, due to the concavity of the logarithm,

E log(1 +
∑

j:(i,j)∈E

h2ij) ≤ log(1 +
∑

j:(i,j)∈E

Eh2ijP ) (42)

≤ log(1 + dP ) (43)

≤ E log(1 + adP |h|2) = C(adP ) (44)

where the last step follows because of the convexity of the functionf(x) = log(1+ cex), i.e., applying
Jensen inequality for the aforementioned convex function,we get,

E(log(1 + c|h|2)) = E{log(1 + celog |h|
2
)} (45)

≥ log(1 + ceE(log |h|2)) (46)

= log(1 + ca−1), (47)

wherea := e−E(log |h|2)).

Thus the cut-set bound implies the following inequalities,
{

(Rij)|

∑

j:(i,j)∈E Rij ≤ C(adP ) ∀i ∈ S
∑

i:(i,j)∈E Rij ≤ C(adP ) ∀j ∈ T

}

.
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• Therefore we get the result that

RX
ach(P ) ⊇

RX
cut(

2P
ad

)

2
. (48)

Thus for a fadingX channel, the rate region is exactly polymatroidal, approximately close to the cut, and
is exactly reciprocal (since the description of the rate region remains the same even the channel is reversed).

4.6 FixedX-channels

Consider aL-userX-channel with fixed channel coefficients drawn from a continuous distribution. We will
obtain a degrees-of-freedom characterization of thisX-channel (which holds almost surely). The channel
model can therefore be written as,

yi(t) =
∑

j∈In(i)

hijxj(t) + zi(t) ∀t = 1, 2, ..., T, (49)

wherexi(t), yi(t), zi(t) are the transmitted vector, received vector and noise vector at timet, In(i) represents
the set of neighbors of nodei who have an incoming edge toi and channel coefficienthij associated with
edge(i, j) ∈ E is drawn from a continuous distribution which has a probability density function, i.e., the
probability measure is absolutely continuous with respectto the Borel measure. The noise vector is assumed
to have unit variance and is independent at each node. There is a power constraint ofP per node.

First, we consider the case ofL-user interference channel, where there are messages only fromsi to ti for
eachi. The following result characterizes the degrees of freedomof theL-user interference channel:

Lemma 11. [64] For a k-user interference channel with channel coefficients drawnfrom a continuous distri-
bution, if the direct links are non-zero, the following DOF tuple is achievable almost surely:

Di =
1

2
, ∀i = 1, 2, ..., k. (50)

We can generalize this interference channel scheme to theX-channel withL sources andM destinations,
using the same method as in Theorem 2.

Theorem 3. For anL-source,M -sink fixedX-channel, the following DOF region is achievablealmost surely,

Dach
X =

{

(Dij)|

∑

j:(i,j)∈EDij ≤
1
2 ∀i ∈ S

∑

i:(i,j)∈E Dij ≤
1
2 ∀j ∈ T

}

. (51)

and furthermore,

DX
ach ⊇

DX
cut

2
a.s. (52)

Proof. The proof proceeds in a manner quite similar to that of Theorem 2; the only difference is that we use
Lemma 11 instead of Lemma 10. Also, since we are dealing with DOF, which is an SNR-scaling characteri-
zation, the (constant) power scaling factor is not relevant.

Thus for a fixedX channel, the achievable DOF region is exactly polymatroidal, approximately close to
the cut, and is exactly reciprocal (since the description ofthe achievable DOF region remains the same even
the channel is reversed).
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4.7 Fading Linear Deterministic Channels

In Sec. 4.1, we considered linear deterministic networks which had only broadcast and MAC components. In
this section we will consider a general linear deterministic network with fading. The communication network
is represented by a directed graphG = (V,E). If (i, j) ∈ E ⇐⇒ (j, i) ∈ E, we call the network bidirected.
The edges(i, j) that are present have fading matrixHij(t) on them. Each fading coefficient in each matrix is
distributed i.i.d. fading over edges and time. The fading distribution for each non-zero coefficient is assumed
to be uniform over the finite field (except zero)Fq 0. The proof can be extended to the case where the fading
takes value0 but there will be penalty factor ofq−1

q
.

For a linear deterministic interference network with fading, there is a scheme based on ergodic interference
alignment that achieves half the point-to-point rate for each user:

Lemma 12. [65] For an k-user fading linear deterministic interference channel, with direct links being non-
zero, the following rate type is achievable:

Ri =
1

2
log2(q), ∀i = 1, 2, ..., k. (53)

We can use this scheme to create a scheme for theX-channel, the rate region of this scheme is quantified
in the following theorem.

Theorem 4. For anL-source,M -destination deterministic ergodicX-channel, the following rate region is
achievable,

RX
ach ⊇

RX
cut

2
, (54)

furthermore, only cuts that separate one node from the rest are sufficient.

Proof. The proof for this case is very similar to the proof of Theorem2, except that the term12C(2P ) is
now replaced by12 log2(q). Also, there are no power scaling losses in the case of a linear deterministic
network.

Thus for a linear deterministicX channel with fading, good local schemes exist; furthermorethe schemes
have a rate region which can be described by polymatroidal constraints.

5 Approximate Capacity Results for Wireless Networks

In this section, we will present approximate capacity results for wireless networks withmultiple unicast traffic
for several channel models. Our achievable schemes will usea layering architecture and we will use the cut-
set bound as the outer bound. For each channel model, we will have the description of the wireless network
as a graphG = (V,E). There arek designated source nodess1, ..., sk, which have independent messages
andk corresponding destination nodest1, ..., tk: ti wants to decode the message ofsi with vanishingly small
probability of error, for everyi = 1, . . . k. Let Rch

ach denote the rate region comprising of the rate tuples
achievable and letRch

cut denote the rate region corresponding to the cut-set bound for the channel model ch. If
a power constraintP is present, we will describe these regions as a function ofP , i.e.,Rch

ach(P ) andRch
cut(P ).

5.1 Gaussian networks with MAC and Broadcast components

We consider Gaussian networks in which there are only broadcast and MAC components, i.e., there is no
interference channel component. This is equivalent to the assertion that each edge is involved in either a
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superposition constraint or in a broadcast constraint but not in both. In practice, such a network can be realized
by using a partial frequency reuse scheme, where the total bandwidth is divided into different chunks, which
are assigned to users in such a way that interference component is avoided.

Gaussian networks with MAC and broadcast components alone have been previously considered in [46],
where it has been shown that for a network composed of2-user MAC and broadcast channels, a separation
architecture involving local coding is approximately optimal. Since this general structural result holds for all
possible traffic models, it may be necessary in general to usenetwork coding [6] [44] at the network layer.
In contrast, in this paper, we will assume multiple unicast traffic and utilize thereciprocity of the wireless
network to show that the cut-set bound can be approximately achieved using a separation scheme along with
routing.
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Figure 3: A Network composed of broadcast and MAC componentsand its Polymatroidal Equivalent

Network Model: The communication network is represented by an undirected graphG = (V,E), and an
edge coloringψ : E → C, whereC is the set of colors. Each nodev has a set of colorsC(v) ⊆ C on which
it transmits and receives. Each color can be thought of as an orthogonal resource (for example, a frequency
band), and therefore the broadcast and superposition constraints for the wireless channel apply onlywithin a
given color. We will assume the nodes are equipped with full duplex radios on each of these resources. For
simplicity of notation, we will assume that there is a one-to-one correspondence between colors and channels,
i.e., each channel operates on a distinct color; soc stands for a unique color and a unique channel.

The channel model can therefore be written as,

yci =
∑

j∈Nc(i)

hcijx
c
j + zci ∀c ∈ C(i), (55)

wherexci , y
c
i , z

c
i are the transmitted vector, received vector and noise vector on color c, hcij = hcji is the

channel coefficient between nodei and nodej on colorc andNc(i) represents the set of neighbors of node
i who are operating on colorc anddc(i) = |Nc(i)| be the degree of nodei in color c. Let d = maxc,v dc(v)
be the maximum degree of any node in a given color; therefore,d is the maximum number of users on any
component broadcast or multiple access channel. Each node has a power constraintP per edge. Therefore
nodev has power constraintPdc(v) for transmitting on colorc. By the very definition, this network has a
reciprocal MAC channel for every broadcast channel and viceversa. LetV (c) = {v : c ∈ C(v)} be the set
of nodes that use the colorc. An example of a wireless network along with its equivalent noiseless network
are shown in Fig. 3.
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Theorem 5. For the k-unicast problem in Gaussian network composed of broadcastand multiple access
channels, a simple separation strategy can achieve a rate,

Rg
ach(P ) ⊇

Rg
cut(

P
d
)

O(log k)
. (56)

This means that the min cut, scaled down in power by a factord and in rate by a factorO(log k), can be
achieved. For the unicast scenario (k = 1), we can show using a similar proof that

Rg
ach(P ) ⊇ Rg

cut

(

P

d

)

. (57)

This result is similar to that obtained by [12], except that here it is obtained for the special case of networks
composed of broadcast and multiple access channels. The scheme in [12] requires a global physical layer
scheme (the “quantize and map” strategy), while for the special case of networks here we show that a simple
separation strategy suffices.

5.1.1 Coding Scheme: Proof of Theorem 5

The coding scheme is a separation-based (layered) strategy: each component broadcast or multiple access
channel is coded for independently creating bit-pipes on which information is routed globally. The achievable
scheme used for the MAC and broadcast channel are discussed in detail in Sec 4.2. The achievable rate region
for the MAC and Broadcast channels described there are polymatroidal and therefore each multiple access
or broadcast channel withd users can be replaced by a set ofd bit-pipes whose rates are jointly constrained
by the corresponding polymatroidal constraints. Thus we get a polymatroidal network by using this layered
strategy; this polymatroidal network is described as follows: for each nodev in the original graph, there
are several verticesvc, one for each colorc ∈ C(v). There is an edge betweenuc andvc if hcuv 6= 0, the
polymatroidal constraints are given by

ρ−vc(Fv) = log(1 +
∑

u:(u,v)∈Fv

|hcuv|
2P ) ∀Fv ⊆ δ−(vc) (58)

ρ+vc(Fv) = log(1 +
∑

u:(u,v)∈Fv

|hcvu|
2P ) ∀Fv ⊆ δ+(vc), (59)

and the polymatroidal network is bidirected due to the fact that hcuv = hcvu and the reciprocity in the rate
regions of the MAC and BC channel. Further, there are edges betweenvc andvc′ of infinite capacity, since
these correspond to the same nodev in the original graph.

Let us call the cut-set bound region on this induced polymatroidal network asRpoly
cut (P ), and let us call the

rate region for the flow-based achievable scheme asRpoly
ach (P ). Then we have from Theorem 1 that

Rpoly
flow(P ) ⊇

Rpoly
cut (P )

O log k
. (60)

As an example, the bidirected polymatroidal network induced for the example of Fig. 3a is shown in
Fig. 3b. The submodular constraints are explicitly writtendown only for node1, but similar constraints apply
at nodes2, 3 and6. In this figure,c21, c31 andc(23)1 represent constraints on the rate of communication from
node2 to 1, the rate of communication from node3 to 1 and the sum rate from nodes2 and3 to 1 respectively.

It is now sufficient to compare the cuts on the polymatroidal and the Gaussian network.

Lemma 13.

Rg
cut(P ) ⊆ Rpoly

cut (dP ). (61)
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Proof. Given a cutFΩ in the polymatroidal network, we will show that there is a corresponding cut in the
Gaussian network, whose value is within a power scaling factor d of the polymatroidal cut. The value of the
cut in the polymatroidal network isν(FΩ) =

∑

c ν(F
c
Ω), i.e., the polymatroidal cut breaks up into the sum

of the cuts of various colors. The value of cut in a given colorν(F c
Ω) corresponds to a certain polymatroidal

constraint in a given MAC or broadcast channel. We need to show that there is a similar cut in the Gaussian
network whose value is within a power scaling factor.

As shown in Lemma 4, we have that for each of these channels, the Gaussian cut and the polymatroid
representing the achievable scheme are within a power scaling factor ofd, and therefore

Rg
cut(P ) ⊆ Rpoly

cut (dP ), (62)

since both polymatroidal and Gaussian cuts decompose into sum of individual cuts.

The achievable rate using the separation strategy is given using (60) as

Rpoly
ach (P ) ⊇

Rpoly
cut (P )

O(log k)
⊇

Rg
cut(

P
d
)

O(log k)
. (63)

This completes the proof of Theorem 5.

5.1.2 Special Traffic Scenarios

We now present results fordirectednetworks with MAC and broadcast components under the special traffic
patterns presented in Sec. 3.4.

Theorem 6. For a directed Gaussian network composed of broadcast and multiple access channels, a simple
separation strategy can achieve a rate,

Rach(P ) ⊇ Rcut

(

P

d

)

for BC Traffic, (64)

Rsum
ach(P ) ⊇ Rsum

cut

(

P

d

)

for X Traffic, (65)

Rsum
ach(P ) ⊇

Rsum
cut

(

P
d

)

2
for group-communication traffic. (66)

Proof. The proofs are based on the polymatroidal results Lemma 1, Lemma 2 and Lemma 3. The proof is
very similar to the proof of Theorem 5 and are therefore omitted.

5.2 Broadcast Erasure Networks with Commensurate Feedback

Broadcast erasure networks, in which there are broadcast but no superposition constraints, serve as high level
models for communication in wireless networks. Unicast in broadcast erasure networks is well understood,
for which it has been shown [19] that min-cut is achievable using a global linear network coding scheme
(in [53], it is shown that knowledge of erasure locations is not necessary at the destination) . It has also
been shown that a separation scheme in which each broadcast erasure channel is coded for locally to create
noiseless links does not perform very well. This is due to thefact that for each broadcast erasure channel
the capacity region is far away from the min-cut region. However, as shown in Sec. 4.3, by utilizing ACK
feedback, the capacity region is enlarged to become closer to the min-cut region. Therefore we consider a
network of broadcast erasure channel, where each channel has a feedback mechanism.

Consider a network which is composed of broadcast erasure channels, with an appropriate mechanism
for feedback built into the network. In particular, we look for feedback that is commensurate; formally: a
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channel is said to havecommensurate feedbackif there are feedback links from the various receiving nodes
to the transmitters with the same rate region as the cut-set bound for the forward channel. The reciprocal
nature of wireless channels from which the broadcast erasure channel is constructed naturally suggests a
way of providing feedback links of commensurate strength. In Appendix D, we look at one possible way of
obtaining feedback links of commensurate strength as the forward links.

From now on, we will assume that each erasure broadcast channel has commensurate feedback, without
cognizance to how this particular rate region was obtained.For simplicity, we will assume that all broadcast
erasure channels are symmetric and independent, i.e., eachbroadcast erasure channel has erasure independent
probability ǫ.

Theorem 7. For thek unicast problem in a network of erasure broadcast channels with commensurate feed-
back, a simple separation strategy can achieve a rate

Rerasure
ach ⊇

Rerasure
cut

O(log k)O(log dmax)
, (67)

wheredmax is the maximum number of users in any broadcast erasure channel.

Proof. Consider the following separation strategy: even though the feedback links have a rate region given
byRBC

cut, we will restrict them to use the rate regionRBC
ach,fb in order to preserve symmetry. The feedback links

are used for two distinct purposes:

• To provide Ack / Nack feedback. This feedback has an overheadof 1-bit per packet which we treat as
negligible. This assumption makes sense especially when packet lengths are large.

• To route flows on the reverse direction, since the Ack feedback overhead is assumed to be small, this
will essentially occupy the whole capacity. We establish a bidirected network by using the feedback
links for routing.

Since we have the Ack / Nack feedback for each erasure broadcast channel, we can use the scheme of Lemma 6
to obtain the rate regionRBEC

ach,fb with feedback. This induces a bidirected polymatroidal network specified in

the following manner, in which we can use flows to achieve a rate regionRpoly
ach . By Theorem 1, we have that

R
poly
ach ⊇

Rpoly
cut

O(log k)
. (68)

By Lemma 7, we haveRBEC
ach,fb⊇

RBEC
cut

O(log dmax)
. Further, since cuts in the polymatroidal and the original network

decompose into cuts for each channel, any cut-set in the polymatroidal network induced by the achievable
scheme has a counter-part cut-set in the erasure network within a factor ofO(log dmax):

Rpoly
cut =

Rerasure
cut

O(log dmax)
. (69)

Now (68) and (69) together imply,

Rpoly
ach ⊇

Rerasure
cut

O(log k)O(log dmax)
, (70)

which proves the desired result.
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5.2.1 Special Traffic Scenarios

We now present results fordirectednetworks with broadcast erasure channels under the specialtraffic patterns
presented in Sec. 3.4. Since the networks are directed, reciprocity is not needed; however we will continue to
assume that the broadcast erasure channel has ACK feedback.

Theorem 8. For a directed network composed of broadcast erasure channels with ACK feedback, a simple
separation strategy can achieve a rate,

Rach ⊇
Rcut

log(dmax + 1)
for BC Traffic, (71)

Rsum
ach ⊇

Rsum
cut

log(dmax + 1)
for X Traffic, (72)

Rsum
ach ⊇

Rsum
cut

2 log(dmax + 1)
for group-communication traffic, (73)

wheredmax is the maximum degree of the broadcast channel.

Proof. The proofs are similar to the proof of Theorem 7 and are therefore omitted.

5.3 Gaussian Fast Fading Network

We will now consider a general Gaussian network where broadcast and superposition can simultaneously
occur, i.e., the network can contain interference components. Such a network is clearly more general than
theK-user interference channel, and even this channel has not been well understood in the most general case
( the tutorial [37] provides an excellent summary of the current understanding on this channel). However,
in the presence of fast fading, the problem gets symmetrizedconsiderably [65], and there is a reasonable
understanding of this problem. Therefore we will resort to the fast fading model in this section. We will
further assume that the fading distribution satisfies the assumptions in Sec. 4.5.

While most of the existing literature is on single hop interference channels, multi-hop interference net-
works have been the focus of more recent work. In particular,it has been shown in [38] that the degrees
of freedom of such fully-connected layered networks can be achieved using a non-separation scheme called
opportunistic interference alignment. It has also been shown [32] that a separation architecture does not even
achieve the DOF for simple networks, for example, the network with 2 sources,2 relays and2 destinations.
Our results offer a contrast: if we look to achieve within an approximation factor of cut-set then a simple
separation strategy suffices, for all SNR.

For examples of networks considered here, we refer the reader to Fig. 4 for a non-layered example or the
one in Fig. 5 for a layered example.
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Figure 4: A Multiple-Unicast Wireless Network
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Figure 5: Layered Network and Cuts

Theorem 9. For a bidirected ergodic wireless network withk source destination pairs, the rate region given
by

Rg(P ) ⊇
Rg

cut

(

P
bd3

)

O(log k)
, (74)

is achievable using a separation strategy, whered is the maximum degree of any node andb := e−E(log |h|2)

2 is
a constant depending on the fading distribution. If the fading is complex Gaussian,b ≈ 0.86.

Proof. We will now show a scheme by which we can convert the bidirected ergodic wireless network into a
bidirected polymatroidal network. We will view one snapshot of transmission in the network as a transmission
in a bipartite graph, from the set of nodesV l = V on the left side to the set of nodesV r on the right side.
Nodeu on the left is connected to nodev on the right with channel coefficienthuv from the original network.
The nodes have infinite memory, so each node is connected to itself with infinite capacity. We view the
obtained network as a single hop network and use a scheme for the single hop (described in Sec. 4.5). The
achievable rates for this single hop network are given by polymatroidal constraints, and therefore we obtain
a polymatroidal network represented by a bi-partite graph with 2V nodes. This process can now bereverted,
i.e., we can go from a layered representation with2V nodes to a non-layered representation withV nodes.
Thus we obtain a polymatroidal network withV nodes. There are edgesE similar to the original graph,
however the capacities are constrained according to the polymatroidal constraint:

∑

u∈Inv

Ruv ≤
1

2
C(2P ) ∀v ∈ V (75)

∑

u∈Outv

Rvu ≤
1

2
C(2P ) ∀u ∈ V. (76)

This is now a bidirected polymatroidal network since the polymatroidal constraint is symmetric for the in-
coming and the outgoing edges at any given node. Now we perform routing over this bidirected polymatroidal
network. Now the flow and cut on this network are related by:

Rg
ach= Rpoly

ach ⊇
Rpoly

cut

O(log k)
. (77)

If we can relate the cut-set bound on the polymatroidal network and the cut-set bound on the original
Gaussian network, we can get the desired result. This is donein the following lemma:
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Lemma 14.

Rpoly
cut (P ) ⊇

1

2
Roriginal

cut

(

P

bd3

)

. (78)

Proof. See Appendix F

Now, (77) and (78) implies that

Roriginal
ach ⊇

Roriginal
cut

(

P
bd3

)

O(log k)
, (79)

which completes the proof of the theorem.

5.3.1 Multi-Antenna Nodes

We can prove a result similar to the one in Theorem 9 even when there are multiple antennas at the nodes.

Theorem 10. For a bidirected ergodic wireless network with multiple antenna nodes, the rate region for
k-unicast is given by

R(P ) ⊇
Rcut

(

P
bd3

)

O(log k)
, (80)

is achievable using a separation strategy, whered is the maximum number of antennas that can communicate

with any given antenna andb := e−E(log |h|2)

2 is a constant depending on the fading distribution.

Proof. The proof of the theorem is very similar to that of Theorem 9 except that when there are multiple an-
tennas, each antenna is treated as a separate node with infinite capacity wireline links between antennas of the
same node. This scheme can be shown to achieve the cut-set of this new network to within the approximation
factor. We observe that any finite cut in this new network willpartition the antennas in such a way that all
antennas corresponding to the same original node will lie onthe same side of the partition, since otherwise
the value of the cut will become infinite. Therefore the cut-set in the new network and the original network
have the same value and this completes the proof of the theorem.

5.3.2 Special Traffic Scenarios

We now present results fordirectedfast fading networks under the special traffic patterns presented in Sec. 3.4.
Since the network is directed, reciprocity will not be necessary to prove this result.

Theorem 11. For a directed fast fading Gaussian network with multiple antenna nodes, a simple separation
strategy can achieve a rate,

Rach(P ) ⊇
Rcut

{

P
bd3

}

2
for BC Traffic, (81)

Rsum
ach(P ) ⊇

Rsum
cut

{

P
bd3

}

2
for X Traffic, (82)

Rsum
ach(P ) ⊇

Rsum
cut

{

P
bd3

}

4
for group-communication traffic, (83)

where d is the maximum number of antennas that can communicate with any given antenna andb :=
e−E(log |h|2)

2 is a constant depending on the fading distribution.

Proof. The proofs are similar to the proof of Theorem 9 and are therefore omitted. Here, the factor loss of2
is present for the BC scenario due the factor2 loss in the local physical layer scheme (see Theorem 2).
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Figure 6: Directed Layered F.C. Networks

5.3.3 Special Channel Model: Directed Layered Network

In this section, we consider directed fully-connected (f.c.) layered networks. These are layered networks,
which have connectivity between adjacent layers only in theforward direction, i.e., links are always between
a node inVi to a node inVi+1. Further for a fully-connected network, we assume that(u, v) ∈ E ∀u ∈
Vi, v ∈ Vi+1. Consider, for example, the network in Fig. 6a.

Theorem 12. For a directed fully-connected layered ergodic wireless network withk-distinct sources in the
first layer having messages tok distinct sinks in the last layer, the rate region given by

R(P ) ⊇
Rcut

{

P
bd3

}

2
, (84)

is achievable using a separation strategy, whered is the maximum degree of any node andb := e−E(log |h|2)

2 .

Proof. The achievable scheme is again a local Phy scheme, i.e., for each hop in the layered network we use the
strategy for X-channels described in Sec. 4.5. Now we get a special type of directed polymatroidal network
for which we can show that max-flow equals min-cut.

Theorem 13. For a k-unicast problem in a polymatroidal directed layered network in which all the node
constraints are of the form

∑

u∈In{v}

Ruv ≤ 1, ∀v, (85)

∑

v∈Out{u}

Ruv ≤ 1, ∀u, (86)

the rate region given by max-flow equals the min-cut for thek-unicast problem.

Proof. See Appendix G.

Now we can use Lemma 14 to get:

Roriginal
ach (P ) = Rpoly

ach (P ) = Rpoly
cut (P ) ⊇

1

2
Roriginal

cut

{

P

bd3

}

, (87)

which implies the theorem.
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5.4 Fixed Gaussian Network

Consider a general Gaussian network where broadcast and superposition can occur simultaneously, and where
the channel coefficients are fixed but drawn from a continuousdistribution. We studied a simple single-hop
version of such a network in Sec. 4.6. We will now show that thelocal scheme can be placed in a network
context to get an almost-sure DOF characterization.

Theorem 14. For a bidirected fixed multi-antenna Gaussian network withk source destination pairs, the
DOF given by

Dach ⊇
Dcut

O(log k)
, (88)

is achievablealmost surelyusing a separation strategy.

Proof. The proof proceeds analogously to Theorem 10, but instead ofusing the local scheme in Theorem 2,
the scheme of Theorem 3 is used and therefore a DOF characterization is obtained.

5.4.1 Special Traffic Scenarios

We now present results fordirectedGaussian networks under the special traffic patterns presented in Sec. 3.4.
Since the network is directed, reciprocity will not be necessary to prove this result.

Theorem 15. For a directed Gaussian network with each channel coefficient chosen from a continuous dis-
tribution, a simple separation strategy can achieve a DOF region,

Dach ⊇
Dcut

2
for BC Traffic, (89)

Dsum
ach ⊇

Dsum
cut

2
for X Traffic, (90)

Dsum
ach ⊇

Dsum
cut

4
for group-communication traffic. (91)

5.5 Linear deterministic networks with MAC and Broadcast components

A linear deterministic network composed of MAC and broadcast components is defined in the same way as the
Gaussian network composed of MAC and broadcast components.The key difference is that the transmissions
are over a finite fieldFq, there is no noise, and the channels between nodei andj of color c are matrices
in general:Hc

ij . The main result for linear deterministic networks with MACand broadcast components is
stated in the following theorem:

Theorem 16. For thek-unicast problem in linear deterministic network composedof broadcast and multiple
access channels, the layered architecture can achieve a rate,

Rld
ach ⊇

Rld
cut

O(log k)
. (92)

Proof. The proof of this theorem proceeds in a similar way as that of Theorem 5, the key difference being the
fact that for linear deterministic networks, the cut-set bounds under product form and general distributions are
the same, and therefore, there is no power scaling factor.

29



5.5.1 Special Traffic Scenarios

We now present results fordirectedlinear deterministic networks with MAC and broadcast components under
the special traffic patterns presented in Sec. 3.4.

Theorem 17. For a directed linear deterministic network composed of broadcast and multiple access chan-
nels, a simple separation strategy can achieve a rate,

Rach ⊇ Rcut for BC Traffic, (93)

Rsum
ach ⊇ Rsum

cut for X Traffic, (94)

Rsum
ach ⊇

Rsum
cut

2
for group-communication traffic. (95)

Proof. The proofs are similar to the proof of Theorem 16 and are therefore omitted.

5.6 Networks of Fast Fading MAC and Broadcast Channels with delayed CSIT

We will now networks composed of fast fading MAC and Broadcast channels where the channel states are
i.i.d. over antennas and time, and the CSI is available at thetransmitting nodes after a delay. Schemes for
each of these local channels was studied in Sec. 4.4 and a degree of freedom characterization was obtained.
Now, we will try to obtain the degree of freedom region for multiple unicast over a network of such channels.

Our main result for such networks is the following.

Theorem 18. For the k unicast problem in Gaussian network composed of fading broadcast and multiple
access channels with delayed feedback, a simple separationstrategy can achieve a DOF,

Dach ⊇
Dcut

O(log k)O(log pmax)
, (96)

where

pmax = max
BC channels

p(BC channel), (97)

andp(BC channel) is given by the minimum of number of transmit antennas and thetotal number of received
antennas in the broadcast channel.

Proof. The coding scheme is again a separation-based strategy: each component broadcast or multiple access
channel with delayed feedback is coded for independently creating bit-pipes on which information is routed
globally. The physical layer technique is the scheme for MIMO broadcast and MAC channels with delayed
CSIT proposed in Sec. 4.4. The proof is very similar to that inSec. 5.2.

For the fading MIMO broadcast channel with delayed feedback, we can achieve the following DOF region
DBC

achwith feedback. For the fading MIMO multiple access channel,we can achieve the region given byDMAC
ach ,

however we will restrict ourselves to achieve the smaller rate regionDBC
ach for the purpose of symmetry. This

induces a bidirected polymatroidal network, in which we canuse flows to achieve a rate regionRpoly
ach . By

Theorem 1, we have

R
poly
ach ⊇

Rpoly
cut

O(log k)
. (98)

By Lemma 9, we haveDBC
ach ⊇ DBC

cut
O(log pmax)

and by choice,DMAC
ach =

DMAC
cut

O(log pmax)
. Further, since cuts in

the polymatroidal and the original fading network decompose into cuts for each channel, any cut-set in the
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polymatroidal network induced by the achievable scheme hasa counter-part cut-set in the erasure network
within a factor ofO(log pmax):

Rpoly
cut =

Dfading
cut

O(log pmax)
. (99)

Also, we can achieve the same DOF in the original fading network as the rate in the polymatroidal network,
i.e.,

Rpoly
ach = Dfading

ach . (100)

This implies that

Dfading
ach ⊇

Dfading
cut

O(log3 k)O(log pmax)
. (101)

This completes the proof of the theorem.

5.6.1 Special Traffic Scenarios

We now present results fordirectednetworks with MIMO broadcast and MAC channels with delayed feedback
under the special traffic patterns presented in Sec. 3.4. Since the networks are directed, reciprocity is not
needed; however we will continue to assume that the broadcast channel gets delayed CSI feedback.

Theorem 19. For a directed network composed of MIMO broadcast and MAC channels with delayed CSI
feedback, a simple separation strategy can achieve a DOF region,

Dach ⊇
Dcut

log(pmax + 1)
for BC Traffic, (102)

Dsum
ach ⊇

Dsum
cut

log(pmax + 1)
for X Traffic, (103)

Dsum
ach ⊇

Dsum
cut

2 log(pmax + 1)
for group-communication traffic, (104)

where

pmax = max
BC channels

p(BC channel), (105)

andp(BC channel) is given by the minimum of number of transmit antennas and thetotal number of received
antennas in the broadcast channel.

Proof. The proofs are similar to the proof of Theorem 18 and are therefore omitted.

5.7 Fading Linear Deterministic Network

Consider a linear deterministic network of the form defined in Sec. 4.7, where each of the non-zero channel
coefficientsHij(t) undergo i.i.d. fading with a uniform distribution on the non-zero elements. Then the local
scheme of Sec. 4.7 can be extended to a global network scheme.

Theorem 20. For a bidirected linear deterministic network withk source destination pairs, the rate region
given by

Rach ⊇
Rcut

O(log k)
, (106)

is achievable using a separation strategy.

Proof. The proof proceeds analogously to Theorem 9, but instead of using the local scheme in Theorem 2,
the scheme of Theorem 4.
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5.7.1 Special Traffic Scenarios

We now present results fordirectedfast fading linear deterministic networks under the special traffic patterns
presented in Sec. 3.4. Since the network is directed, reciprocity will not be necessary to prove this result.

Theorem 21. For a directed fast fading linear deterministic network, a simple separation strategy can achieve
a rate,

Rach ⊇
Rcut

2
for BC Traffic, (107)

Rsum
ach ⊇

Rsum
cut

2
for X Traffic, (108)

Rsum
ach ⊇

Rsum
cut

4
for group-communication traffic. (109)
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A Proof of Lemma 4

The rate region for cut-set under product distribution is given by:

RMAC
cut,product(P ) =

{

R :
∑

i∈S

Ri ≤ log(1 +
∑

i∈S

|hi|
2P )

}

. (110)

The rate region for cut-set under general distribution is given by:

RMAC
cut,general(P ) =

{

R :
∑

i∈S

Ri ≤ log(1 + (
∑

i∈S

|hi|)
2P )

}

. (111)

By the Cauchy-Schwarz inequality, we get
(

∑

i∈S

|hi|

)2

P ≤

(

∑

i∈S

|hi|
2

)

dP, (112)

which in turn implies

RMAC
cut,general(P ) ⊆ RMAC

cut,product(dP ). (113)

We can similarly show that,

RBC
cut,general(P ) = RMAC

cut,product(dP ). (114)

Along with the equality in (17), this implies that

RMAC
cut,general(P ) ⊆ RMAC

ach (dP ). (115)

We similarly get, using (21) and (114),

RBC
cut,general(P ) ⊆ RBC

ach(dP ). (116)

B Proof of Lemma 5

Without feedback the capacity of this erasure broadcast channel can be easily found. This is because this
erasure broadcast channel is stochastically degraded [17], and the capacity is given by







(R1, ..., Rd)|
∑

i=1,2,..,d

Ri ≤ 1− ǫ







. (117)

The rate region can be achieved by time sharing between the individual links. We can compare this rate to the
cut-set bound which is given by

Rcut =

{

(R1, ..., RD)|
∑

i∈J

Ri ≤ 1− ǫ|J | ∀J ⊆ {1, 2, .., d}

}

. (118)

The ratio between the sum rate of the scheme and the cut-set bound is the factor

1− ǫ

1− ǫd
, which →

1

d
, asǫ→ 1. (119)

As expected, the time sharing region does not compare very favorably to the cut-set bound.
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C Proof of Lemma 7

Consider the rate region with feedbackRach,fb. We would like to know for what value ofA doesARach,fb ⊇
Rcut. Let us take a point inRcut, we would like to know, for what value ofA does this imply

∑

i=1,2,..,d
Ri

1−ǫi
≤

A. This is equivalent to

A = max

n
∑

i=1

Ri

1− ǫi
, (120)

such that,
∑

i∈J

Ri ≤ 1− ǫ|J | ∀J ⊆ {1, 2, .., d}. (121)

This is a linear optimization over a polymatroid and the optimal solution is given by the greedy algorithm
[22],

(R1, ..., Rd) = (1− ǫ, ǫ− ǫ2, ..., ǫn−1 − ǫn), (122)

and the optimal value of the objective function is

n
∑

i=1

ǫi−1 − ǫi

1− ǫi
. (123)

Lets examine thei-th term in this sum, substitutingx = ǫ−1,

x− 1

xi − 1
=

1

1 + x1 + ..+ xi−1
≤

1

i
. (124)

Therefore the sum is upper bounded by

A ≤
∑

i

1

i
≤ log d. (125)

D Feedback: Multiple Access Erasure Channel

Consider a finite field multiple access erasure channel, where

y =

d
∑

i=1

eixi, (126)

whereei are i.i.d. Bernouli with probability1 − ǫ. In this channel, some of the transmitters’ packets can get
erased, and the received vector is the sum of those packets that did not get erased.

This multiple access channel is the dual of the broadcast erasure channel in the sense that the cut-set
bound of the two channels are identical. This channel can be realized physically by having using computation
code on the wireless channel, which computes the required linear combination. If all the channel coefficients
in the wireless channel are good, then the combination

∑d
i=1Xi can be computed easily. However if one

of the channel coefficient, sayhj , is in deep fade, then it may be algorithmically hard to compute this linear
combination. Therefore, one way around this problem is to avoid havingXj in the linear combination and
instead compute

∑

i=1,2,...,d i 6=j Xi. This gives rise to the channel model in (126).
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The capacity of this multiple access channel is given by the cut-set bound (which is the same as the
broadcast channel cut-set bound),

RMAC = RMAC
cut = {(R1, ..., RD)|

∑

i∈J

Ri ≤ 1− ǫ|J | ∀J}. (127)

HereJ ⊆ {1, 2, .., d}. We emphasize that the capacity region of this multiple access channel is equal to the
cut-set bound of the erasure broadcast channel.

E Proof of Lemma 9

We will first consider the case of a network withl transmit antennas andm single-antenna receivers. We can
assumel ≤ m, since ifl > m, we can restrict ourselves to usingm transmit antennas, which leaves the cut
unaltered. Thereforep = l.

We can choose any particular subset ofl receivers and use the strategy in Lemma 8 to achieve a DOF
of 1

O(log l) for each receiver. We can time share between all possible subsets of sizel to achieve a certain
DOF region. To compute the rate region achievable by this method, we use the following trick: Let the DOF
tuple achieved be 1

O(log l)(r1, ..., rm). Let us construct a bi-partite graph withl nodes on the left partition
andm nodes on the right partition and a complete graph connectingthem. Each matching is equivalent to
choosing a certain subset of the receivers (given by the set of right-partition nodes covered by the matching)
and achieving DOF1 for the each of the receivers. The characteristic vector of abipartite matching is given
by (xij)M such thatxij = 1 for edge(i, j) in the matchingM andxij = 0 otherwise. The convex hull of
these characteristic vectors is given by

M = conv{(xij)M |M a matching} . (128)

For a bipartite graph, this is equivalent to the following polytope [77]

P =







(xij)|xij ≥ 0 ∀i, j,
∑

j

xij ≤ 1 ∀i
∑

i

xij ≤ 1 ∀j







. (129)

The DOFdj is given by

dj =
1

O(log l)

∑

i

xij. (130)

Now consider the following polytope,

Dach=







(dj)|dj ≥ 0 ∀j, dj ≤
1

O(log l)
,
∑

j

dj ≤
l

O(log l)







. (131)

We can show thatDach is equivalent toP by using the mapping

ψ : Dach → P (132)

ψ{(dj)} = (xij) : xij = O(log l)
dj

l
, (133)

and the mapping

ζ : P → Dach (134)

ζ{(xij)} = (dj) : dj =
1

O(log l)

∑

i

xij. (135)
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Thus the regionDach is achievable. Also the cut-set bound is given by

Dcut =







(dj)|dj ≥ 0 ∀j, dj ≤ 1,
∑

j

dj ≤ l







. (136)

This implies that

Dach=
Dcut

O(log l)
, (137)

which completes the proof of the single antenna receiver case.
For the multi-antenna receiver case, we will treat it as being composed of many single antenna receivers

each of which are receiving independent information and then sum up the rates. This proof will extend to this
case to get the desired result.

F Proof of Lemma 14

Let us start with a cut on the polymatroidal network. A cut on the polymatroidal network specifies a vertex
partitionΩ and along with it, specifies how to compute the value of the cut, by specifying which edges to
group together for the sub-modular constraints. For example, consider the cut in Fig. 5b, it features the vertex
partition and also specifies how to group edges to get an upperbound.

From the given partition we need to construct a cut on the Gaussian network. The polymatroidal cuts
specify which of the edges need to be grouped together. By bounding the polymatroidal network in this
manner, each edge is involved ineithera broadcast constraint or a superposition constraint. Thisis in contrast
to the Gaussian case, where each cut has a certain value, and there is no sense in which edges are assigned to
broadcast or superposition constraint.

The key idea to connect these two cuts is the idea ofdecouplingthe constraints in the Gaussian channel:

• In the Gaussian channel, if broadcast constraint is not active for a given edge, then the edge only
participates in the superposition constraint and vice versa.

• While this is not true as it is in the Gaussian network, we can obtain an upper bound network where
certain broadcast or superposition constraints are no longer active. This process of obtaining upper
bound network where a ceratin constraint is not active is called decoupling.

• Decoupling abroadcast constraintis easy, because a network in which edges are not involved in a
broadcast constraint can only, in general, do better than a network where there is a broadcast constraint
on the edges.

• Decoupling thesuperposition constraintrequires a bit more work, this can be illustrated using the
following example. Suppose two edgese1 ande2 are involved in the superposition constraint in the
following manner:

y = x1 + x2 + z. (138)

Then if we have construct another channel in which the edgese1 ande2 are not involved in a broadcast
constraint, then we have,

yi = xi + zi, i = 1, 2, (139)
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this channel can emulate any scheme in the original channel if Var(zi) = Var(z)
2 . If this condition is

satisfied, then we can add upy1 + y2 to getx1 + x2 + (z1 + z2), which is statistically equivalent to
the original channel. Therefore to decouple the superposition constraint involvingd variables, we need
to reduce the variance of the noise byd, the degree of the superposition constraint, or equivalently,
increase the signal power by a factord.

• Therefore we can decouple all required broadcast and superposition constraints, if the power is in-
creased by a factor ofd, which is the maximum degree of any node.

Thus given any cut in the polymatroidal network along with the assignments of the edges to broadcast or
superposition constraints, we can obtain a similar cut in the Gaussian network by decoupling the constraints
which are not active in the polymatroidal cut. This incurs a power penalty factor ofd, thus as far as the outer
bound is concerned, we can assume that each node has powerdP instead ofP . The network thus obtained is
made of MAC and broadcast channels. In this network, every cut decomposes into the sum of MAC and BC
cuts. A MAC cut withd nodes when evaluated under general distribution on the input, is of the form,

∑

i

Rij ≤ E log

(

1 + (
∑

i

|hij |)
2dP

)

(140)

≤ E log

(

1 +
∑

i

|hij |
2d2P

)

by Cauchy-Schwartz inequality (141)

≤ log

(

1 + E(
∑

i

|hij |
2)d2P

)

by Jensen (142)

= log
(

1 + d3P
)

(143)

≤ E
{

log
(

1 + ad3P |h|2
)}

= C(ad3P ) (144)

The last step follows because,

E
{

log
(

1 + c|h|2
)}

= E

{

log
(

1 + celog |h|
2
)}

(145)

≥ log
(

1 + ceE(log |h|2)
)

. (146)

Herea := e−E(log |h|2) is finite for the fading distribution, by assumption (it is equal to . Thus, the cutset
bound for the original network implies that

∑

i

Rij ≤ C
(

ad3P
)

, (147)

whereas the corresponding cutset bound for the polymatroidal network is of the form,

∑

i

Rij ≤
1

2
C(2P ). (148)

We get,

Rpoly
cut ⊇

1

2
Roriginal

cut

(

P

bd3

)

, (149)

whereb := a
2 = eE(log |h|2)

2 is a constant depending on the fading distribution. Forh distributed as complex
gaussian,b ≈ 0.86.
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G Proof of Theorem 13

Thek sources are in the layerV0, and thek destinations are in the layerVL+1. Let the number of nodes in the
i-th layer beni.

G.0.2 Max-Flow Rate

Let Ri be the rate between thei-th source destination pair. We will route the flow in a symmetric manner,
where the incoming flow is divided equally among all the edgesgoing out of a node. We will compute
constraints on the rate region achievable by this strategy.

In the first hop, all edges going out of thei-th source will carry a flow of valueRi

n1
. The constraint imposed

by the edges going out of the source is given by

Ri

n1
n1 ≤ 1 ⇐⇒ Ri ≤ 1, ∀i = 1, 2, .., k. (150)

The constraint imposed by the edges coming into the nodes of the first hop are given by
∑

iRi

kn1
k ≤ 1 ⇐⇒

∑

i

Ri ≤ n1. (151)

The total flow carried by all the nodes in any given layer equals
∑

iRi, and each node in layerl carries a
flow of Ri

nl
corresponding to flowi.

In the l − th hop connecting layersVl−1 andVl, each edge carries a flow of valueRi

nlnl+1
corresponding

to sourcei, which yields a total flow of value
∑

i Ri

nlnl+1
for each edge. The outgoing constraints on layerl − 1

yield,
∑

iRi

nlnl+1
nl+1 ≤ 1 ⇐⇒

∑

i

Ri ≤ nl, ∀i = 1, 2, .., k. (152)

The incoming constraints on layerl yield,
∑

iRi

nlnl+1
nl ≤ 1 ⇐⇒

∑

i

Ri ≤ nl+1, ∀i = 1, 2, .., k. (153)

In the final (L + 1-th) hop also, there are constraints similar to layer1. In particular, the outgoing con-
straints on layerl yield,

∑

iRi

nLk
k ≤ 1 ⇐⇒

∑

i

RL ≤ nL. (154)

and the incoming constraints on the destination layer yield,

Ri

nL
nL ≤ 1 ⇐⇒ Ri ≤ 1, ∀i = 1, 2, .., k. (155)

Thus a rate pair(R1, ..., Rk) is achievable by routing iff

∑

i

Ri ≤ min(nl, nl+1) ∀l = 0, 1, ..., L. (156)

Ri ≤ 1 ∀i = 1, 2, ..., k. (157)
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G.0.3 Cut-set Region

We can easily write the following constraints, which are a subset of the cut-set bounds.
Corresponding to the cut separatingΩ = ∪l

i=0Vi andΩc, the following constraint can be written,

∑

i

Ri ≤ min(nl, nl+1) ∀l = 0, 1, ..., L. (158)

Corresponding to the cut given byΩ = si, we can get the following constraint

Ri ≤ 1 ∀i = 1, ..., k. (159)

Comparing (156), (157) and (158), (159), we can deduce that any rate tuple that satisfies the cut-set region
will lie in the rate region achieved by the flow. Thus the rate region corresponding to max-flow equals the rate
region corresponding to cut-set region.

For example, Fig. 6b denotes the directed layered polymatroidal network obtained from the network in
Fig. 6a. Every node basically constrains the total inflow andoutflow to be lesser than1.
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