CHAPTER

5

Capacity of wireless channels

In the previous two chapters, we studied specific techniques for communication over wireless channels. In particular, Chapter 3 is centered on the
point-to-point communication scenario and there the focus is on diversity as
a way to mitigate the adverse effect of fading. Chapter 4 looks at cellular
wireless networks as a whole and introduces several multiple access and
interference management techniques.
The present chapter takes a more fundamental look at the problem of
communication over wireless fading channels. We ask: what is the optimal
performance achievable on a given channel and what are the techniques to
achieve such optimal performance? We focus on the point-to-point scenario in
this chapter and defer the multiuser case until Chapter 6. The material covered
in this chapter lays down the theoretical basis of the modern development in
wireless communication to be covered in the rest of the book.
The framework for studying performance limits in communication is information theory. The basic measure of performance is the capacity of a channel: the maximum rate of communication for which arbitrarily small error
probability can be achieved. Section 5.1 starts with the important example of the AWGN (additive white Gaussian noise) channel and introduces
the notion of capacity through a heuristic argument. The AWGN channel is then used as a building block to study the capacity of wireless
fading channels. Unlike the AWGN channel, there is no single definition
of capacity for fading channels that is applicable in all scenarios. Several notions of capacity are developed, and together they form a systematic study of performance limits of fading channels. The various capacity
measures allow us to see clearly the different types of resources available
in fading channels: power, diversity and degrees of freedom. We will see
how the diversity techniques studied in Chapter 3 fit into this big picture. More importantly, the capacity results suggest an alternative technique,
opportunistic communication, which will be explored further in the later
chapters.
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5.1 AWGN channel capacity
Information theory was invented by Claude Shannon in 1948 to characterize
the limits of reliable communication. Before Shannon, it was widely believed
that the only way to achieve reliable communication over a noisy channel,
i.e., to make the error probability as small as desired, was to reduce the data
rate (by, say, repetition coding). Shannon showed the surprising result that
this belief is incorrect: by more intelligent coding of the information, one
can in fact communicate at a strictly positive rate but at the same time with
as small an error probability as desired. However, there is a maximal rate,
called the capacity of the channel, for which this can be done: if one attempts
to communicate at rates above the channel capacity, then it is impossible to
drive the error probability to zero.
In this section, the focus is on the familiar (real) AWGN channel:
ym = xm + wm

(5.1)

where xm and ym are real input and output at time m respectively and wm
is  0  2  noise, independent over time. The importance of this channel is
two-fold:
• It is a building block of all of the wireless channels studied in this book.
• It serves as a motivating example of what capacity means operationally and
gives some sense as to why arbitrarily reliable communication is possible
at a strictly positive data rate.

5.1.1 Repetition coding

√
Using
BPSK symbols xm = ± P, the error probability is
 uncoded

Q
P/ 2 . To reduce the error probability, one can repeat the same
symbol N times to transmit the one bit of information.
√ This is a
repetition √
code of block length N , with codewords xA = P1     1t
and xB = P−1     −1t . The codewords meet a power constraint of
P joules/symbol. If xA is transmitted, the received vector is
y = xA + w

(5.2)

where w = w1     wNt . Error occurs when y is closer to xB than to
xA , and the error probability is given by




NP
xA − xB 
=Q

(5.3)
Q
2
2
which decays exponentially with the block length N . The good news is that
communication can now be done with arbitrary reliability by choosing a large
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enough N . The bad news is that the data rate is only 1/N bits per symbol
time and with increasing N the data rate goes to zero.
The reliably communicated data rate with repetition coding can be
marginally improved by using multilevel PAM (generalizing the two-level
BPSK scheme from earlier).
√ By repeating an M-level PAM symbol, the levels
equally spaced between ± P, the rate is log M/N bits per symbol time1 and
the error probability for the inner levels is equal to



√
NP
Q

M − 1

(5.4)

√
As long as the number of levels M grows at a rate less than N , reliable
communication is√guaranteed at large block lengths. But the data rate is
bounded by log N /N and this still goes to zero as the block length
increases. Is that the price one must pay to achieve reliable communication?

5.1.2 Packing spheres
Geometrically, repetition coding puts all the codewords (the M levels) in just
one dimension (Figure 5.1 provides an illustration; here, all the codewords
are on the same line). On the other hand, the signal space has a large number
of dimensions N . We have already seen in Chapter 3 that this is a very
inefficient way of packing codewords. To communicate more efficiently, the
codewords should be spread in all the N dimensions.
We can get an estimate on the maximum number of codewords that can
be packed in for the given power constraint P, by appealing to the classic sphere-packing picture (Figure 5.2). By the law of large numbers, the
N -dimensional received vector y = x +w will, with high probability, lie within

√N(P + σ 2)

Figure 5.1 Repetition coding
packs points inefficiently in the
high-dimensional signal space.

1

In this chapter, all logarithms are taken to be to the base 2 unless specified otherwise.
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Figure 5.2 The number of
noise spheres that can be
packed into the y-sphere
yields the maximum number
of codewords that can be
reliably distinguished.

√N(P + σ 2)
Nσ 2

√NP


a y-sphere of radius NP +  2 ; so without loss of generality we need only
focus on what happens inside this y-sphere. On the other hand
1
N

N

w2 m →  2

(5.5)

m=1

as N → , by the law of large numbers again. So, for N large, the received
vector y lies, with high probability, near the surface of a noise sphere of radius
√
N  around the transmitted codeword (this is sometimes called the sphere
hardening effect). Reliable communication occurs as long as the noise spheres
around the codewords do not overlap. The maximum number of codewords
that can be packed with non-overlapping noise spheres is the ratio of the
volume of the y-sphere to the volume of a noise sphere:2


N

NP +  2 
√
N
N 2



(5.6)

This implies that the maximum number of bits per symbol that can be reliably
communicated is
 
N 


2
NP
+

P
1
 1

log √
log
1
+
=

(5.7)
N 
N
2
2
2
N
This is indeed the capacity of the AWGN channel. (The argument might sound
very heuristic. Appendix B.5 takes a more careful look.)
The sphere-packing argument only yields the maximum number of codewords that can be packed while ensuring reliable communication. How to construct codes to achieve the promised rate is another story. In fact, in Shannon’s
argument, he never explicitly constructed codes. What he showed is that if

2

The volume of an N -dimensional sphere of radius r is proportional to r N and an exact
expression is evaluated in Exercise B.10.

170

Capacity of wireless channels

one picks the codewords randomly and independently, with the components
of each codeword i.i.d.  0 P, then with very high probability the randomly
chosen code will do the job at any rate R < C. This is the so-called i.i.d.
Gaussian code. A sketch of this random coding argument can be found in
Appendix B.5.
From an engineering standpoint, the essential problem is to identify easily
encodable and decodable codes that have performance close to the capacity.
The study of this problem is a separate field in itself and Discussion 5.1
briefly chronicles the success story: codes that operate very close to capacity
have been found and can be implemented in a relatively straightforward way
using current technology. In the rest of the book, these codes are referred to
as “capacity-achieving AWGN codes”.

Discussion 5.1 Capacity-achieving AWGN channel codes
Consider a code for communication over the real AWGN channel in (5.1).
The ML decoder chooses the nearest codeword to the received vector as
the most likely transmitted codeword. The closer two codewords are to
each other, the higher the probability of confusing one for the other: this
yields a geometric design criterion for the set of codewords, i.e., place
the codewords as far apart from each other as possible. While such a set
of maximally spaced codewords are likely to perform very well, this in
itself does not constitute an engineering solution to the problem of code
construction: what is required is an arrangement that is “easy” to describe
and “simple” to decode. In other words, the computational complexity of
encoding and decoding should be practical.
Many of the early solutions centered around the theme of ensuring
efficient ML decoding. The search of codes that have this property leads to
a rich class of codes with nice algebraic properties, but their performance
is quite far from capacity. A significant breakthrough occurred when the
stringent ML decoding was relaxed to an approximate one. An iterative
decoding algorithm with near ML performance has led to turbo and low
density parity check codes.
A large ensemble of linear parity check codes can be considered in conjunction with the iterative decoding algorithm. Codes with good performance
can be found offline and they have been verified to perform very close to
capacity. To get a feel for their performance, we consider some sample performance numbers. The capacity of the AWGN channel at 0 dB SNR is 0.5 bits
per symbol. The error probability of a carefully designed LDPC code in these
operating conditions (rate 0.5 bits per symbol, and the signal-to-noise ratio is
equal to 0.1 dB) with a block length of 8000 bits is approximately 10−4 . With
a larger block length, much smaller error probabilities have been achieved.
These modern developments are well surveyed in [100].
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The capacity of the AWGN channel is probably the most well-known
result of information theory, but it is in fact only a special case of Shannon’s
general theory applied to a specific channel. This general theory is outlined
in Appendix B. All the capacity results used in the book can be derived from
this general framework. To focus more on the implications of the results in
the main text, the derivation of these results is relegated to Appendix B. In
the main text, the capacities of the channels looked at are justified by either

Summary 5.1 Reliable rate of communication and capacity

Figure 5.3 The three
communication schemes when
viewed in N-dimensional space:
(a) uncoded signaling: error
probability is poor since large
noise in any dimension is
enough to confuse the receiver;
(b) repetition code: codewords
are now separated in all
dimensions, but there are only
a few codewords packed in a
single dimension; (c)
capacity-achieving code:
codewords are separated in all
dimensions and there are many
of them spread out in the
space.

• Reliable communication at rate R bits/symbol means that one can design
codes at that rate with arbitrarily small error probability.
• To get reliable communication, one must code over a long block; this
is to exploit the law of large numbers to average out the randomness of
the noise.
• Repetition coding over a long block can achieve reliable communication,
but the corresponding data rate goes to zero with increasing block length.
• Repetition coding does not pack the codewords in the available degrees
of freedom in an efficient manner. One can pack a number of codewords
that is exponential in the block length and still communicate reliably.
This means the data rate can be strictly positive even as reliability is
increased arbitrarily by increasing the block length.
• The maximum data rate at which reliable communication is possible is
called the capacity C of the channel.
• The capacity of the (real) AWGN channel with power constraint P and
noise variance  2 is:


P
1
Cawgn = log 1 + 2 
(5.8)
2

and the engineering problem of constructing codes close to this performance has been successfully addressed.
Figure 5.3 summarizes the three communication schemes discussed.

(a)

(b)

(c)
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transforming the channels back to the AWGN channel, or by using the type
of heuristic sphere-packing arguments we have just seen.

5.2 Resources of the AWGN channel
The AWGN capacity formula (5.8) can be used to identify the roles of the
key resources of power and bandwidth.

5.2.1 Continuous-time AWGN channel
Consider a continuous-time AWGN channel with bandwidth W Hz, power
constraint P̄ watts, and additive white Gaussian noise with power spectral
density N0 /2. Following the passband–baseband conversion and sampling at
rate 1/W (as described in Chapter 2), this can be represented by a discretetime complex baseband channel:
ym = xm + wm

(5.9)

where wm is  0 N0  and is i.i.d. over time. Note that since the noise is
independent in the I and Q components, each use of the complex channel can
be thought of as two independent uses of a real AWGN channel. The noise
variance and the power constraint per real symbol are N0 /2 and P̄/2W 
respectively. Hence, the capacity of the channel is


1
P̄
log 1 +
bits per real dimension
(5.10)
2
N0 W
or



P̄
log 1 +
bits per complex dimension
N0 W

(5.11)

This is the capacity in bits per complex dimension or degree of freedom.
Since there are W complex samples per second, the capacity of the continuoustime AWGN channel is


P̄
bits/s
Cawgn P̄ W  = W log 1 +
N0 W

(5.12)

Note that SNR = P̄/N0 W  is the SNR per (complex) degree of freedom.
Hence, AWGN capacity can be rewritten as
Cawgn = log1 + SNR bits/s/Hz

(5.13)

This formula measures the maximum achievable spectral efficiency through
the AWGN channel as a function of the SNR.
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5.2.2 Power and bandwidth
Let us ponder the significance of the capacity formula (5.12) to a communication engineer. One way of using this formula is as a benchmark for evaluating
the performance of channel codes. For a system engineer, however, the main
significance of this formula is that it provides a high-level way of thinking
about how the performance of a communication system depends on the basic
resources available in the channel, without going into the details of specific
modulation and coding schemes used. It will also help identify the bottleneck
that limits performance.
The basic resources of the AWGN channel are the received power P̄ and
the bandwidth W . Let us first see how the capacity depends on the received
power. To this end, a key observation is that the function
fSNR = log1 + SNR

(5.14)

is concave, i.e., f  x ≤ 0 for all x ≥ 0 (Figure 5.4). This means that increasing
the power P̄ suffers from a law of diminishing marginal returns: the higher
the SNR, the smaller the effect on capacity. In particular, let us look at the
low and the high SNR regimes. Observe that
log2 1 + x ≈ x log2 e

whenx ≈ 0

(5.15)

log2 1 + x ≈ log2 x

whenx

(5.16)

1

Thus, when the SNR is low, the capacity increases linearly with the received
power P̄: every 3 dB increase in (or, doubling) the power doubles the capacity.
When the SNR is high, the capacity increases logarithmically with P̄: every
3 dB increase in the power yields only one additional bit per dimension.
This phenomenon should not come as a surprise. We have already seen in

7
6
5
4
log (1 + SNR)
3
2
1
Figure 5.4 Spectral efficiency
log1 + SNR of the AWGN
channel.
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Chapter 3 that packing many bits per dimension is very power-inefficient.
The capacity result says that this phenomenon not only holds for specific
schemes but is in fact fundamental to all communication schemes. In fact,
for a fixed error probability, the data rate of uncoded QAM also increases
logarithmically with the SNR (Exercise 5.7).
The dependency of the capacity on the bandwidth W is somewhat more
complicated. From the formula, the capacity depends on the bandwidth in two
ways. First, it increases the degrees of freedom available for communication.
This can be seen in the linear dependency on W for a fixed SNR = P̄/N0 W .
On the other hand, for a given received power P̄, the SNR per dimension
decreases with the bandwidth as the energy is spread more thinly across the
degrees of freedom. In fact, it can be directly calculated that the capacity is
an increasing, concave function of the bandwidth W (Figure 5.5). When the
bandwidth is small, the SNR per degree of freedom is high, and then the
capacity is insensitive to small changes in SNR. Increasing W yields a rapid
increase in capacity because the increase in degrees of freedom more than
compensates for the decrease in SNR. The system is in the bandwidth-limited
regime. When the bandwidth is large such that the SNR per degree of freedom
is small,




P̄
P̄
P̄
W log 1 +
log2 e
≈W
log2 e =
N0 W
N0 W
N0

(5.17)

In this regime, the capacity is proportional to the total received power across
the entire band. It is insensitive to the bandwidth, and increasing the bandwidth
has a small impact on capacity. On the other hand, the capacity is now linear
in the received power and increasing power has a significant effect. This is
the power-limited regime.
1.6
P
log
e
N0 2 1.4
Power limited region
1.2
1
0.8
C(W )
(Mbps) 0.6

Capacity
Limit for W → ∞

0.4

Bandwidth limited region

0.2
Figure 5.5 Capacity as a
function of the bandwidth W .
Here P̄/N0 = 106 .
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As W increases, the capacity increases monotonically (why must it?) and
reaches the asymptotic limit

C =

P̄
log2 e bits/s
N0

(5.18)

This is the infinite bandwidth limit, i.e., the capacity of the AWGN channel
with only a power constraint but no limitation on bandwidth. It is seen that
even if there is no bandwidth constraint, the capacity is finite.
In some communication applications, the main objective is to minimize
the required energy per bit b rather than to maximize the spectral efficiency. At a given power level P̄, the minimum required energy per bit
b is P̄/Cawgn P̄ W . To minimize this, we should be operating in the most
power-efficient regime, i.e., P̄ → 0. Hence, the minimum b /N0 is given by


b
N0


= lim
min

P̄→0

1
P̄
=
= −159 dB
log2 e
Cawgn P̄ W N0

(5.19)

To achieve this, the SNR per degree of freedom goes to zero. The price
to pay for the energy efficiency is delay: if the bandwidth W is fixed, the
communication rate (in bits/s) goes to zero. This essentially mimics the
infinite bandwidth regime by spreading the total energy over a long time
interval, instead of spreading the total power over a large bandwidth.
It was already mentioned that the success story of designing capacityachieving AWGN codes is a relatively recent one. In the infinite bandwidth
regime, however, it has long been known that orthogonal codes3 achieve the
capacity (or, equivalently, achieve the minimum b /N0 of −159 dB). This is
explored in Exercises 5.8 and 5.9.
Example 5.2 Bandwidth reuse in cellular systems
The capacity formula for the AWGN channel can be used to conduct
a simple comparison of the two orthogonal cellular systems discussed
in Chapter 4: the narrowband system with frequency reuse versus the
wideband system with universal reuse. In both systems, users within a cell
are orthogonal and do not interfere with each other. The main parameter
of interest is the reuse ratio  ≤ 1. If W denotes the bandwidth per user
within a cell, then each user transmission occurs over a bandwidth of W .
The parameter = 1 yields the full reuse of the wideband OFDM system
and < 1 yields the narrowband system.

3

One example of orthogonal coding is the Hadamard sequences used in the IS-95 system
(Section 4.3.1). Pulse position modulation (PPM), where the position of the on–off pulse
(with large duty cycle) conveys the information, is another example.
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Here we consider the uplink of this cellular system; the study of the
downlink in orthogonal systems is similar. A user at a distance r is heard
at the base-station with an attenuation of a factor r − in power; in free
space the decay rate is equal to 2 and the decay rate is 4 in the model
of a single reflected path off the ground plane, cf. Section 2.1.5.
The uplink user transmissions in a neighboring cell that reuses the same
frequency band are averaged and this constitutes the interference (this
averaging is an important feature of the wideband OFDM system; in the
narrowband system in Chapter 4, there is no interference averaging but that
effect is ignored here). Let us denote by f the amount of total out-of-cell
interference at a base-station as a fraction of the received signal power of
a user at the edge of the cell. Since the amount of interference depends
on the number of neighboring cells that reuse the same frequency band,
the fraction f depends on the reuse ratio and also on the topology of the
cellular system.
For example, in a one-dimensional linear array of base-stations
(Figure 5.6), a reuse ratio of corresponds to one in every 1/ cells using
the same frequency band. Thus the fraction f decays roughly as . On
the other hand, in a two-dimensional hexagonal array of base-stations, a
reuse ratio of corresponds to the nearest reusing base-station roughly a
√
distance of 1/ away: this means that the fraction f decays roughly as
/2
. The exact fraction f takes into account geographical features of the
cellular system (such as shadowing) and the geographic averaging of the
interfering uplink transmissions; it is usually arrived at using numerical
simulations (Table 6.2 in [140] has one such enumeration for a full reuse
system). In a simple model where the interference is considered to come
from the center of the cell reusing the same frequency band, f can be
taken to be 2 /2 for the linear cellular system and 6 /4 /2 for the
hexagonal planar cellular system (see Exercises 5.2 and 5.3).
The received SINR at the base-station for a cell edge user is
SINR =

SNR

+ f SNR

(5.20)

where the SNR for the cell edge user is
SNR =

P

N0 Wd

(5.21)

d

Figure 5.6 A linear cellular system with base-stations along a line (representing a highway).
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with d the distance of the user to the base-station and P the uplink
transmit power. The operating value of the parameter SNR is decided by the
coverage of a cell: a user at the edge of a cell has to have a minimum SNR
to be able to communicate reliably (at aleast a fixed minimum rate) with
the nearest base-station. Each base-station comes with a capital installation
cost and recurring operation costs and to minimize the number of basestations, the cell size d is usually made as large as possible; depending on
the uplink transmit power capability, coverage decides the cell size d.
Using the AWGN capacity formula (cf. (5.14)), the rate of reliable
communication for a user at the edge of the cell, as a function of the reuse
ratio , is

R = W log2 1 + SINR = W log2 1 +


SNR
bits/s
+ f SNR

(5.22)

The rate depends on the reuse ratio through the available degrees of
freedom and the amount of out-of-cell interference. A large increases
the available bandwidth per cell but also increases the amount of out-ofcell interference. The formula (5.22) allows us to study the optimal reuse
factor. At low SNR, the system is not degree of freedom limited and the
interference is small relative to the noise; thus the rate is insensitive to the
reuse factor and this can be verified directly from (5.22). On the other hand,
at large SNR the interference grows as well and the SINR peaks at 1/f .
(A general rule of thumb in practice is to set SNR such that the interference
is of the same order as the background noise; this will guarantee that the
operating SINR is close to the largest value.) The largest rate is

W log2

1
1+
f




(5.23)

This rate goes to zero for small values of ; thus sparse reuse is not
favored. It can be verified that universal reuse yields the largest rate in
(5.23) for the hexagonal cellular system (Exercise 5.3). For the linear
cellular model, the corresponding optimal reuse is = 1/2, i.e., reusing
the frequency every other cell (Exercise 5.5). The reduction in interference
due to less reuse is more dramatic in the linear cellular system when
compared to the hexagonal cellular system. This difference is highlighted
in the optimal reuse ratios for the two systems at high SNR: universal
reuse is preferred for the hexagonal cellular system while a reuse ratio of
1/2 is preferred for the linear cellular system.
This comparison also holds for a range of SNR between the small and
the large values: Figures 5.7 and 5.8 plot the rates in (5.22) for different
reuse ratios for the linear and hexagonal cellular systems respectively.
Here the power decay rate is fixed to 3 and the rates are plotted as a
function of the SNR for a user at the edge of the cell, cf. (5.21). In the
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Figure 5.7 Rates in bits/s/Hz as a function of the SNR for a user at the edge of the cell for
universal reuse and reuse ratios of 1/2 and 1/3 for the linear cellular system. The power decay
rate  is set to 3.
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Figure 5.8 Rates in bits/s/Hz as a function of the SNR for a user at the edge of the cell for
universal reuse, reuse ratios 1/2 and 1/7 for the hexagonal cellular system. The power decay rate
 is set to 3.

hexagonal cellular system, universal reuse is clearly preferred at all ranges
of SNR. On the other hand, in a linear cellular system, universal reuse
and a reuse of 1/2 have comparable performance and if the operating
SNR value is larger than a threshold (10 dB in Figure 5.7), then it pays to
reuse, i.e., R1/2 > R1 . Otherwise, universal reuse is optimal. If this SNR
threshold is within the rule of thumb setting mentioned earlier (i.e., the
gain in rate is worth operating at this SNR), then reuse is preferred. This
Preference has to be traded off with the size of the cell dictated by (5.21)
due to a transmit power constraint on the mobile device.
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5.3 Linear time-invariant Gaussian channels
We give three examples of channels which are closely related to the simple
AWGN channel and whose capacities can be easily computed. Moreover,
optimal codes for these channels can be constructed directly from an optimal
code for the basic AWGN channel. These channels are time-invariant, known
to both the transmitter and the receiver, and they form a bridge to the fading
channels which will be studied in the next section.

5.3.1 Single input multiple output (SIMO) channel
Consider a SIMO channel with one transmit antenna and L receive antennas:
y m = h xm + w m

= 1     L

(5.24)

where h is the fixed complex channel gain from the transmit antenna to
the th receive antenna, and w m is  0 N0  is additive Gaussian noise
independent across antennas. A sufficient statistic for detecting xm from
ym = y1 m     yL mt is
ỹm = h∗ ym = h2 xm + h∗ wm

(5.25)

where h = h1      hL t and wm = w1 m     wL mt . This is an
AWGN channel with received SNR Ph2 /N0 if P is the average energy per
transmit symbol. The capacity of this channel is therefore

Ph2
bits/s/Hz
C = log 1 +
N0


(5.26)

Multiple receive antennas increase the effective SNR and provide a power
gain. For example, for L = 2 and h1 = h2 = 1, dual receive antennas provide
a 3 dB power gain over a single antenna system. The linear combining (5.25)
maximizes the output SNR and is sometimes called receive beamforming.

5.3.2 Multiple input single output (MISO) channel
Consider a MISO channel with L transmit antennas and a single receive
antenna:
ym = h∗ xm + wm

(5.27)

where h = h1      hL t and h is the (fixed) channel gain from transmit
antenna to the receive antenna. There is a total power constraint of P across
the transmit antennas.
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In the SIMO channel above, the sufficient statistic is the projection of the
L-dimensional received signal onto h: the projections in orthogonal directions
contain noise that is not helpful to the detection of the transmit signal. A natural
reciprocal transmission strategy for the MISO channel would send information
only in the direction of the channel vector h; information sent in any orthogonal
direction will be nulled out by the channel anyway. Therefore, by setting
xm =

h
x̃m
h

(5.28)

the MISO channel is reduced to the scalar AWGN channel:
ym = hx̃m + wm

(5.29)

with a power constraint P on the scalar input. The capacity of this scalar
channel is


Ph2
bits/s/Hz
(5.30)
log 1 +
N0
Can one do better than this scheme? Any reliable code for the MISO channel
can be used as a reliable code for the scalar AWGN channel ym = xm+wm:
if Xi  are the transmitted L × N (space-time) code matrices for the MISO channel, then the received 1 × N vectors h∗ Xi  form a code for the scalar AWGN
channel. Hence, the rate achievable by a reliable code for the MISO channel
must be at most the capacity of a scalar AWGN channel with the same received
SNR. Exercise 5.11 shows that the received SNR Ph2 /N0 of the transmission
strategy above is in fact the largest possible SNR given the transmit power constraint of P. Any other scheme has a lower received SNR and hence its reliable
rate must be less than (5.30), the rate achieved by the proposed transmission
strategy. We conclude that the capacity of the MISO channel is indeed


Ph2
bits/s/Hz
C = log 1 +
N0

(5.31)

Intuitively, the transmission strategy maximizes the received SNR by having the received signals from the various transmit antennas add up in-phase
(coherently) and by allocating more power to the transmit antenna with the
better gain. This strategy, “aligning the transmit signal in the direction of
the transmit antenna array pattern”, is called transmit beamforming. Through
beamforming, the MISO channel is converted into a scalar AWGN channel
and thus any code which is optimal for the AWGN channel can be used directly.
In both the SIMO and the MISO examples the benefit from having multiple
antennas is a power gain. To get a gain in degrees of freedom, one has to use
both multiple transmit and multiple receive antennas (MIMO). We will study
this in depth in Chapter 7.
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5.3.3 Frequency-selective channel
Transformation to a parallel channel
Consider a time-invariant L-tap frequency-selective AWGN channel:
L−1

h xm −  + wm

ym =

(5.32)

=0

with an average power constraint P on each input symbol. In Section 3.4.4, we
saw that the frequency-selective channel can be converted into Nc independent
sub-carriers by adding a cyclic prefix of length L − 1 to a data vector of
length Nc , cf. (3.137). Suppose this operation is repeated over blocks of data
symbols (of length Nc each, along with the corresponding cyclic prefix of
length L − 1); see Figure 5.9. Then communication over the ith OFDM block
can be written as
ỹn i = h̃n d̃n i + w̃n i

n = 0 1     Nc − 1

(5.33)

Here,
d̃i = d̃0 i     d̃Nc −1 it 

(5.34)

w̃i = w̃0 i     w̃Nc −1 i 

(5.35)

ỹi = ỹ0 i     ỹNc −1 it

(5.36)

t

are the DFTs of the input, the noise and the output of the ith OFDM block
√
respectively. h̃ is the DFT of the channel scaled by Nc (cf. (3.138)). Since the
overhead in the cyclic prefix relative to the block length Nc can be made arbitrarily small by choosing Nc large, the capacity of the original frequency-selective
channel is the same as the capacity of this transformed channel as Nc → .
The transformed channel (5.33) can be viewed as a collection of sub-channels,
one for each sub-carrier n. Each of the sub-channels is an AWGN channel. The

Figure 5.9 A coded OFDM
system. Information bits are
coded and then sent over the
frequency-selective channel via
OFDM modulation. Each
channel use corresponds to an
OFDM block. Coding can be
done across different OFDM
blocks as well as over different
sub-carriers.

Information
bits

Encoder

OFDM
modulator

Channel
(use 1)

OFDM
modulator

Channel
(use 2)

OFDM
modulator

Channel
(use 3)
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transformed noise w̃i is distributed as  0 N0 I, so the noise is  0 N0 
in each of the sub-channels and, moreover, the noise is independent across
sub-channels. The power constraint on the input symbols in time translates
to one on the data symbols on the sub-channels (Parseval theorem for DFTs):


 d̃i2 ≤ Nc P

(5.37)

In information theory jargon, a channel which consists of a set of noninterfering sub-channels, each of which is corrupted by independent noise, is
called a parallel channel. Thus, the transformed channel here is a parallel
AWGN channel, with a total power constraint across the sub-channels. A natural strategy for reliable communication over a parallel AWGN channel is
illustrated in Figure 5.10. We allocate power to each sub-channel, Pn to the
nth sub-channel, such that the total power constraint is met. Then, a separate
capacity-achieving AWGN code is used to communicate over each of the subchannels. The maximum rate of reliable communication using this scheme is
Nc −1
n=0



P h̃
log 1 + n n
N0

2


bits/OFDM symbol

(5.38)

Further, the power allocation can be chosen appropriately, so as to maximize
the rate in (5.38). The “optimal power allocation”, thus, is the solution to the
optimization problem:

CNc =

Information
bits

Figure 5.10 Coding
independently over each of the
sub-carriers. This architecture,
with appropriate power and
rate allocations, achieves the
capacity of the
frequency-selective channel.

Information
bits

Nc −1

max

P0     PNc −1

n=0



P h̃
log 1 + n n
N0

2




(5.39)
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subject to
Nc −1

Pn = Nc P

Pn ≥ 0

n = 0     Nc − 1

(5.40)

n=0

Waterfilling power allocation
The optimal power allocation can be explicitly found. The objective function
in (5.39) is jointly concave in the powers and this optimization problem can
be solved by Lagrangian methods. Consider the Lagrangian


Nc −1

P h̃
log 1 + n n
 P0      PNc −1  =
N0
n=0

2


−

Nc −1

Pn 

(5.41)

n=0

where  is the Lagrange multiplier. The Kuhn–Tucker condition for the
optimality of a power allocation is

 = 0
Pn ≤ 0

if Pn > 0
if Pn = 0

(5.42)

Define x+ = maxx 0. The power allocation

Pn∗

=

1
N
− 0

h̃n 2

+


(5.43)

satisfies the conditions in (5.42) and is therefore optimal, with the Lagrange
multiplier  chosen such that the power constraint is met:
1
Nc

Nc −1 
n=0

1
N
− 0

h̃n 2

+
= P

(5.44)

Figure 5.11 gives a pictorial view of the optimal power allocation strategy
for the OFDM system. Think of the values N0 / h̃n 2 plotted as a function
of the sub-carrier index n = 0     Nc − 1, as tracing out the bottom of a
vessel. If P units of water per sub-carrier are filled into the vessel, the depth
of the water at sub-carrier n is the power allocated to that sub-carrier, and
1/ is the height of the water surface. Thus, this optimal strategy is called
waterfilling or waterpouring. Note that there are some sub-carriers where the
bottom of the vessel is above the water and no power is allocated to them. In
these sub-carriers, the channel is too poor for it to be worthwhile to transmit
information. In general, the transmitter allocates more power to the stronger
sub-carriers, taking advantage of the better channel conditions, and less or
even no power to the weaker ones.
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Figure 5.11 Waterfilling power
allocation over the Nc subcarriers.

|H( f )|2

N0
P*1 = 0
1
λ

P*2
P*3

Subcarrier n

Observe that

j2 n

h exp −
h̃n =
Nc
=0


L−1

(5.45)

is the discrete-time Fourier transform Hf  evaluated at f = nW/Nc , where
(cf. (2.20))


L−1

j2 f
Hf  =
h exp −
W
=0


f ∈ 0 W



(5.46)

As the number of sub-carriers Nc grows, the frequency width W/Nc of the
sub-carriers goes to zero and they represent a finer and finer sampling of the
continuous spectrum. So, the optimal power allocation converges to

P ∗ f  =

N0
1
−

Hf  2

+


(5.47)

where the constant  satisfies (cf. (5.44))


W
0

P ∗ f df = P

(5.48)

The power allocation can be interpreted as waterfilling over frequency (see
Figure 5.12). With Nc sub-carriers, the largest reliable communication rate
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Figure 5.12 Waterfilling power
allocation over the frequency
spectrum of the two-tap
channel (high-pass filter):
h0 = 1 and h1 = 05.
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with independent coding is CNc bits per OFDM symbol or CNc /Nc bits/s/Hz
(CNc given in (5.39)). So as Nc → , the WCNc /Nc converges to
C=



W
0



P ∗ f  Hf  2
df bits/s
log 1 +
N0

(5.49)

Does coding across sub-carriers help?
So far we have considered a very simple scheme: coding independently over
each of the sub-carriers. By coding jointly across the sub-carriers, presumably
better performance can be achieved. Indeed, over a finite block length, coding
jointly over the sub-carriers yields a smaller error probability than can be
achieved by coding separately over the sub-carriers at the same rate. However,
somewhat surprisingly, the capacity of the parallel channel is equal to the
largest reliable rate of communication with independent coding within each
sub-carrier. In other words, if the block length is very large then coding jointly
over the sub-carriers cannot increase the rate of reliable communication any
more than what can be achieved simply by allocating power and rate over
the sub-carriers but not coding across the sub-carriers. So indeed (5.49) is the
capacity of the time-invariant frequency-selective channel.
To get some insight into why coding across the sub-carriers with large
block length does not improve capacity, we turn to a geometric view. Consider
a code, with block length Nc N symbols, coding over all Nc of the sub-carriers
with N symbols from each sub-carrier. In high dimensions, i.e., N
1, the
Nc N -dimensional received vector after passing through the parallel channel
(5.33) lives in an ellipsoid, with different axes stretched and shrunk by the
different channel gains h̃n . The volume of the ellipsoid is proportional to
Nc −1 



n=0

h̃n 2 Pn + N0

N


(5.50)
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see Exercise 5.12. The volume of the noise sphere is, as in Section 5.1.2,
N N
proportional to N0 c . The maximum number of distinguishable codewords
that can be packed in the ellipsoid is therefore
Nc −1



n=0



P h̃
1+ n n
N0

2

N


(5.51)

The maximum reliable rate of communication is


N

Nc −1
Nc −1

Pn h̃n 2
Pn h̃n 2
1
bits/OFDM symbol
1+
=
log 1 +
log
N0
N
N0
n=0
n=0
(5.52)
This is precisely the rate (5.38) achieved by separate coding and this suggests
that coding across sub-carriers can do no better. While this sphere-packing
argument is heuristic, Appendix B.6 gives a rigorous derivation from information theoretic first principles.
Even though coding across sub-carriers cannot improve the reliable rate of
communication, it can still improve the error probability for a given data rate.
Thus, coding across sub-carriers can still be useful in practice, particularly
when the block length for each sub-carrier is small, in which case the coding
effectively increases the overall block length.
In this section we have used parallel channels to model a frequencyselective channel, but parallel channels will be seen to be very useful in
modeling many other wireless communication scenarios as well.

5.4 Capacity of fading channels
The basic capacity results developed in the last few sections are now applied
to analyze the limits to communication over wireless fading channels.
Consider the complex baseband representation of a flat fading channel:
ym = hmxm + wm

(5.53)

where hm is the fading process and wm is i.i.d.  0 N0  noise.
As before, the symbol rate is W Hz, there is a power constraint of P
joules/symbol, and  hm 2  = 1 is assumed for normalization. Hence
SNR = P/N0 is the average received SNR.
In Section 3.1.2, we analyzed the performance of uncoded transmission for
this channel. What is the ultimate performance limit when information can
be coded over a sequence of symbols? To answer this question, we make
the simplifying assumption that the receiver can perfectly track the fading
process, i.e., coherent reception. As we discussed in Chapter 2, the coherence
time of typical wireless channels is of the order of hundreds of symbols and
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so the channel varies slowly relative to the symbol rate and can be estimated
by say a pilot signal. For now, the transmitter is not assumed to have any
knowledge of the channel realization other than the statistical characterization.
The situation when the transmitter has access to the channel realizations will
be studied in Section 5.4.6.

5.4.1 Slow fading channel
Let us first look at the situation when the channel gain is random but remains
constant for all time, i.e., hm = h for all m. This models the slow fading situation where the delay requirement is short compared to the channel
coherence time (cf. Table 2.2). This is also called the quasi-static scenario.
Conditional on a realization of the channel h, this is an AWGN channel
with received signal-to-noise ratio h 2 SNR. The maximum rate of reliable
communication supported by this channel is log1 + h 2 SNR bits/s/Hz. This
quantity is a function of the random channel gain h and is therefore random
(Figure 5.13). Now suppose the transmitter encodes data at a rate R bits/s/Hz.
If the channel realization h is such that log1 + h 2 SNR < R, then whatever
the code used by the transmitter, the decoding error probability cannot be
made arbitrarily small. The system is said to be in outage, and the outage
probability is
pout R =  log1 + h 2 SNR < R

(5.54)

Thus, the best the transmitter can do is to encode the data assuming that
the channel gain is strong enough to support the desired rate R. Reliable
communication can be achieved whenever that happens, and outage occurs
otherwise.
A more suggestive interpretation is to think of the channel as allowing
log1 + h 2 SNR bits/s/Hz of information through when the fading gain is h.
0.45
0.4
0.35
0.3
Area = pout (R)

0.25
0.2
0.15
Figure 5.13 Density of
log1 + h2 SNR, for Rayleigh
fading and SNR = 0 dB. For
any target rate R, there is a
non-zero outage probability.

0.1
0.05
0

0 R

1

2

3

4

5

188

Capacity of wireless channels

Reliable decoding is possible as long as this amount of information exceeds
the target rate.
For Rayleigh fading (i.e., h is  0 1), the outage probability is


−2R − 1
pout R = 1 − exp

(5.55)
SNR
At high SNR,
pout R ≈

2R − 1

SNR

(5.56)

and the outage probability decays as 1/SNR. Recall that when we discussed
uncoded transmission in Section 3.1.2, the detection error probability also
decays like 1/SNR. Thus, we see that coding cannot significantly improve the
error probability in a slow fading scenario. The reason is that while coding
can average out the Gaussian white noise, it cannot average out the channel
fade, which affects all the coded symbols. Thus, deep fade, which is the
typical error event in the uncoded case, is also the typical error event in the
coded case.
There is a conceptual difference between the AWGN channel and the slow
fading channel. In the former, one can send data at a positive rate (in fact, any
rate less than C) while making the error probability as small as desired. This
cannot be done for the slow fading channel as long as the probability that
the channel is in deep fade is non-zero. Thus, the capacity of the slow fading
channel in the strict sense is zero. An alternative performance measure is the
-outage capacity C . This is the largest rate of transmission R such that the
outage probability pout R is less than . Solving pout R =  in (5.54) yields
C = log1 + F −1 1 −  SNR  bits/s/Hz

(5.57)

where F is the complementary cumulative distribution function of h 2 , i.e.,
Fx =  h 2 > x.
In Section 3.1.2, we looked at uncoded transmission and there it was natural
to focus only on the high SNR regime; at low SNR, the error probability of
uncoded transmission is very poor. On the other hand, for coded systems,
it makes sense to consider both the high and the low SNR regimes. For
example, the CDMA system in Chapter 4 operates at very low SINR and
uses very low-rate orthogonal coding. A natural question is: in which regime
does fading have a more significant impact on outage performance? One can
answer this question in two ways. Eqn (5.57) says that, to achieve the same
rate as the AWGN channel, an extra 10 log1/F −1 1 −  dB of power is
needed. This is true regardless of the operating SNR of the environment. Thus
the fade margin is the same at all SNRs. If we look at the outage capacity
at a given SNR, however, the impact of fading depends very much on the
operating regime. To get a sense, Figure 5.14 plots the -outage capacity as
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Figure 5.14 -outage capacity
as a fraction of AWGN capacity
under Rayleigh fading, for
 = 01 and  = 001.
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a function of SNR for the Rayleigh fading channel. To assess the impact of
fading, the -outage capacity is plotted as a fraction of the AWGN capacity
at the same SNR. It is clear that the impact is much more significant in the
low SNR regime. Indeed, at high SNR,
C ≈ log SNR + logF −1 1 − 


1
≈ Cawgn − log −1

F 1 − 

(5.58)
(5.59)

a constant difference irrespective of the SNR. Thus, the relative loss gets
smaller at high SNR. At low SNR, on the other hand,
C ≈ F −1 1 − SNR log2 e

(5.60)

≈ F −1 1 − Cawgn 

(5.61)

For reasonably small outage probabilities, the outage capacity is only a
small fraction of the AWGN capacity at low SNR. For Rayleigh fading,
F −1 1 −  ≈  for small  and the impact of fading is very significant. At
an outage probability of 001, the outage capacity is only 1% of the AWGN
capacity! Diversity has a significant effect at high SNR (as already seen in
Chapter 3), but can be more important at low SNR. Intuitively, the impact
of the randomness of the channel is in the received SNR, and the reliable
rate supported by the AWGN channel is much more sensitive to the received
SNR at low SNR than at high SNR. Exercise 5.10 elaborates on this point.

5.4.2 Receive diversity
Let us increase the diversity of the channel by having L receive antennas
instead of one. For given channel gains h = h1      hL t , the capacity was
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calculated in Section 5.3.1 to be log1 + h2 SNR. Outage occurs whenever
this is below the target rate R:
rx
pout
R =  log1 + h2 SNR < R

(5.62)

This can be rewritten as


2R − 1
pout R =  h2 <

SNR

(5.63)

Under independent Rayleigh fading, h2 is a sum of the squares of 2L
independent Gaussian random variables and is distributed as Chi-square with
2L degrees of freedom. Its density is
fx =

1
xL−1 e−x 
L − 1!

x ≥ 0

(5.64)

Approximating e−x by 1 for x small, we have (cf. (3.44)),
 h2 <  ≈

1 L
 
L!

(5.65)

for  small. Hence at high SNR the outage probability is given by
pout R ≈

2R − 1L

L!SNRL

(5.66)

Comparing with (5.55), we see a diversity gain of L: the outage probability
now decays like 1/SNRL . This parallels the performance of uncoded transmission discussed in Section 3.3.1: thus, coding cannot increase the diversity
gain.
The impact of receive diversity on the -outage capacity is plotted in
Figure 5.15. The -outage capacity is given by (5.57) with F now the cumulative distribution function of h2 . Receive antennas yield a diversity gain
and an L-fold power gain. To emphasize the impact of the diversity gain, let
us normalize the outage capacity C by Cawgn = log1 + LSNR. The dramatic
salutary effect of diversity on outage capacity can now be seen. At low SNR
and small , (5.61) and (5.65) yield
C ≈ F −1 1 − SNR log2 e
1
L

1
L

≈ L!  SNR log2 e bits/s/Hz

(5.67)
(5.68)

and the loss with respect to the AWGN capacity is by a factor of 1/L rather
than by  when there is no diversity. At  = 001 and L = 2, the outage
capacity is increased to 14% of the AWGN capacity (as opposed to 1% for
L = 1).
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Figure 5.15 -outage capacity
with L-fold receive diversity, as
a fraction of the AWGN
capacity log1 + LSNR for
 = 001 and different L.
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5.4.3 Transmit diversity
Now suppose there are L transmit antennas but only one receive antenna, with
a total power constraint of P. From Section 5.3.2, the capacity of the channel
conditioned on the channel gains h = h1      hL t is log1 + h2 SNR.
Following the approach taken in the SISO and the SIMO cases, one is tempted
to say that the outage probability for a fixed rate R is
full−csi
R =  log1 + h2 SNR < R
pout

(5.69)

which would have been exactly the same as the corresponding SIMO system
with 1 transmit and L receive antennas. However, this outage performance
is achievable only if the transmitter knows the phases and magnitudes of the
gains h so that it can perform transmit beamforming, i.e., allocate more power
to the stronger antennas and arrange the signals from the different antennas to
align in phase at the receiver. When the transmitter does not know the channel
gains h, it has to use a fixed transmission strategy that does not depend on h.
(This subtlety does not arise in either the SISO or the SIMO case because the
transmitter need not know the channel realization to achieve the capacity for
those channels.) How much performance loss does not knowing the channel
entail?

Alamouti scheme revisited
For concreteness, let us focus on L = 2 (dual transmit antennas). In this
situation, we can use the Alamouti scheme, which extracts transmit diversity
without transmitter channel knowledge (introduced in Section 3.3.2). Recall
from (3.76) that, under this scheme, both the transmitted symbols u1  u2 over a
block of 2 symbol times see an equivalent scalar fading channel with gain h
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Figure 5.16 A space-time
coding scheme combined with
the MISO channel can be
viewed as an equivalent scalar
channel: (a) repetition coding;
(b) the Alamouti scheme. The
outage probability of the
scheme is the outage
probability of the equivalent
channel.

and additive noise  0 N0  (Figure 5.16(b)). The energy in the symbols
u1 and u2 is P/2. Conditioned on h1  h2 , the capacity of the equivalent scalar
channel is


SNR
log 1 + h2
bits/s/Hz
(5.70)
2
Thus, if we now consider successive blocks and use an AWGN capacityachieving code of rate R over each of the streams u1 m and u2 m
separately, then the outage probability of each stream is
 


Ala
2 SNR
<R 
(5.71)
pout R =  log 1 + h
2
Compared to (5.69) when the transmitter knows the channel, the Alamouti
scheme performs strictly worse: the loss is 3 dB in the received SNR. This
can be explained in terms of the efficiency with which energy is transferred
to the receiver. In the Alamouti scheme, the symbols sent at the two transmit
antennas in each time are independent since they come from two separately
coded streams. Each of them has power P/2. Hence, the total SNR at the
receive antenna at any given time is


h1 2 + h2

2

 SNR
2



(5.72)

In contrast, when the transmitter knows the channel, the symbols transmitted at the two antennas are completely correlated in such a way that the
signals add up in phase at the receive antenna and the SNR is now


h 1 2 + h2

2



SNR
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a 3-dB power gain over the independent case.4 Intuitively, there is a power
loss because, without channel knowledge, the transmitter is sending signals
that have energy in all directions instead of focusing the energy in a specific
direction. In fact, the Alamouti scheme radiates energy in a perfectly isotropic
manner: the signal transmitted from the two antennas has the same energy
when projected in any direction (Exercise 5.14).
A scheme radiates energy isotropically whenever the signals transmitted from
the antennas are uncorrelated and have equal power (Exercise 5.14). Although
the Alamouti scheme does not perform as well as transmit beamforming, it
is optimal in one important sense: it has the best outage probability among
all schemes that radiate energy isotropically. Indeed, any such scheme must
have a received SNR equal to (5.72) and hence its outage performance must be
no better than that of a scalar slow fading AWGN channel with that received
SNR. But this is precisely the performance achieved by the Alamouti scheme.
Can one do even better by radiating energy in a non-isotropic manner (but
in a way that does not depend on the random channel gains)? In other words,
can one improve the outage probability by correlating the signals from the
transmit antennas and/or allocating unequal powers on the antennas? The
answer depends of course on the distribution of the gains h1  h2 . If h1  h2
are i.i.d. Rayleigh, Exercise 5.15 shows, using symmetry considerations, that
correlation never improves the outage performance, but it is not necessarily
optimal to use all the transmit antennas. Exercise 5.16 shows that uniform
power allocation across antennas is always optimal, but the number of antennas used depends on the operating SNR. For reasonable values of target outage
probabilities, it is optimal to use all the antennas. This implies that in most
cases of interest, the Alamouti scheme has the optimal outage performance
for the i.i.d. Rayleigh fading channel.
What about for L > 2 transmit antennas? An information theoretic argument
in Appendix B.8 shows (in a more general framework) that
 


SNR
pout R =  log 1 + h2
<R
L

(5.73)

is achievable. This is the natural generalization of (5.71) and corresponds again
to isotropic transmission of energy from the antennas. Again, Exercises 5.15
and 5.16 show that this strategy is optimal for the i.i.d. Rayleigh fading
channel and for most target outage probabilities of interest. However, there
is no natural generalization of the Alamouti scheme for a larger number
of transmit antennas (cf. Exercise 3.17). We will return to the problem of
outage-optimal code design for L > 2 in Chapter 9.

4

The addition of two in-phase signals of equal power yields a sum signal that has double the
amplitude and four times the power of each of the signals. In contrast, the addition of two
independent signals of equal power only doubles the power.
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Figure 5.17 Comparison of
outage performance between
SIMO and MISO channels for
different L: (a) outage probability
as a function of SNR, for fixed
R = 1; (b) outage capacity as a
function of SNR, for a fixed outage
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The outage performances of the SIMO and the MISO channels with i.i.d.
Rayleigh gains are plotted in Figure 5.17 for different numbers of transmit
antennas. The difference in outage performance clearly outlines the asymmetry between receive and transmit antennas caused by the transmitter lacking
knowledge of the channel.

Suboptimal schemes: repetition coding
In the above, the Alamouti scheme is viewed as an inner code that converts
the MISO channel into a scalar channel. The outage performance (5.71) is
achieved when the Alamouti scheme is used in conjunction with an outer code
that is capacity-achieving for the scalar AWGN channel. Other space-time
schemes can be similarly used as inner codes and their outage probability
analyzed and compared to the channel outage performance.
Here we consider the simplest example, the repetition scheme: the same
symbol is transmitted over the L different antennas over L symbol periods,
using only one antenna at a time to transmit. The receiver does maximal
ratio combining to demodulate each symbol. As a result, each symbol sees
an equivalent scalar fading channel with gain h and noise variance N0
(Figure 5.16(a)). Since only one symbol is transmitted every L symbol periods,
a rate of LR bits/symbol is required on this scalar channel to achieve a target
rate of R bits/symbol on the original channel. The outage probability of this
scheme, when combined with an outer capacity-achieving code, is therefore:


1
rep
log1 + h2 SNR < R 
R = 
(5.74)
pout
L
Compared to the outage probability (5.73) of the channel, this scheme is
suboptimal: the SNR has to be increased by a factor of
L2R − 1

2LR − 1

(5.75)
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to achieve the same outage probability for the same target rate R. Equivalently,
the reciprocal of this ratio can be interpreted as the maximum achievable
coding gain over the simple repetition scheme. For a fixed R, the performance
loss increases with L: the repetition scheme becomes increasingly inefficient
in using the degrees of freedom of the channel. For a fixed L, the performance loss increases with the target rate R. On the other hand, for R small,
2R − 1 ≈ R ln 2 and 2RL − 1 ≈ RL ln 2, so
L2R − 1 LR ln 2
≈
= 1
2LR − 1
LR ln 2

(5.76)

and there is hardly any loss in performance. Thus, while the repetition scheme
is very suboptimal in the high SNR regime where the target rate can be high,
it is nearly optimal in the low SNR regime. This is not surprising: the system
is degree-of-freedom limited in the high SNR regime and the inefficiency of
the repetition scheme is felt more there.

Summary 5.2 Transmit and receive diversity
With receive diversity, the outage probability is
rx
pout
R =  log1 + h2 SNR < R

(5.77)

With transmit diversity and isotropic transmission, the outage probability is
 


SNR
tx
pout
R =  log 1 + h2
<R 
(5.78)
L
a loss of a factor of L in the received SNR because the transmitter has
no knowledge of the channel direction and is unable to beamform in the
specific channel direction.
With two transmit antennas, capacity-achieving AWGN codes in conjunction with the Alamouti scheme achieve the outage probability.

5.4.4 Time and frequency diversity
Outage performance of parallel channels
Another way to increase channel diversity is to exploit the time-variation
of the channel: in addition to coding over symbols within one coherence
period, one can code over symbols from L such periods. Note that this is
a generalization of the schemes considered in Section 3.2, which take one
symbol from each coherence period. When coding can be performed over
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many symbols from each period, as well as between symbols from different
periods, what is the performance limit?
One can model this situation using the idea of parallel channels introduced in Section 5.3.3: each of the sub-channels, = 1     L, represents
a coherence period of duration Tc symbols:
y m = h x m + w m

m = 1     Tc 

(5.79)

Here h is the (non-varying) channel gain during the th coherence period.
It is assumed that the coherence time Tc is large such that one can code
over many symbols in each of the sub-channels. An average transmit power
constraint of P on the original channel translates into a total power constraint
of LP on the parallel channel.
For a given realization of the channel, we have already seen in Section 5.3.3
that the optimal power allocation across the sub-channels is waterfilling.
However, since the transmitter does not know what the channel gains are, a
reasonable strategy is to allocate equal power P to each of the sub-channels.
In Section 5.3.3, it was mentioned that the maximum rate of reliable communication given the fading gains h is
L

log1 + h

2

SNR bits/s/Hz

(5.80)

=1

where SNR = P/N0 . Hence, if the target rate is R bits/s/Hz per sub-channel,
then outage occurs when
L

log1 + h

2

SNR < LR

(5.81)

=1

Can one design a code to communicate reliably whenever
L

log1 + h

2

SNR > LR?

(5.82)

=1

If so, an L-fold diversity is achieved for i.i.d. Rayleigh fading: outage occurs

only if each of the terms in the sum L=1 log1 + h 2 SNR is small.
The term log1 + h 2 SNR is the capacity of an AWGN channel with
received SNR equal to h 2 SNR. Hence, a seemingly straightforward strategy,
already used in Section 5.3.3, would be to use a capacity-achieving AWGN
code with rate
log1 + h

2

SNR

for the th coherence period, yielding an average rate of
1
L

L

log1 + h
=1

2

SNR bits/s/Hz
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and meeting the target rate whenever condition (5.82) holds. The caveat is
that this strategy requires the transmitter to know in advance the channel state
during each of the coherence periods so that it can adapt the rate it allocates to
each period. This knowledge is not available. However, it turns out that such
transmitter adaptation is unnecessary: information theory guarantees that
one can design a single code that communicates reliably at rate R whenever
the condition (5.82) is met. Hence, the outage probability of the time diversity
channel is precisely

pout R = 

1
L



L

log1 + h

2

SNR < R 

(5.83)

=1

Even though this outage performance can be achieved with or without
transmitter knowledge of the channel, the coding strategy is vastly different.
With transmitter knowledge of the channel, dynamic rate allocation and separate coding for each sub-channel suffices. Without transmitter knowledge,
separate coding would mean using a fixed-rate code for each sub-channel and
poor diversity results: errors occur whenever one of the sub-channels is bad.
Indeed, coding across the different coherence periods is now necessary: if the
channel is in deep fade during one of the coherence periods, the information
bits can still be protected if the channel is strong in other periods.

A geometric view
Figure 5.18 gives a geometric view of our discussion so far. Consider a code
with rate R, coding over all the sub-channels and over one coherence timeinterval; the block length is LTc symbols. The codewords lie in an LTc dimensional sphere. The received LTc -dimensional signal lives in an ellipsoid,
with (L groups of) different axes stretched and shrunk by the different subchannel gains (cf. Section 5.3.3). The ellipsoid is a function of the sub-channel
gains, and hence random. The no-outage condition (5.82) has a geometric
interpretation: it says that the volume of the ellipsoid is large enough to
contain 2LTc R noise spheres, one for each codeword. (This was already seen
in the sphere-packing argument in Section 5.3.3.) An outage-optimal code is
one that communicates reliably whenever the random ellipsoid is at least this
large. The subtlety here is that the same code must work for all such ellipsoids.
Since the shrinking can occur in any of the L groups of dimensions, a robust
code needs to have the property that the codewords are simultaneously wellseparated in each of the sub-channels (Figure 5.18(a)). A set of independent
codes, one for each sub-channel, is not robust: errors will be made when even
only one of the sub-channels fades (Figure 5.18(b)).
We have already seen, in the simple context of Section 3.2, codes for
the parallel channel which are designed to be well-separated in all the subchannels. For example, the repetition code and the rotation code in Figure 3.8
have the property that the codewords are separated in bot the sub-channels
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Figure 5.18 Effect of the fading
gains on codes for the parallel
channel. Here there are L= 2
sub-channels and each axis
represents Tc dimensions within
a sub-channel. (a) Coding
across the sub-channels. The
code works as long as the
volume of the ellipsoid is big
enough. This requires good
codeword separation in both
the sub-channels. (b) Separate,
non-adaptive code for each
sub-channel. Shrinking of one
of the axes is enough to cause
confusion between the
codewords.
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(here Tc = 1 symbol and L = 2 sub-channels). More generally, the code design
criterion of maximizing the product distance for all pairs of codewords naturally favors codes that satisfy this property. Coding over long blocks affords
a larger coding gain; information theory guarantees the existence of codes
with large enough coding gain to achieve the outage probability in (5.83).
To achieve the outage probability, one wants to design a code that communicates reliably over every parallel channel that is not in outage (i.e., parallel
channels that satisfy (5.82)). In information theory jargon, a code that communicates reliably for a class of channels is said to be universal for that class.
In this language, we are looking for universal codes for parallel channels that
are not in outage. In the slow fading scalar channel without diversity (L = 1),
this problem is the same as the code design problem for a specific channel.
This is because all scalar channels are ordered by their received SNR; hence a
code that works for the channel that is just strong enough to support the target
rate will automatically work for all better channels. For parallel channels,
each channel is described by a vector of channel gains and there is no natural
ordering of channels; the universal code design problem is now non-trivial.
In Chapter 9, a universal code design criterion will be developed to construct
universal codes that come close to achieving the outage probability.

Extensions
In the above development, a uniform power allocation across the sub-channels
is assumed. Instead, if we choose to allocate power P to sub-channel , then
the outage probability (5.83) generalizes to


L

pout R = 

log1 + h

2

SNR  < LR 

(5.84)

=1

where SNR = P /N0 . Exercise 5.17 shows that for the i.i.d. Rayleigh fading
model, a non-uniform power allocation that does not depend on the channel
gains cannot improve the outage performance.
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The parallel channel is used to model time diversity, but it can model
frequency diversity as well. By using the usual OFDM transformation, a slow
frequency-selective fading channel can be converted into a set of parallel subchannels, one for each sub-carrier. This allows us to characterize the outage
capacity of such channels as well (Exercise 5.22).
We summarize the key idea in this section using more suggestive
language.

Summary 5.3 Outage for parallel channels
Outage probability for a parallel channel with L sub-channels and the th
channel having random gain h :


1 L
2
pout R = 
log1 + h SNR < R 
(5.85)
L =1
where R is in bits/s/Hz per sub-channel.
The th sub-channel allows log1 + h 2 SNR bits of information per symbol through. Reliable decoding can be achieved as long as the total amount
of information allowed through exceeds the target rate.

5.4.5 Fast fading channel
In the slow fading scenario, the channel remains constant over the transmission
duration of the codeword. If the codeword length spans several coherence
periods, then time diversity is achieved and the outage probability improves.
When the codeword length spans many coherence periods, we are in the
so-called fast fading regime. How does one characterize the performance limit
of such a fast fading channel?

Capacity derivation
Let us first consider a very simple model of a fast fading channel:
ym = hmxm + wm

(5.86)

where hm = h remains constant over the th coherence period of Tc symbols and is i.i.d. across different coherence periods. This is the so-called
block fading model; see Figure 5.19(a). Suppose coding is done over L such
coherence periods. If Tc
1, we can effectively model this as L parallel
sub-channels that fade independently. The outage probability from (5.83) is


1 L
2
pout R = 
log1 + h SNR < R 
(5.87)
L =1
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Figure 5.19 (a) Typical
trajectory of the channel
strength as a function of
symbol time under a block
fading model. (b) Typical
trajectory of the channel
strength after interleaving. One
can equally think of these
plots as rates of flow of
information allowed through
the channel over time.
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For finite L, the quantity
1
L

L

log1 + h

2

SNR

=1

is random and there is a non-zero probability that it will drop below any
target rate R. Thus, there is no meaningful notion of capacity in the sense of
maximum rate of arbitrarily reliable communication and we have to resort to
the notion of outage. However, as L → , the law of large numbers says that
1
L

L

log1 + h

2

SNR → log1 + h 2 SNR

(5.88)

=1

Now we can average over many independent fades of the channel by coding
over a large number of coherence time intervals and a reliable rate of communication of log1 + h 2 SNR can indeed be achieved. In this situation,
it is now meaningful to assign a positive capacity to the fast fading channel:
C = log1 + h 2 SNR bits/s/Hz

(5.89)

Impact of interleaving
In the above, we considered codes with block lengths LTc symbols, where
L is the number of coherence periods and Tc is the number of symbols in
each coherence block. To approach the capacity of the fast fading channel,
L has to be large. Since Tc is typically also a large number, the overall block
length may become prohibitively large for implementation. In practice, shorter
codes are used but they are interleaved so that the symbols of each codeword
are spaced far apart in time and lie in different coherence periods. (Such
interleaving is used for example in the IS-95 CDMA system, as illustrated in
Figure 4.4.) Does interleaving impart a performance loss in terms of capacity?
Going back to the channel model (5.86), ideal interleaving can be modeled
by assuming the hm are now i.i.d., i.e., successive interleaved symbols go
through independent fades. (See Figure 5.19(b).) In Appendix B.7.1, it is
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shown that for a large block length N and a given realization of the fading
gains h1     hN, the maximum achievable rate through this interleaved
channel is
1
N

N

log1 + hm 2 SNR bits/s/Hz

(5.90)

m=1

By the law of large numbers,
1
N

N

log1 + hm 2 SNR → log1 + h 2 SNR

(5.91)

m=1

as N → , for almost all realizations of the random channel gains. Thus,
even with interleaving, the capacity (5.89) of the fast fading channel can be
achieved. The important benefit of interleaving is that this capacity can now
be achieved with a much shorter block length.
A closer examination of the above argument reveals why the capacity under
interleaving (with hm i.i.d.) and the capacity of the original block fading
model (with hm block-wise constant) are the same: the convergence in
(5.91) holds for both fading processes, allowing the same long-term average
rate through the channel. If one thinks of log1 + hm 2 SNR as the rate of
information flow allowed through the channel at time m, the only difference
is that in the block fading model, the rate of information flow is constant over
each coherence period, while in the interleaved model, the rate varies from
symbol to symbol. See Figure 5.19 again.
This observation suggests that the capacity result (5.89) holds for a much
broader class of fading processes. Only the convergence in (5.91) is needed.
This says that the time average should converge to the same limit for almost all
realizations of the fading process, a concept called ergodicity, and it holds in
many models. For example, it holds for the Gaussian fading model mentioned
in Section 2.4. What matters from the point of view of capacity is only the
long-term time average rate of flow allowed, and not on how fast that rate
fluctuates over time.

Discussion
In the earlier parts of the chapter, we focused exclusively on deriving the
capacities of time-invariant channels, particularly the AWGN channel. We
have just shown that time-varying fading channels also have a well-defined
capacity. However, the operational significance of capacity in the two cases
is quite different. In the AWGN channel, information flows at a constant
rate of log1 + SNR through the channel, and reliable communication can
take place as long as the coding block length is large enough to average out
the white Gaussian noise. The resulting coding/decoding delay is typically
much smaller than the delay requirement of applications and this is not a
big concern. In the fading channel, on the other hand, information flows
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at a variable rate of log1 + hm 2 SNR due to variations of the channel
strength; the coding block length now needs to be large enough to average
out both the Gaussian noise and the fluctuations of the channel. To average
out the latter, the coded symbols must span many coherence time periods, and
this coding/decoding delay can be quite significant. Interleaving reduces the
block length but not the coding/decoding delay: one still needs to wait many
coherence periods before the bits get decoded. For applications that have
a tight delay constraint relative to the channel coherence time, this notion of
capacity is not meaningful, and one will suffer from outage.
The capacity expression (5.89) has the following interpretation. Consider
a family of codes, one for each possible fading state h, and the code for state
h achieves the capacity log1 + h 2 SNR bits/s/Hz of the AWGN channel
at the corresponding received SNR level. From these codes, we can build
a variable-rate coding scheme that adaptively selects a code of appropriate
rate depending on what the current channel condition is. This scheme would
then have an average throughput of log1 + h 2 SNR bits/s/Hz. For this
variable-rate scheme to work, however, the transmitter needs to know the
current channel state. The significance of the fast fading capacity result (5.89)
is that one can communicate reliably at this rate even when the transmitter is
blind and cannot track the channel.5
The nature of the information theoretic result that guarantees a code which
achieves the capacity of the fast fading channel is similar to what we have
already seen in the outage performance of the slow fading channel (cf. (5.83)).
In fact, information theory guarantees that a fixed code with the rate in (5.89)
is universal for the class of ergodic fading processes (i.e., (5.91) is satisfied
with the same limiting value). This class of processes includes the AWGN
channel (where the channel is fixed for all time) and, at the other extreme, the
interleaved fast fading channel (where the channel varies i.i.d. over time). This
suggests that capacity-achieving AWGN channel codes (cf. Discussion 5.1)
could be suitable for the fast fading channel as well. While this is still an
active research area, LDPC codes have been adapted successfully to the fast
Rayleigh fading channel.

Performance comparison
Let us explore a few implications of the capacity result (5.89) by comparing
it with that for the AWGN channel. The capacity of the fading channel is
always less than that of the AWGN channel with the same SNR. This follows
directly from Jensen’s inequality, which says that if f is a strictly concave
function and u is any random variable, then fu ≤ fu, with equality
if and only if u is deterministic (Exercise B.2). Intuitively, the gain from

5

Note however that if the transmitter can really track the channel, one can do even better than
this rate. We will see this next in Section 5.4.6.
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the times when the channel strength is above the average cannot compensate
for the loss from the times when the channel strength is below the average.
This again follows from the law of diminishing marginal return on capacity
from increasing the received power.
At low SNR, the capacity of the fading channel is
C = log1 + h 2 SNR ≈  h 2 SNR log2 e = SNR log2 e ≈ Cawgn  (5.92)
where Cawgn is the capacity of the AWGN channel and is measured in bits
per symbol. Hence at low SNR the “Jensen’s loss” becomes negligible; this
is because the capacity is approximately linear in the received SNR in this
regime. At high SNR,
C ≈ log h 2 SNR = log SNR + log h 2  ≈ Cawgn + log h 2  (5.93)
i.e., a constant difference with the AWGN capacity at high SNR. This difference is −083 bits/s/Hz for the Rayleigh fading channel. Equivalently, 2.5 dB
more power is needed in the fading case to achieve the same capacity as in
the AWGN case. Figure 5.20 compares the capacity of the Rayleigh fading
channel with the AWGN capacity as a function of the SNR. The difference
is not that large for the entire plotted range of SNR.

5.4.6 Transmitter side information
So far we have assumed that only the receiver can track the channel. But let
us now consider the case when the transmitter can track the channel as well.
There are several ways in which such channel information can be obtained
at the transmitter. In a TDD (time-division duplex) system, the transmitter

7
6

Figure 5.20 Plot of AWGN
capacity, fading channel
capacity with receiver tracking
the channel only (CSIR) and
capacity with both transmitter
and the receiver tracking the
channel (full CSI). (A
discussion of the latter is in
Section 5.4.6.)
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can exploit channel reciprocity and make channel measurements based on
the signal received along the opposite link. In an FDD (frequency-division
duplex) system, there is no reciprocity and the transmitter will have to rely
on feedback information from the receiver. For example, power control in the
CDMA system implicitly conveys some channel state information through
the feedback in the uplink.

Slow fading: channel inversion
When we discussed the slow fading channel in Section 5.4.1, it was seen that
with no channel knowledge at the transmitter, outage occurs whenever the
channel cannot support the target data rate R. With transmitter knowledge,
one option is now to control the transmit power such that the rate R can be
delivered no matter what the fading state is. This is the channel inversion
strategy: the received SNR is kept constant irrespective of the channel gain.
(This strategy is reminiscent of the power control used in CDMA systems,
discussed in Section 4.3.) With exact channel inversion, there is zero outage
probability. The price to pay is that huge power has to be consumed to invert
the channel when it is very bad. Moreover, many systems are also peak-power
constrained and cannot invert the channel beyond a certain point. Systems
like IS-95 use a combination of channel inversion and diversity to achieve a
target rate with reasonable power consumption (Exercise 5.24).
Fast fading: waterfilling
In the slow fading scenario, we are interested in achieving a target data rate
within a coherence time period of the channel. In the fast fading case, one
is now concerned with the rate averaged over many coherence time periods.
With transmitter channel knowledge, what is the capacity of the fast fading
channel? Let us again consider the simple block fading model (cf. (5.86)):
ym = hmxm + wm

(5.94)

where hm = h remains constant over the th coherence period of Tc Tc 1
symbols and is i.i.d. across different coherence periods. The channel over L
such coherence periods can be modeled as a parallel channel with L subchannels that fade independently. For a given realization of the channel gains
h1      hL , the capacity (in bits/symbol) of this parallel channel is (cf. (5.39),
(5.40) in Section 5.3.3)
1
max
P1     PL L



L

P h
log 1 +
N0
=1

2


(5.95)

subject to
1
L

L

P = P
=1

(5.96)
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where P is the average power constraint. It was seen (cf. (5.43)) that the
optimal power allocation is waterfilling:

∗

P =

1
N
− 02

h

+


(5.97)

where  satisfies
1
L

L



=1

1
N
− 02

h

+
= P

(5.98)

In the context of the frequency-selective channel, waterfilling is done over
the OFDM sub-carriers; here, waterfilling is done over time. In both cases,
the basic problem is that of power allocation over a parallel channel.
The optimal power P allocated to the th coherence period depends on
the channel gain in that coherence period and , which in turn depends on
all the other channel gains through the constraint (5.98). So it seems that
implementing this scheme would require knowledge of the future channel
states. Fortunately, as L → , this non-causality requirement goes away. By
the law of large numbers, (5.98) converges to



1
N
− 02

h

+ 
=P

(5.99)

for almost all realizations of the fading process hm. Here, the expectation
is taken with respect to the stationary distribution of the channel state. The
parameter  now converges to a constant, depending only on the channel
statistics but not on the specific realization of the fading process. Hence, the
optimal power at any time depends only on the channel gain h at that time:

P ∗ h =

1
N
− 02

h

+


(5.100)

The capacity of the fast fading channel with transmitter channel knowledge is

 
P ∗ h h 2
bits/s/Hz
C =  log 1 +
N0

(5.101)

Equations (5.101), (5.100) and (5.99) together allow us to compute the
capacity.
We have derived the capacity assuming the block fading model. The generalization to any ergodic fading process can be done exactly as in the case
with no transmitter channel knowledge.
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Discussion
Figure 5.21 gives a pictorial view of the waterfilling power allocation strategy.
In general, the transmitter allocates more power when the channel is good,
taking advantage of the better channel condition, and less or even no power
when the channel is poor. This is precisely the opposite of the channel
inversion strategy. Note that only the magnitude of the channel gain is needed
to implement the waterfilling scheme. In particular, phase information is not
required (in contrast to transmit beamforming, for example).
The derivation of the waterfilling capacity suggests a natural variable-rate
coding scheme (see Figure 5.22). This scheme consists of a set of codes of
different rates, one for each channel state h. When the channel is in state h,
the code for that state is used. This can be done since both the transmitter and
the receiver can track the channel. A transmit power of P ∗ h is used when

N0
h[m]2
1
λ

P[m] = 0
P[m]

Figure 5.21 Pictorial
representation of the
waterfilling strategy.

2
h[m]

Figure 5.22 Comparison of the
fixed-rate and variable-rate
schemes. In the fixed-rate
scheme, there is only one
code spanning many
coherence periods. In the
variable-rate scheme, different
codes (distinguished by
different shades) are used
depending on the channel
quality at that time. For
example, the code in white is a
low-rate code used only when
the channel is weak.

Time m

Fixed-rate scheme
Variable-rate scheme
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5
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Time m
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the channel gain is h. The rate of that code is therefore log1 + P ∗ h h 2 /N0 
bits/s/Hz. No coding across channel states is necessary. This is in contrast
to the case without transmitter channel knowledge, where a single fixedrate code with the coded symbols spanning across different coherence time
periods is needed (Figure 5.22). Thus, knowledge of the channel state at the
transmitter not only allows dynamic power allocation but simplifies the code
design problem as one can now use codes designed for the AWGN channel.

Waterfilling performance
Figure 5.20 compares the waterfilling capacity and the capacity with channel
knowledge only at the receiver, under Rayleigh fading. Figure 5.23 focuses
on the low SNR regime. In the literature the former is also called the capacity
with full channel side information (CSI) and the latter is called the capacity
with channel side information at the receiver (CSIR). Several observations
can be made:
• At low SNR, the capacity with full CSI is significantly larger than the
CSIR capacity.
• At high SNR, the difference between the two goes to zero.
• Over a wide range of SNR, the gain of waterfilling over the CSIR capacity
is very small.
The first two observations are in fact generic to a wide class of fading
models, and can be explained by the fact that the benefit of dynamic power
allocation is a received power gain: by spending more power when the
channel is good, the received power gets boosted up. At high SNR, however,
the capacity is insensitive to the received power per degree of freedom and
varying the amount of transmit power as a function of the channel state yields
a minimal gain (Figure 5.24(a)). At low SNR, the capacity is quite sensitive
to the received power (linear, in fact) and so the boost in received power from
optimal transmit power allocation provides significant gain. Thus, dynamic
3
2.5

C
Cawgn

2
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Full CSI

1.5
1

Figure 5.23 Plot of capacities
with and without CSI at the
transmitter, as a fraction of the
AWGN capacity.
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Figure 5.24 (a) High SNR:
allocating equal powers at all
times is almost optimal. (b)
Low SNR: allocating all the
power when the channel is
strongest is almost optimal.
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power allocation is more important in the power-limited (low SNR) regime
than in the bandwidth-limited (high SNR) regime.
Let us look more carefully at the low SNR regime. Consider first the
case when the channel gain h 2 has a peak value Gmax . At low SNR, the
waterfilling strategy transmits information only when the channel is very
good, near Gmax : when there is very little water, the water ends up at the
bottom of the vessel (Figure 5.24(b)). Hence at low SNR




C ≈  h ≈ Gmax
2

SNR
log 1 + Gmax ·
2
 h ≈ Gmax 

≈ Gmax · SNR log2 e bits/s/Hz



(5.102)

Recall that at low SNR the CSIR capacity is SNR log2 e bits/s/Hz. Hence,
transmitter CSI increases the capacity by Gmax times, or a 10 log10 Gmax dB
gain. Moreover, since the AWGN capacity is the same as the CSIR capacity
at low SNR, this leads to the interesting conclusion that with full CSI, the
capacity of the fading channel can be much larger than when there is no
fading. This is in contrast to the CSIR case where the fading channel capacity
is always less than the capacity of the AWGN channel with the same average
SNR. The gain is coming from the fact that in a fading channel, channel
fluctuations create peaks and deep nulls, but when the energy per degree
of freedom is small, the sender opportunistically transmits only when the
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channel is near its peak. In a non-fading AWGN channel, the channel stays
constant at the average level and there are no peaks to take advantage of.
For models like Rayleigh fading, the channel gain is actually unbounded.
Hence, theoretically, the gain of the fading channel waterfilling capacity over
the AWGN channel capacity is also unbounded. (See Figure 5.23.) However,
to get very large relative gains, one has to operate at very low SNR. In this
regime, it may be difficult for the receiver to track and feed back the channel
state to the transmitter to implement the waterfilling strategy.
Overall, the performance gain from full CSI is not that large compared to
CSIR, unless the SNR is very low. On the other hand, full CSI potentially
simplifies the code design problem, as no coding across channel states is
necessary. In contrast, one has to interleave and code across many channel
states with CSIR.

Waterfilling versus channel inversion
The capacity of the fading channel with full CSI (by using the waterfilling power allocation) should be interpreted as a long-term average rate of
flow of information, averaged over the fluctuations of the channel. While
the waterfilling strategy increases the long-term throughput of the system
by transmitting when the channel is good, an important issue is the delay
entailed. In this regard, it is interesting to contrast the waterfilling power allocation strategy with the channel inversion strategy. Compared to waterfilling,
channel inversion is much less power-efficient, as a huge amount of power is
consumed to invert the channel when it is bad. On the other hand, the rate of
flow of information is now the same in all fading states, and so the associated delay is independent of the time-scale of channel variations. Thus, one
can view the channel inversion strategy as a delay-limited power allocation
strategy. Given an average power constraint, the maximum achievable rate by
this strategy can be thought of as a delay-limited capacity. For applications
with very tight delay constraints, this delay-limited capacity may be a more
appropriate measure of performance than the waterfilling capacity.
Without diversity, the delay-limited capacity is typically very small. With
increased diversity, the probability of encountering a bad channel is reduced
and the average power consumption required to support a target delay-limited
rate is reduced. Put another way, a larger delay-limited capacity is achieved
for a given average power constraint (Exercise 5.24).

Example 5.3 Rate adaptation in IS-856
IS-856 downlink
IS-856, also called CDMA 2000 1× EV-DO (Enhanced Version Data Optimized) is a cellular data standard operating on the 1.25-MHz bandwidth.
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Figure 5.25 Downlink of IS-856 (CDMA 2000 1× EV-DO). Users measure their channels based on
the downlink pilot and feed back requested rates to the base-station. The base-station schedules
users in a time-division manner.

The uplink is CDMA-based, not too different from IS-95, but the downlink
is quite different (Figure 5.25):
• Multiple access is TDMA, with one user transmission at a time. The
finest granularity for scheduling the user transmissions is a slot of
duration 1.67 ms.
• Each user is rate-controlled rather than power- controlled. The transmit
power at the base-station is fixed at all times and the rate of transmission
to a user is adapted based on the current channel condition.
In contrast, the uplink of IS-95 (cf. Section 4.3.2) is CDMA-based, with the
total power dynamically allocated among the users to meet their individual
SIR requirements. The multiple access and scheduling aspects of IS-856
are discussed in Chapter 6; here the focus is only on rate adaptation.
Rate versus power control
The contrast between power control in IS-95 and rate control in IS-856 is
roughly analogous to that between the channel inversion and the waterfilling
strategies discussed above. In the former, power is allocated dynamically to
a user to maintain a constant target rate at all times; this is suitable for voice,
which has a stringent delay requirement and requires a consistent throughput.
In the latter, rate is adapted to transmit more information when the channel is
strong; this is suitable for data, which have a laxer delay requirement and can
take better advantage of a variable transmission rate. The main difference
between IS-856 and the waterfilling strategy is that there is no dynamic power
adaptation in IS-856, only rate adaption.
Rate control in IS-856
Like IS-95, IS-856 is an FDD system. Hence, rate control has to be
performed based on channel state feedback from the mobile to the basestation. The mobile measures its own channel based on a common strong
pilot broadcast by the base-station. Using the measured values, the mobile
predicts the SINR for the next time slot and uses that to predict the rate
the base-station can send information to it. This requested rate is fed back
to the base-station on the uplink. The transmitter then sends a packet at
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the requested rate to the mobile starting at the next time slot (if the mobile
is scheduled). The table below describes the possible requested rates, the
SINR thresholds for those rates, the modulation used and the number of
time slots the transmission takes.

Requested rate
(kbits/s)

SINR threshold
(dB)

Modulation

Number of
slots

38.4
76.8
153.6
307.2
614.4
921.6
1228.8
1843.2
2457.6

−115
−92
−65
−35
−05
22
39
80
103

QPSK
QPSK
QPSK
QPSK
QPSK
8-PSK
QPSK or 16-QAM
8-PSK
16-QAM

16
8
4
2 or 4
1 or 2
2
1 or 2
1
1

To simplify the implementation of the encoder, the codes at the different
rates are all derived from a basic 1/5-rate turbo code. The low-rate codes
are obtained by repeating the turbo-coded symbols over a number of time
slots; as demonstrated in Exercise 5.25, such repetition loses little spectral
efficiency in the low SNR regime. The higher-rate codes are obtained by
using higher-order constellations in the modulation.
Rate control is made possible by the presence of the strong pilot to
measure the channel and the rate request feedback from the mobile to
the base-station. The pilot is shared between all users in the cell and
is also used for many other functions such as coherent reception and
synchronization. The rate request feedback is solely for the purpose of rate
control. Although each request is only 4 bits long (to specify the various
rate levels), this is sent by every active user at every slot and moreover
considerable power and coding is needed to make sure the information gets
fed back accurately and with little delay. Typically, sending this feedback
consumes about 10% of the uplink capacity.
Impact of prediction uncertainty
Proper rate adaptation relies on the accurate tracking and prediction of the
channel at the transmitter. This is possible only if the coherence time of
the channel is much longer than the lag between the time the channel is
measured at the mobile and the time when the packet is actually transmitted
at the base-station. This lag is at least two slots (2 × 167 ms) due to the
delay in getting the requested rate fed back to the base-station, but can
be considerably more at the low rates since the packet is transmitted over
multiple slots and the predicted channel has to be valid during this time.
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At a walking speed of 3 km/h and a carrier frequency fc = 19 GHz,
the coherence time is of the order of 25 ms, so the channel can be quite
accurately predicted. At a driving speed of 30 km/h, the coherence time is
only 2.5 ms and accurate tracking of the channel is already very difficult.
(Exercise 5.26 explicitly connects the prediction error to the physical
parameters of the channel.) At an even faster speed of 120 km/h, the
coherence time is less than 1 ms and tracking of the channel is impossible;
there is now no transmitter CSI. On the other hand, the multiple slot low
rate packets essentially go through a fast fading channel with significant
time diversity over the duration of the packet. Recall that the fast fading
capacity is given by (5.89):
 

C =  log 1 + h 2 SNR ≈  h 2 SNR log2 e bits/s/Hz
(5.103)
in the low SNR regime, where h follows the stationary distribution of
the fading. Thus, to determine an appropriate transmission rate across this
fast fading channel, it suffices for the mobile to predict the average SINR
over the transmission time of the packet, and this average is quite easy
to predict. Thus, the difficult regime is actually in between the very slow
and very fast fading scenarios, where there is significant uncertainty in the
channel prediction and yet not very much time diversity over the packet
transmission time. This channel uncertainty has to be taken into account
by being more conservative in predicting the SINR and in requesting a
rate. This is similar to the outage scenario considered in Section 5.4.1,
except that the randomness of the channel is conditional on the predicted
value. The requested rate should be set to meet a target outage probability
(Exercise 5.27).
The various situations are summarized in Figure 5.26. Note the different
roles of coding in the three scenarios. In the first scenario, when the predicted SINR is accurate, the main role of coding is to combat the additive
Gaussian noise; in the other two scenarios, coding combats the residual
randomness in the channel by exploiting the available time diversity.
SINR

SINR

SINR

prediction

prediction
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Figure 5.26 (a) Coherence time is long compared to the prediction time lag; predicted SINR is
accurate. Near perfect CSI at transmitter. (b) Coherence time is comparable to the prediction time
lag, predicted SINR has to be conservative to meet an outage criterion. (c) Coherence time is short
compared to the prediction time lag; prediction of average SINR suffices. No CSI at the transmitter.
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To reduce the loss in performance due to the conservativeness of
the channel prediction, IS-856 employs an incremental ARQ (or hybridARQ) mechanism for the repetition-coded multiple slot packets. Instead of
waiting until the end of the transmission of all slots before decoding, the
mobile will attempt to decode the information incrementally as it receives
the repeated copies over the time slots. When it succeeds in decoding,
it will send an acknowledgement back to the base-station so that it can
stop the transmission of the remaining slots. This way, a rate higher than
the requested rate can be achieved if the actual SINR is higher than the
predicted SINR.

5.4.7 Frequency-selective fading channels
So far, we have considered flat fading channels (cf. (5.53)). In Section 5.3.3,
the capacity of the time-invariant frequency-selective channel (5.32) was also
analyzed. It is simple to extend the understanding to underspread time-varying
frequency-selective fading channels: these are channels with the coherence
time much larger than the delay spread. We model the channel as a timeinvariant L-tap channel as in (5.32) over each coherence time interval and
view it as Nc parallel sub-channels (in frequency). For underspread channels, Nc can be chosen large so that the cyclic prefix loss is negligible.
This model is a generalization of the flat fading channel in (5.53): here
there are Nc (frequency) sub-channels over each coherence time interval
and multiple (time) sub-channels over the different coherence time intervals. Overall it is still a parallel channel. We can extend the capacity results
from Sections 5.4.5 and 5.4.6 to the frequency-selective fading channel. In
particular, the fast fading capacity with full CSI (cf. Section 5.4.6) can be
generalized here to a combination of waterfilling over time and frequency:
the coherence time intervals provide sub-channels in time and each coherence time interval provides sub-channels in frequency. This is carried out in
Exercise 5.30.

5.4.8 Summary: a shift in point of view
Let us summarize our investigation on the performance limits of fading
channels. In the slow fading scenario without transmitter channel knowledge,
the amount of information that is allowed through the channel is random, and
no positive rate of communication can be reliably supported (in the sense
of arbitrarily small error probability). The outage probability is the main
performance measure, and it behaves like 1/SNR at high SNR. This is due
to a lack of diversity and, equivalently, the outage capacity is very small.
With L branches of diversity, either over space, time or frequency, the outage
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probability is improved and decays like 1/SNRL . The fast fading scenario
can be viewed as the limit of infinite time diversity and has a capacity of
log1 + h 2 SNR bits/s/Hz. This however incurs a coding delay much
longer than the coherence time of the channel. Finally, when the transmitter
and the receiver can both track the channel, a further performance gain can be
obtained by dynamically allocating power and opportunistically transmitting
when the channel is good.
The slow fading scenario emphasizes the detrimental effect of fading: a
slow fading channel is very unreliable. This unreliability is mitigated by providing more diversity in the channel. This is the traditional way of viewing the
fading phenomenon and was the central theme of Chapter 3. In a narrowband
channel with a single antenna, the only source of diversity is through time.
The capacity of the fast fading channel (5.89) can be viewed as the performance limit of any such time diversity scheme. Still, the capacity is less than
the AWGN channel capacity as long as there is no channel knowledge at the
transmitter. With channel knowledge at the transmitter, the picture changes.
Particularly at low SNR, the capacity of the fading channel with full CSI
can be larger than that of the AWGN channel. Fading can be exploited by
transmitting near the peak of the channel fluctuations. Channel fading is now
turned from a foe to a friend.
This new theme on fading will be developed further in the multiuser context
in Chapter 6, where we will see that opportunistic communication will have
a significant impact at all SNRs, and not only at low SNR.

Chapter 5 The main plot
Channel capacity
The maximum rate at which information can be communicated across a
noisy channel with arbitrary reliability.
Linear time-invariant Gaussian channels
Capacity of the AWGN channel with SNR per degree of freedom is
Cawgn = log1 + SNRbits/s/Hz

(5.104)

Capacity of the continuous-time AWGN channel with bandwidth W , average received power P̄ and white noise power spectral density N0 is


P̄
Cawgn = W log 1 +
bits/s
(5.105)
N0 W
Bandwidth-limited regime: SNR = P̄/N0 W is high and capacity is logarithmic in the SNR.
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Power-limited regime: SNR is low and capacity is linear in the SNR.
Capacities of the SIMO and the MISO channels with time-invariant channel
gains h1      hL are the same:
C = log1 + SNRh2  bits/s/Hz

(5.106)

Capacity of frequency-selective channel with response Hf  and power
constraint P per degree of freedom:
C=



W

0


P ∗ f  Hf  2
df bits/s
log 1 +
N0


(5.107)

where P ∗ f  is waterfilling:

∗

P f  =

1
N0
−

Hf  2

+


(5.108)

and  satisfies:


W
0



N0
1
−

Hf  2

+
df = P

(5.109)

Slow fading channels with receiver CSI only
Setting: coherence time is much longer than constraint on coding delay.
Performance measures:
Outage probability pout R at a target rate R.
Outage capacity C at a target outage probability .
Basic flat fading channel:
ym = hxm + wm

(5.110)

 

pout R =  log 1 + h 2 SNR < R 

(5.111)

Outage probability is

where SNR is the average signal-to-noise ratio at each receive antenna.
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Outage probability with receive diversity is
 

pout R =  log 1 + h2 SNR < R 

(5.112)

This provides power and diversity gains.
Outage probability with L-fold transmit diversity is


 
SNR
pout R =  log 1 + h2
<R 
L

(5.113)

This provides diversity gain only.
Outage probability with L-fold time diversity is




1 L
2
pout R = 
log 1 + h SNR < R 
L =1

(5.114)

This provides diversity gain only.
Fast fading channels
Setting: coherence time is much shorter than coding delay.
Performance measure: capacity.
Basic model:
ym = hmxm + wm

(5.115)

hm is an ergodic fading process.
Receiver CSI only:

Full CSI:

 

C =  log 1 + h 2 SNR 

(5.116)

 

P ∗ h h 2
C =  log 1 +
bits/s/Hz
N0

(5.117)

where P ∗ h waterfills over the fading states:


1
N +
P ∗ h =

− 02

h
and  satisfies:




1
N
− 02

h

(5.118)

+ 
= P

(5.119)

Power gain over the receiver CSI only case. Significant at low SNR.
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5.5 Bibliographical notes
Information theory and the formulation of the notions of reliable communication
and channel capacity were introduced in a path-breaking paper by Shannon [109].
The underlying philosophy of using simple models to understand the essence of an
engineering problem has pervaded the development of the communication field ever
since. In that paper, as a consequence of his general theory, Shannon also derived the
capacity of the AWGN channel. He returned to a more in-depth geometric treatment
of this channel in a subsequent paper [110]. Sphere-packing arguments were used
extensively in the text by Wozencraft and Jacobs [148].
The linear cellular model was introduced by Shamai and Wyner [108]. One of the
early studies of wireless channels using information theoretic techniques is due to
Ozarow. et al. [88], where they introduced the concept of outage capacity. Telatar [119]
extended the formulation to multiple antennas. The capacity of fading channels with
full CSI was analyzed by Goldsmith and Varaiya [51]. They observed the optimality
of the waterfilling power allocation with full CSI and the corollary that full CSI over
CSI at the receiver alone is beneficial only at low SNRs. A comprehensive survey of
information theoretic results on fading channels was carried out by Biglieri, Proakis
and Shamai [9].
The design issues in IS-856 have been elaborately discussed in Bender
et al. [6] and by Wu and Esteves [149].

5.6 Exercises
Exercise 5.1 What is the maximum reliable rate of communication over the (complex)
AWGN channel when only the I channel is used? How does that compare to the capacity of the complex channel at low and high SNR, with the same average power constraint? Relate your conclusion to the analogous comparison between uncoded schemes
in Section 3.1.2 and Exercise 3.4, focusing particularly on the high SNR regime.
Exercise 5.2 Consider a linear cellular model with equi-spaced base-stations at distance
2d apart. With a reuse ratio of , base-stations at distances of integer multiples of
2d/ reuse the same frequency band. Assuming that the interference emanates from
the center of the cell, calculate the fraction f defined as the ratio of the interference to
the received power from a user at the edge of the cell. You can assume that all uplink
transmissions are at the same transmit power P and that the dominant interference
comes from the nearest cells reusing the same frequency.
Exercise 5.3 Consider a regular hexagonal cellular model (cf. Figure 4.2) with a
frequency reuse ratio of .
1. Identify “appropriate” reuse patterns for different values of , with the design
goal of minimizing inter-cell interference. You can use the assumptions made in
Exercise 5.2 on how the interference originates.
√
2. For the reuse patterns identified, show that f = 6 /2 is a good approximation
to the fraction of the received power of a user at the edge of the cell that the
interference represents. Hint: You can explicitly construct reuse patterns for =
1 1/3 1/4 1/7 1/9 with exactly these fractions.
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3. What reuse ratio yields the largest symmetric uplink rate at high SNR (an expression
for the symmetric rate is in (5.23))?
Exercise 5.4 In Exercise 5.3 we computed the interference as a fraction of the signal
power of interest assuming that the interference emanated from the center of the cell
using the same frequency. Re-evaluate f using the assumption that the interference
emanates uniformly in the cells using the same frequency. (You might need to do
numerical computations varying the power decay rate .)
Exercise 5.5 Consider the expression in (5.23) for the rate in the uplink at very high
SNR values.
1. Plot the rate as a function of the reuse parameter .
2. Show that = 1/2, i.e., reusing the frequency every other cell, yields the largest rate.
Exercise 5.6 In this exercise, we study time sharing, as a means to communicate over
the AWGN channel by using different codes over different intervals of time.
1. Consider a communication strategy over the AWGN channel where for a fraction
of time a capacity-achieving code at power level P1 is used, and for the rest of
the time a capacity-achieving code at power level P2 is used, meeting the overall
average power constraint P. Show that this strategy is strictly suboptimal, i.e., it is
not capacity-achieving for the power constraint P.
2. Consider an additive noise channel:
ym = xm + wm

(5.120)

The noise is still i.i.d. over time but not necessarily Gaussian. Let CP be the
capacity of this channel under an average power constraint of P. Show that CP
must be a concave function of P. Hint: Hardly any calculation is needed. The
insight from part (1) will be useful.
Exercise 5.7 In this exercise we use the formula for the capacity of the AWGN
channel to see the contrast with the performance of certain communication schemes
studied in Chapter 3. At high SNR, the capacity of the AWGN channel scales like
log2 SNR bits/s/Hz. Is this consistent with how the rate of an uncoded QAM system
scales with the SNR?
Exercise 5.8 For the AWGN channel with general SNR, there is no known explicitly
constructed capacity-achieving code. However, it is known that orthogonal codes
can achieve the minimum b /N0 in the power-limited regime. This exercise shows
that orthogonal codes can get arbitrary reliability with a finite b /N0 . Exercise 5.9
demonstrates how the Shannon limit can actually be achieved. We focus on the
discrete-time complex AWGN channel with noise variance N0 per dimension.
1. An orthogonal code consists of M orthogonal codewords, each with the same
energy s . What is the energy per bit b for this code? What is the block length
required? What is the data rate?
2. Does the ML error probability of the code depend on the specific choice of the
orthogonal set? Explain.
3. Give an expression for the pairwise error probability, and provide a good upper
bound for it.
4. Using the union bound, derive a bound on the overall ML error probability.
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5. To achieve reliable communication, we let the number of codewords M grow and
adjust the energy s per codeword such that the b /N0 remains fixed. What is the
minimum b /N0 such that your bound in part (4) vanishes with M increasing?
How far are you from the Shannon limit of −159 dB?
6. What happens to the data rate? Reinterpret the code as consuming more and more
bandwidth but at a fixed data rate (in bits/s).
7. How do you contrast the orthogonal code with a repetition code of longer and longer
block length (as in Section 5.1.1)? In what sense is the orthogonal code better?
Exercise 5.9 (Orthogonal codes achieve b /N0 = −159 dB.) The minimum b /N0
derived in Exercise 5.8 does not meet the Shannon limit, not because the orthogonal code
is not good but because the union bound is not tight enough when b /N0 is close to the
Shannon limit. This exercise explores how the union bound can be tightened in this range.
1. Let ui be the real part of the inner product of the received signal vector with the
ith orthogonal codeword. Express the ML detection rule in terms of the ui .
2. Suppose codeword 1 is transmitted. Conditional on u1 large, the ML detector can get
confused with very few other codewords, and the union bound on the conditional error
probability is quite tight. On the other hand, when u1 is small, the ML detector can get
confused with many other codewords and the union bound is lousy and can be much
larger than 1. In the latter regime, one might as well bound the conditional error by
1. Compute then a bound on the ML error probability in terms of , a threshold that
determines whether u1 is “large” or “small”. Simplify your bound as much as possible.
3. By an appropriate choice of , find a good bound on the ML error probability in
terms of b /N0 so that you can demonstrate that orthogonal codes can approach
the Shannon limit of −159 dB. Hint: a good choice of  is when the union bound
on the conditional error is approximately 1. Why?
4. In what range of b /N0 does your bound in the previous part coincide with the
union bound used in Exercise 5.8?
5. From your analysis, what insights about the typical error events in the various
ranges of b /N0 can you derive?
Exercise 5.10 The outage performance of the slow fading channel depends on the
randomness of log1 + h 2 SNR. One way to quantify the randomness of a random
variable is by the ratio of the standard deviation to the mean. Show that this parameter
goes to zero at high SNR. What about low SNR? Does this make sense to you in light
of your understanding of the various regimes associated with the AWGN channel?
Exercise 5.11 Show that the transmit beamforming strategy in Section 5.3.2 maximizes
the received SNR for a given total transmit power constraint. (Part of the question
involves making precise what this means!)
Exercise 5.12 Consider coding over N OFDM blocks in the parallel channel in
(5.33), i.e., i = 1     N , with power Pn over the nth sub-channel. Suppose that
ỹn = ỹn 1     ỹn Nt , with d̃n and w̃n defined similarly. Consider the entire
received vector with 2NNc real dimensions:
ỹ = diag h̃1 IN      h̃Nc IN d̃ + w̃
!
"t
where d̃ = d̃1t      d̃Nt c and w̃ = w̃1t      w̃Nt c t .

(5.121)
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1. Fix  > 0 and consider the ellipsoid E  defined as

$
−1

#
a ≤ NNc +  
a a∗ diag P1 h̃1 2 IN      PNc h̃Nc 2 IN + N0 INNc



(5.122)
Show for every  that
 ỹ ∈ E   → 1

as N → 

(5.123)

Thus we can conclude that the received vector lives in the ellipsoid E 0 for large
N with high probability.
2. Show that the volume of the ellipsoid E 0 is equal to


Nc 


h̃n 2 Pn + N0

N


(5.124)

n=1

times the volume of a 2NNc -dimensional real sphere with radius
justifies the expression in (5.50).
3. Show that
 w̃2 ≤ N0 NNc +  → 1

as N → 

√
NNc . This

(5.125)

Thus w̃ lives, with high probability, in a 2NNc -dimensional real sphere of radius
√
N0 NNc . Compare the volume of this sphere to the volume of the ellipsoid in
(5.124) to justify the expression in (5.51).
Exercise 5.13 Consider a system with 1 transmit antenna and L receive antennas.
Independent  0 N0  noise corrupts the signal at each of the receive antennas. The
transmit signal has a power constraint of P.
1. Suppose the gain between the transmit antenna and each of the receive antennas is
constant, equal to 1. What is the capacity of the channel? What is the performance
gain compared to a single receive antenna system? What is the nature of the
performance gain?
2. Suppose now the signal to each of the receive antennas is subject to independent
Rayleigh fading. Compute the capacity of the (fast) fading channel with channel
information only at the receiver. What is the nature of the performance gain
compared to a single receive antenna system? What happens when L → ?
3. Give an expression for the capacity of the fading channel in part (2) with CSI at
both the transmitter and the receiver. At low SNR, do you think the benefit of
having CSI at the transmitter is more or less significant when there are multiple
receive antennas (as compared to having a single receive antenna)? How about
when the operating SNR is high?
4. Now consider the slow fading scenario when the channel is random but constant.
Compute the outage probability and quantify the performance gain of having
multiple receive antennas.
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Exercise 5.14 Consider a MISO slow fading channel.
1. Verify that the Alamouti scheme radiates energy in an isotropic manner.
2. Show that a transmit diversity scheme radiates energy in an isotropic manner if
and only if the signals transmitted from the antennas have the same power and are
uncorrelated.
Exercise 5.15 Consider the MISO channel with L transmit antennas and channel gain
vector h = h1      hL t . The noise variance is N0 per symbol and the total power
constraint across the transmit antennas is P.
1. First, think of the channel gains as fixed. Suppose someone uses a transmission
strategy for which the input symbols at any time have zero mean and a covariance
matrix Kx . Argue that the maximum achievable reliable rate of communication
under this strategy is no larger than


ht Kx h
bits/symbol
log 1 +
N0

(5.126)

2. Now suppose we are in a slow fading scenario and h is random and i.i.d. Rayleigh.
The outage probability of the scheme in part (1) is given by
 


ht Kx h
<R 
pout R =  log 1 +
N0

(5.127)

Show that correlation never improves the outage probability: i.e., given a total
power constraint P, one can do no worse by choosing Kx to be diagonal. Hint:
Observe that the covariance matrix Kx admits a decomposition of the form
U diag P1      PL U∗ .
Exercise 5.16 Exercise 5.15 shows that for the i.i.d. Rayleigh slow fading MISO
channel, one can always choose the input to be uncorrelated, in which case the outage
probability is
 
L
=1 P h
 log 1 +
N0

2




<R 

(5.128)

where P is the power allocated to antenna . Suppose the operating SNR is high
relative to the target rate and satisfies


P
≥ R
log 1 +
N0

(5.129)

with P equal to the total transmit power constraint.
1. Show that the outage probability (5.128) is a symmetric function of P1      PL .
2. Show that the partial double derivative of the outage probability (5.128) with

respect to Pj is non-positive as long as L=1 P = P, for each j = 1     L.
These two conditions imply that the isotropic strategy, i.e., P1 = · · · = PL = P/L
minimizes the outage probability (5.128) subject to the constraint P1 +· · ·+PL = P.
This result is adapted from Theorem 1 of [11], where the justification for the last
step is provided.
3. For different values of L, calculate the range of outage probabilities for which the
isotropic strategy is optimal, under condition (5.129).
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Exercise 5.17 Consider the expression for the outage probability of the parallel fading
channel in (5.84). In this exercise we consider the Rayleigh model, i.e., the channel
entries h1      hL to be i.i.d.  0 1, and show that uniform power allocation,
i.e., P1 = · · · = PL = P/L achieves the minimum in (5.84). Consider the outage
probability:




L
P h 2

log 1 +
< LR 
(5.130)
N0
=1
1. Show that (5.130) is a symmetric function of P1      PL .
2. Show that (5.130) is a convex function of P , for each = 1     L.6

With the sum power constraint L=1 P = P, these two conditions imply that the outage
probability in (5.130) is minimized when P1 = · · · = PL = P/L. This observation
follows from a result in the theory of majorization, a partial order on vectors. In
particular, Theorem 3.A.4 in [80] provides the required justification.
Exercise 5.18 Compute a high-SNR approximation of the outage probability for the
parallel channel with L i.i.d. Rayleigh faded branches.
Exercise 5.19 In this exercise we study the slow fading parallel channel.
1. Give an expression for the outage probability of the repetition scheme when used
on the parallel channel with L branches.
2. Using the result in Exercise 5.18, compute the extra SNR required for the repetition
scheme to achieve the same outage probability as capacity, at high SNR. How does
this depend on L, the target rate R and the SNR?
3. Redo the previous part at low SNR.
Exercise 5.20 In this exercise we study the outage capacity of the parallel channel in
further detail.
1. Find an approximation for the -outage capacity of the parallel channel with L
branches of time diversity in the low SNR regime.
2. Simplify your approximation for the case of i.i.d. Rayleigh faded branches and
small outage probability .
3. IS-95 operates over a bandwidth of 1.25 MHz. The delay spread is 1 s, the
coherence time is 50 ms, the delay constraint (on voice) is 100 ms. The SINR each
user sees is −17 dB per chip. Estimate the 1%-outage capacity for each user. How
far is that from the capacity of an unfaded AWGN channel with the same SNR?
Hint: You can model the channel as a parallel channel with i.i.d. Rayleigh faded
sub-channels.
Exercise 5.21 In Chapter 3, we have seen that one way to communicate over the
MISO channel is to convert it into a parallel channel by sending symbols over the
different transmit antennas one at a time.
1. Consider first the case when the channel is fixed (known to both the transmitter
and the receiver). Evaluate the capacity loss of using this strategy at high and low
SNR. In which regime is this transmission scheme a good idea?

6

Observe that this condition is weaker than saying that (5.130) is jointly convex in the
arguments P1      PL .
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2. Now consider the slow fading MISO channel. Evaluate the loss in performance of
using this scheme in terms of (i) the outage probability pout R at high SNR; (ii)
the -outage capacity C at low SNR.
Exercise 5.22 Consider the frequency-selective channel with CSI only at the receiver
with L i.i.d. Rayleigh faded paths.
1. Compute the capacity of the fast fading channel. Give approximate expressions at
the high and low SNR regimes.
2. Provide an expression for the outage probability of the slow fading channel. Give
approximate expressions at the high and low SNR regimes.
3. In Section 3.4, we introduced a suboptimal scheme which transmits one symbol
every L symbol times and uses maximal ratio combining at the receiver to detect
each symbol. Find the outage and fast fading performance achievable by this
scheme if the transmitted symbols are ideally coded and the outputs from the
maximal-ratio are soft combined. Calculate the loss in performance (with respect
to the optimal outage and fast fading performance) in using this scheme for a GSM
system with two paths operating at average SNR of 15 dB. In what regime do we
not lose much performance by using this scheme?
Exercise 5.23 In this exercise, we revisit the CDMA system of Section 4.3 in the light
of our understanding of capacity of wireless channels.
1. In our analysis in Chapter 4 of the performance of CDMA systems, it was common
for us to assume a b /N0 requirement for each user. This requirement depends
on the data rate R of each user, the bandwidth W Hz, and also the code used.
Assuming an AWGN channel and the use of capacity-achieving codes, compute
the b /N0 requirement as a function of the data rate and bandwidth. What is this
number for an IS-95 system with R = 96 kbits/s and W = 125 MHz? At the low
SNR, power-limited regime, what happens to this b /N0 requirement?
2. In IS-95, the code used is not optimal: each coded symbol is repeated four times
in the last stage of the spreading. With only this constraint on the code, find
the maximum achievable rate of reliable communication over an AWGN channel.
Hint: Exercise 5.13(1) may be useful here.
3. Compare the performance of the code used in IS-95 with the capacity of the AWGN
channel. Is the performance loss greater in the low SNR or high SNR regime?
Explain intuitively.
4. With the repetition constraint of the code as in part (2), quantify the resulting
increase in b /N0 requirement compared to that in part (1). Is this penalty serious
for an IS-95 system with R = 96 kbits/s and W = 125 MHz?
Exercise 5.24 In this exercise we study the price of channel inversion.
1. Consider a narrowband Rayleigh flat fading SISO channel. Show that the average power (averaged over the channel fading) needed to implement the channel
inversion scheme is infinite for any positive target rate.
2. Suppose now there are L > 1 receive antennas. Show that the average power for
channel inversion is now finite.
3. Compute numerically and plot the average power as a function of the target rate
for different L to get a sense of the amount of gain from having multiple receive
antennas. Qualitatively describe the nature of the performance gain.
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Exercise 5.25 This exercise applies basic capacity results to analyze the IS-856 system.
You should use the parameters of IS-865 given in the text.
1. The table in the IS-865 example in the text gives the SINR thresholds for using
the various rates. What would the thresholds have been if capacity-achieving codes
were used? Are the codes used in IS-856 close to optimal? (You can assume that
the interference plus noise is Gaussian and that the channel is time-invariant over
the time-scale of the coding.)
2. At low rates, the coding is performed by a turbo code followed by a repetition code
to reduce the complexity. How much is the sub- optimality of the IS-865 codes
due to the repetition structure? In particular, at the lowest rate of 38.4 kbits/s,
coded symbols are repeated 16 times. With only this constraint on the code, find
the minimum SINR needed for reliable communication. Comparing this to the
corresponding threshold calculated in part (1), can you conclude whether one loses
a lot from the repetition?
Exercise 5.26 In this problem we study the nature of the error in the channel estimate
fed back to the transmitter (to adapt the transmission rate, as in the IS-856 system).
Consider the following time-varying channel model (called the Gauss–Markov model):

hm + 1 =

√
√
1 −  hm +  wm + 1

m ≥ 0

(5.131)

with wm a sequence of i.i.d.  0 1 random variables independent of h0 ∼
 0 1. The coherence time of the channel is controlled by the parameter .
1. Calculate the auto-correlation function of the channel process in (5.131).
2. Defining the coherence time as the largest time for which the auto-correlation
is larger than 0.5 (cf. Section 2.4.3), derive an expression for  in terms of the
coherence time and the sample rate. What are some typical values of  for the
IS-856 system at different vehicular speeds?
3. The channel is estimated at the receiver using training symbols. The estimation
error (evaluated in Section 3.5.2) is small at high SNR and we will ignore it
by assuming that h0 is estimated exactly. Due to the delay, the fed back h0
reaches the transmitter at time n. Evaluate the predictor ĥn of hn from h0
that minimizes the mean squared error.
4. Show that the minimum mean squared error predictor can be expressed as

hn = ĥn + he n

(5.132)

with the error he n independent of ĥn and distributed as  0 e2 . Find an
expression for the variance of the prediction error e2 in terms of the delay n and
the channel variation parameter . What are some typical values of e2 for the
IS-856 system with a 2-slot delay in the feedback link?
Exercise 5.27 Consider the slow fading channel (cf. Section 5.4.1)

ym = hxm + wm

(5.133)
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with h ∼  0 1. If there is a feedback link to the transmitter, then an estimate of
the channel quality can be relayed back to the transmitter (as in the IS-856 system).
Let us suppose that the transmitter is aware of ĥ, which is modeled as
h = ĥ + he 

(5.134)

where the error in the estimate he is independent of the estimate ĥ and is  0 e2 
(see Exercise 5.26 and (5.132) in particular). The rate of communication R is chosen
as a function of the channel estimate ĥ. If the estimate is perfect, i.e., e2 = 0, then
the slow fading channel is simply an AWGN channel and R can be chosen to be less
than the capacity and an arbitrarily small error probability is achieved. On the other
hand, if the estimate is very noisy, i.e., e2 1, then we have the original slow fading
channel studied in Section 5.4.1.
1. Argue that the outage probability, conditioned on the estimate of the channel ĥ, is
#
$
 log1 + h 2 SNR < Rĥ ĥ 

(5.135)

2. Let us fix the outage probability in (5.135) to be less than  for every realization of
the channel estimate ĥ. Then the rate can be adapted as a function of the channel
estimate ĥ. To get a feel for the amount of loss in the rate due to the imperfect
channel estimate, carry out the following numerical experiment. Fix  = 001 and
evaluate numerically (using a software such as MATLAB) the average difference
between the rate with perfect channel feedback and the rate R with imperfect
channel feedback for different values of the variance of the channel estimate error
e2 (the average is carried out over the joint distribution of the channel and its
estimate).
What is the average difference for the IS-856 system at different vehicular speeds?
You can use the results from the calculation in Exercise 5.26(3) that connect the
vehicular speeds to e2 in the IS-856 system.
3. The numerical example gave a feel for the amount of loss in transmission rate due
to the channel uncertainty. In this part, we study approximations to the optimal
transmission rate as a function of the channel estimate.
(a) If ĥ is small, argue that the optimal rate adaptation is of the form


Rĥ ≈ log 1 + a1 ĥ 2 + b1 

(5.136)

by finding appropriate constants a1  b1 as functions of  and e2 .
(b) When ĥ is large, argue that the optimal rate adaptation is of the form


Rĥ ≈ log 1 + a2 ĥ + b2 

(5.137)

and find appropriate constants a2  b2 .
Exercise 5.28 In the text we have analyzed the performance of fading channels
under the assumption of receiver CSI. The CSI is obtained in practice by transmitting
training symbols. In this exercise, we will study how the loss in degrees of freedom
from sending training symbols compares with the actual capacity of the non-coherent
fading channel. We will conduct this study in the context of a block fading model: the
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channel remains constant over a block of time equal to the coherence time and jumps
to independent realizations over different coherent time intervals. Formally,
ym + nTc  = hnxm + nTc  + wm + nTc 

m = 1     Tc  n ≥ 1

(5.138)

where Tc is the coherence time of the channel (measured in terms of the number of
samples). The channel variations across the blocks hn are i.i.d. Rayleigh.
1. For the IS-856 system, what are typical values of Tc at different vehicular speeds?
2. Consider the following pilot (or training symbol) based scheme that converts the
non-coherent communication into a coherent one by providing receiver CSI. The
first symbol of the block is a known symbol and information is sent in the remaining
symbols (Tc − 1 of them). At high SNR, the pilot symbol allows the receiver to
estimate the channel (hn, over the nth block) with a high degree of accuracy.
Argue that the reliable rate of communication using this scheme at high SNR is
approximately
Tc − 1
CSNR bits/s/Hz
Tc

(5.139)

where CSNR is the capacity of the channel in (5.138) with receiver CSI. In what
mathematical sense can you make this approximation precise?
3. A reading exercise is to study [83] where the authors show that the capacity of the
original non-coherent block fading channel in (5.138) is comparable (in the same
sense as the approximation in the previous part) to the rate achieved with the pilot
based scheme (cf. (5.139)). Thus there is little loss in performance with pilot based
reliable communication over fading channels at high SNR.
Exercise 5.29 Consider the block fading model (cf. (5.138)) with a very short coherent
time Tc . In such a scenario, the pilot based scheme does not perform very well as
compared to the capacity of the channel with receiver CSI (cf. (5.139)). A reading
exercise is to study the literature on the capacity of the non-coherent i.i.d. Rayleigh
fading channel (i.e., the block fading model in (5.138) with Tc = 1) [68, 114, 1]. The
main result is that the capacity is approximately
log log SNR

(5.140)

at high SNR, i.e., communication at high SNR is very inefficient. An intuitive way
to think about this result is to observe that a logarithmic transform converts the
multiplicative noise (channel fading) into an additive Gaussian one. This allows us to
use techniques from the AWGN channel, but now the effective SNR is only log SNR.
Exercise 5.30 In this problem we will derive the capacity of the underspread frequencyselective fading channel modeled as follows. The channel is time invariant over each
coherence time interval (with length Tc ). Over the ith coherence time interval the
channel has Ln taps with coefficients7
h0 i     hLi −1 i

7

(5.141)

We have slightly abused our notation here: in the text h m was used to denote the th tap
at symbol time m, but here h i is the th tap at the ith coherence interval.
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The underspread assumption Tc Li  means that the edge effect of having the next
coherent interval overlap with the last Li − 1 symbols of the current coherent interval
is insignificant. One can then jointly code over coherent time intervals with the same
(or nearly the same) channel tap values to achieve the corresponding largest reliable
communication rate afforded by that frequency-selective channel. To simplify notation
we use this operational reasoning to make the following assumption: over the finite
time interval Tc , the reliable rate of communication can be well approximated as equal
to the capacity of the corresponding time-invariant frequency-selective channel.
1. Suppose a power Pi is allocated to the ith coherence time interval. Use the
discussion in Section 5.4.7 to show that the largest rate of reliable communication
over the ith coherence time interval is


P i h̃n i 2
1 Tc −1
max

(5.142)
log 1 + n
P0 i    PTc −1 i Tc
N0
n=0
subject to the power constraint
Tc −1

Pn i ≤ Tc Pi

(5.143)

n=0

It is optimal to choose Pn i to waterfill N0 / h̃n i 2 where h̃0 i     h̃Tc −1 i is
√
the Tc -point DFT of the channel h0 i     hLi −1 i scaled by Tc .
2. Now consider M coherence time intervals over which the powers P1     PM
are to be allocated subject to the constraint
M

Pi ≤ MP
i=1

Determine the optimal power allocation Pn i n = 0     Tc − 1 and i = 1     M
as a function of the frequency-selective channels in each of the coherence time
intervals.
3. What happens to the optimal power allocation as M, the number of coherence
time intervals, grows large? State precisely any assumption you make about the
ergodicity of the frequency-selective channel sequence.

