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Abstract

In this paper, we establish an equivalencebetweentwo conceptually di erent methods of sig-
nal estimation under modeling uncertainty viz. set{theoretic estimation and maximum entropy
(maxent) MAP estimation. The rst method assumesconstraints on the signal to be estimated,
the secondassumesconstraints on a probability distribution for the signal. We provide broad
conditions under which the two aforemertioned estimation paradigms produce the samesignal
estimate. We alsoshow how the maxert formalism can be usedto provide solutions to three im-
portant problems: how to selectsizesof constraint setsin set{theoretic estimation (the analysis
highlights the role of shrinkage); how to choosethe valuesof parametersin regularized restora-
tion when using multiple regularization functionals; and how to trade o model complexity and
goodnessof t in a model selection problem.
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1 Intro duction

We considerthe problem of estimating a signal from \noisy" obsenations when we have complete
information about the statistics of the obsenation processbut only partial prior information about
the signal of interest. Partial prior information about the signal might be available in the form of
bounds on a restricted set of certain momert measuremets. The prior information is incomplete
becauseit doesnot uniquely specify the underlying signal probability distribution function (pdf)
that is consistert with the measuremets. There arisesthe question of selecting a prior from
the feasibleonesthat is noncommittal with respect to missing information. The maxert principle
provides a selectionmedanismthat enjoys seweral appealing optimalit y properties which are brie y
discussedn Section2. We study the maximum a posteriori (MAP) estimator basedon the maxert
prior as a framework for signal estimation under modeling uncertainty. We refer to this as the
maxent MAP (MEMAP) estimation framework.

In adierent but closelyrelated scenariowhich is in the spirit of set{theoretic estimation [1],
partial prior information about the signalis available in the form of membershipto certain setsthat
capture di erent signal attributes. Simultaneous membership to the speci ed setstypically does
not single out a speci ¢ estimate and constitutes the incompletenessin prior information. In this
context, the signal that satis es all the set membership constraints and hasthe greatestlikelihood
of generating the obsened data is a reasonablesignal estimate under modeling uncertainty. We
call this the constrained maximum likelihood (CML) estimation framework. The CML estimation
framework is discussedin Section 2.3.

Characterizing the maxent distribution in a collection of priors, is a problem in in nite dimen-
sional constrained optimization involving seweral subtleties, and many derivations in the literature
cortain errorst. In Section2.2 we provide an analytical characterization of the maxert prior that is
consisten with the measuremeh accuracy Our characterization of the maxenrt prior is for momert
inequality constraints and is directly in terms of the underlying measuremeh functions. We only
state, but do not prove, theseresults becausethey are rather technical and are of secondaryinterest
to the subject of this paper. Detailed proofs of theseresults are available in [3].

One aim of this work is to investigate precise conditions under which conceptually di erent
approades for incorporating signal uncertainty into the modeling and estimation processviz.
MEMAP and CML vyield the same signal estimate. The MEMAP estimation framework casts
the uncertainty into the signal pdf whereasCML estimation puts it into the signal constraint sets.
Establishing this equivalence opens the possibility of drawing upon the rich body of numerical
techniquesin the set{theoretic estimation literature to do MEMAP estimation. At the sametime,
practitioners of set{theoretic estimation methods can choose estimation parameters, suc as set
sizes,using an ertropy criterion of noncommittalit y towards missinginformation. This equivalence

1see[2] for referencesto these nonrigorous derivations.



is preserted in Section 3. The proof that a MEMAP problem is alsoa CML problem is brief and
straightforward. The proof that a CML problemis alsoa MEMAP problem needsa technical result
from the theory of constrained optimization.

In set{theoretic estimation, the structure of useful signal attributes is often known, but it is not
clear how to selectsuitable sizesfor the constraint sets. In the presenceof statistical information
about the signal, intuition would suggestchoosingthe setsizessoasto include points that aretypical
of the available statistical information. Howewer, this approad presers seriousshortcomingswhich
are discussedin Section4. Drawing upon the equivalencebetween MEMAP and CML estimation,
howewer, we suggestselectingconstraint set sizesthat lead to the MEMAP estimate. We compare
the two choicesthrough an analytical and a numerical example.

In Section 5 we shov how the maxert formalism can be used as a criterion for choosing a
model among seeral competing ones;no such model selectionmethod is available in convertional
set{theoretic estimation. Using the entropy model selectioncriterion we show that, if the available
statistical information consistsof variance estimatesof individual signal coordinates under a unitary
transformation, the bestunitary transform is the decorrelating Karhunen{Loewe transform (KL T).
In the context of transform coding, the KLT is known to be the optimal transform maximizing
coding gain. The ertropy criterion therefore provides another justi cation for usingthe KLT from
a modeling and estimation perspective.

In Section 6 we discussthe relationship betweenthe MEMAP estimation framework and the
theory of regularized estimation. Indeed, the maxert framework provides a method for choosing
the regularization parameters assaiated with multiple regularization functions { a problem that
has received limited attention in the literature. We conclude our preseration in Section 7 with
a brief discussionabout the utilit y of prior information for signal estimation when an unlimited
amoun of obsenation data is available.

Notation: We denote the set of real numbers by R, the d-dimensional real Euclidean space
by RY, the nonnegative conein RY by RY, and vectors by boldface letters (example: x 2 RY).
Finite{dimensional vectors are regardedas column vectorsand x ' denotesthe transposeof vector
x. If A and B are Lesbegue-measurablesubsetsof RY, then by the statemert A = B we mean
that the set of points not simultaneously in both has Lesbegue measurezero, and we say that A
is equalto B almost everywhere (a.e.). All functions we consider are assumedto be real{valued
and measurablewith respect to the Lesbeguemeasureover RY, and all integrals are in the senseof
Lesbegue. Inequalities involving measurablefunctions are to be understood in the a.e. sense.We
denote the set of real{valued, absolutely integrable functions over RY by L1(RY). We shall usethe
symbol and its variants to denote pdfs. Expectation with respectto (x) is denotedby E [].
The support of a function f (x) is the set of points whereit is nonzeroand is denoted by supp(f ).
The indicator or characteristic function of a set A RY denoted by 1a(x) is the function that is
equalto oneover A and zero elsewhere.The volume of A is its Lesbeguemeasure,denoted by jAj.
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Capital boldfaceletters X; Y denoterandom vectors, while small boldfaceletters x; y denotetheir
individual values. Other notation usedthroughout this paper is summarizedbelow.

2 ... index of a particular constraint
momert constraint function
... set{theoretic constraint function
u ... upperboundonE[ (X)]
upper bound on  (x)
MEMAP Lagrange multipliers
... CML Lagrange multipliers
C ... set{theoretic constraint set: C = fx: (x) ;8
u

g
pdf momert constraint set: =f :E[ (X)] 2

2
18 g.

2 Signal Estimation Under Mo deling Uncertain ty

2.1 Stochastic signal modeling and estimation

Consider the classicalinverse-problemof estimating a signal X 2 RY from degradeddata y 2 RY,
The degradationis described by a conditional pdf or channel py jx (yjx), whosecharacteristics may
not be known precisely Examplesof signal degradationinclude blurring followed by contamination
by additive noise. Any nontrivial method that attempts to estimate X, given Y = vy, inherently
incorporates prior information (a model) for X . In statistical estimation, X is regardedas a high-
dimensional real random vector with an underlying d-dimensional pdf (x).

In the context of estimating X from Y we note that dierent estimation criteria have been
proposedin the literature that enjoy various statistical optimality properties [4]. One approad
guanti es the quality of the estimation processin terms of a loss function { a function of X (the
signal of interest) and the estimate ®(Y ), e.g.,jjX R(Y)jj2. The Bayesian estimator minimizes
the expected value of the loss function. For example, the Bayesian estimator that minimizes
EjjiX k(Y )jjz, over all measurablemaps k(y) from the obsenation spaceROIO to the signal space
RY, is the conditional-mean estimator, E [XjY = y] [4], also referred to as the minimum mean
square error (MMSE) estimator. Another estimation framework that explicitly makes use of the
prior and enjoys certain statistical optimality properties [4] is the MAP estimate of X given that
Y =vy:

buae (y) = argmaxpyjy (Xjy)
x2Rd
= argmin  Inpy;x(yjx) In (x) ; (2.1)
x2Rd
where it is assumedthat the minimum in (2.1) exists. The rst term within square brackets in
(2.1) is the negative, log-likelihood of Y for a given value of X. The prescription (2.1) may also

be viewed as a regularized method for estimating X, with regularization function In (x) (cf.
Section 6).



2.2 Maxim um entrop y estimation

In many signal processingapplications, only limited information about (x) can be gathered. Mo-
mernts of probability distributions are often usedto describe the underlying statistical structure of
a stochastic process.For example, the set of all nite{order momerts of a scalar random variable
provides, under suitable regularity assumptions, a complete statistical description of the random
variable [5]. In practice, only a nite setof momerts is a priori known or can be estimated (mea-
sured) from samples. In many caseseven theseare not available, but bounds on the momerts are
available. The bounds may be regardedas arising from the imprecision of momernt measuremets.
We assumethat thesebounds are known exactly and hencedo not have to be estimated from the
data. In generalthe limited information will be unable to single out a desirable distribution that
is consistent with the momert constraints. The limited information would rather specify a whole
classof distributions that satisfy the momert constraints.

Let prior information about a random vector X be available in terms of upper bounds on the
expected values of certain real{valued \energy" functions :RY! R,; 2 , where isa nite
index set. A useful notion is that we can sometimesdesignthesefunctions (x) (that is, we can
designthe measuremets). For example,the mean P (p > 0) energiesof the wavelet coe cien ts in
di erent subbandsare often usedto construct statistical models for images|[6, 7]:

1
1 . .
s) = i jbgi®;
S k=0
where's denotesthe subbandindex, K s the sizeof subband's, and fbs g3y =0 ° the orthonormal
family of basisvectorsindexed by subbandindex s and position index k.

Each candidate distribution (x) that is consisten with these measuremets then belongsto
the set

=fpdf :0 E [ (X)] u<+1;8 2 g: (2.2)

We assumethat the only prior information available is expressedy the momert constraints of ,
that theseconstraints are consistert, and hence is nonempty and contains the \true" probability
distribution  (x) of the signal of interest. Since is de ned through inequality constraints that
arelinear in , it is a convexset[8] of prokability distributions. Also, note that if for some 2 we
takeu = 0and (x):=1 1s(x), whereS is a measurableset, then the support of eah 2
will be contained in S. It is therefore possibleto incorporate support constraints into  through
appropriate momert inequalities.

In general,many distributions will satisfy the momert constraints of . The choice of a distri-
bution from this moment{consistent classdependsupon the goalsto be achieved by the selection.



For the application of losslesscompression? a clear answer can be given. The unique pdf that
maximizesthe di erential entropy functional h( ) ;== E [In ] over a corvex set , wheneverit
exists also minimizes the worst{case rate for encaling repeated independert obsenations of X
losslessly[10, 11]. A similar result holds for high{rate lossy compression[12].

De nition 2.1 (Dier ential entropy) The di eren tial entrop y functional h( ) of a pdf when-

everit exists(it couldbe 1 whenit exists) is the quantity E [In ].

De nition 2.2 (Maximum entropy distribution) Let be a convex collection of distributions for
which \ fpdf :h( )> 1g is nonempty. The maxent distribution in  wheneverit existsis

the unique pdf me 2  satisfying®
h( me) = mzaxh( ):

It may be noted that since h( ) is a concave functional [8, 13|, the setfpdf : h( ) > 1g
is corvex. The uniquenessof g follows from the strict concavity of the di erential{entropy
functional [13] and the convexity of .

In addition to being minimax optimal for the application of losslesscompressionwith uncertain
sourcestatistics discussedabove, the maxert distribution is also\maximally noncommittal® with
respect to missing information while satisfying prior constraints [14]. Shoreand Johnson[15] show
that if a distribution hasto be picked from a classof probability distributions by maximizing a
functional satisfying somenatural postulates,it must necessarilybe the maxent functional. Again,
in a study of logically consisten methods of inference, Csiszar demonstrates that the maxent
distribution is the only onethat satis es two di erent sets of intuitiv ely appealing axiom systems
[16]. These properties of the maxent distribution make it a desirable choice for signal estimation.

We de ne Maximum Entropy MAP (MEMAP) estimation as MAP estimation (2.1) with =
ME-
RBuemar (Y) = argxngigd Inpyix (Yix) In me(x) : (2.3)

The maxert prior provides a maximally noncommittal summary of the stochastic information
expressedby the momert constraints of . If both pyjx (yjx) and me(x) are log{concave in
X, then the minimand in (2.3) is corvex in x. Furthermore, if either pyjx (yjx) or me(Xx) is

2Although our primary interest is estimation, there exists a well known connection between compression and
estimation through the notion of stochastic complexity underlying the minimum description length (MDL) principle

advocated by Rissanen[9].
3The subscript ME stands for maximum entropy.



strictly log{concave, the MEMAP cost function is strictly corvex in x and then the minimization
problem (2.3) has a unique solution. If in addition, the minimand in (2.3) is di erentiable with
respectto x, the global minimum (which isthe MEMAP estimate) can be obtained using a standard
gradient descen algorithm [17].

The following theorem providesa characterization of the unique maxenrt distribution in  subject
to suitable technical conditions. The proof of this theorem is beyond the scope of this paper and
may be found in [3].

Theorem 2.1 (Characterization of the maxent distribution) Let S be a measurable subsetof R¢
having nonzeo (but possiblyin nite) volume,and fu g » a setof positive reals. Letf g, be

a nite collection of real{valued, nonnegative, linearly independent functions on S. De ne
(u):="fpdf :supp() S;0 E[ ] u;8 2 g (2.4)

where u is the vector of moment upper boundsfu g » .

If there existsa pdf ¢ 2 (u) for whichO< E ;[ (X)]<u;8 2 , 1 <h(y),andif

the unique maxentpdf yg 2 ( u) existswith h( vg) < +1 , then the maxent pdf has the form

8 9
< X =
mME(X;U) = 1, (x) exp.  ( (u)+ (u) ). ; (2.5)
; X ;
where Sye = supp( me) S satises E  1gpg,.(X) = 0 for every 2 (u) for which
R n P (0]
1 <h()and (u)=1In Sy e EXP 2 (u) (x) dx is a nite normalization constant.

The parametersf (u)g o are all nonnegative, unique, and satisfy

X
E, .[ 1 u)=o (2.6)
2

n P 0
Conversely, if a pdf exp(X; ) = 1s,,(X) exp 5> (u) (x) belongsto ( u),

whee Seyp is @ measurable subsetof S and f (u)g , are nite, nonnegative real numkers,
P

E  lsns,, (X) =0forevery 2 (u)forwhich1 <h(), and 2 (E ool 1 Uu)=0

then exp is the unique maxent pdf in (' u).

The numbersf g, in Theorem 2.1 above are Lagrange multipliers assaiated with the momernt

constraints of ( u) in (2.4). The constraint quali cation (2.6) implies that = 0 if constraint
is inactive; that is, E ,. [ ] < u . Sincethe measuremen functions f g, are assumedto



be linearly independent and S has nonzerovolume, the uniquenessof y g in the theorem implies
that there is a unique choicefor the parameters = f g, that satis es the momert constraints
of ( u). Hencethe mapping from the vector of momernt bounds u to the vector of Lagrange
multipliers  is a function relation, i.e., it is not a one-to-mary map. If the measuremen functions
are not linearly independert, the characterization theorem still holds, but the Lagrange multipliers
neednot be unique.

Remark 2.1 The Lagrangemultipliers (u) are usually implicit functions of the momentboundsu.
If for somevalueof u a Lagrangemultiplier turns outto be zeo | thatis, (u) = Ofor some 2

(a situation that will arise if the ass@iated moment constraint is inactive, i.e., E ,. [ ]< u)
| thenit can be shownthat the maxent solution (and hene the assaiated Lagrange multipliers)
correspnding to any larger value of u  will remain the same. Thus, the map (u) from moment

boundsto Lagrange multipliers is in geneal many-to-one.

Howewer, the map (u) is one-to-onewhen its domain is restricted to the set of those valuesof u
for which > 0;8 2 ; ie., all the constraints are active. This fact can be seenas follows. If
fu(l)g 2> and fu(z)g 2 both map to the sameset of strictly positive Lagrange multipliers f >

Og » , then becauseall constraints are active, necessarily ud = E we L (X)) = u(z); 8 2.

In Theorem 2.1 it is assumedthat the maxen distribution exists. The maxen distribution in
a corvex collection of priors neednot exist in general. Conditions that guarartee the existenceof
the unique maxert prior are discussedin [3].

2.3 Set{theoretic signal modeling and estimation

In set{theoretic (ST) estimation [1], prior knowledgeabout the signalto be estimatedis in the form
of hard deterministic constraints. Each constraint, indexedby 2 , canbe assaiated with a set
C of signalsthat comply with the constraint. Each set is a collection of signals (subset of RY)
that satisfy certain properties that re ect our prior knowledge about the signal of interest. Useful
constraints are consistert, exclude undesirable signalsfrom the constraint set, and include signals
of interest. Examples of signal constraint setsinclude grayscaleimageshaving a speci ed spatial
intensity rangefx 2 R9:0 x(i) 2551 i dgand signalswith a specied spectral support
fx2RI:e(i)=0i21 fO;::;d 1gg where® is the d{p oint discrete Fourier transform of x.
The corvex setsof Section 2.2 are setsof pdfs on X, and not subsetsof the signal spaceR¢? asin
set{theoretic estimation.

The goal of set{theoretic estimation isto nd a point kst in the intersectionC :=\ , C of
these constraint sets. The set{theoretic prior signal model is the requiremert of menmbership to
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C. In general,the set{theoretic estimate hasno further optimality other than compliancewith the
hard constraints. Typically, the setsfC g », are closedand corvex, in which casethe intersection
set is also closed and corvex. Then the set{theoretic estimation problem is widely referred to
as the cornvex feasibility problem. Very often, these sets are also bounded, symmetric, and have
nonempty interior. When x and y belongto a common Hilb ert spaceand is a nite index set,
a technique which is commonly usedin the set{theoretic estimation literature for nding a point
in the intersection set is the projection onto cornvex sets(POCS) algorithm. Under mild technical
conditions on the constraint sets[18, 19|, the POCS algorithm is guaranteed to convergeto a point
kpocs in C by successiely projecting estimates onto the individual constraint sets C starting
with the obsened data y#. Unfortunately, except for special cases,the POCS estimate has no
further optimality other than membershipin C. Figure 1 illustrates the main ideasin set{theoretic
estimation. The gure shows two corvex setsC; (ellipse) and C, (triangle) that capture di erent
attributes of an image having only two pixels. The image is a real vector in R? and is known,
a priori, to belongto to C; and C,. The POCS estimate kpocs is obtained by projecting the
obsened signaly rst onto C; and then onto C,. The POCS algorithm for the depicted situation
convergesto a point in C := C1\ C in two iterations.

Within the set{theoretic framework described up to this point, there is no medanism available
to exploit the speci ¢ characteristics of the obsenation channel characterized by a conditional pdf
Py jx (YjX). An attractiv e estimation method that overcomesthis limitation is one that takesinto
accourt knowledgeof the channelby nding an elemen k., . (y;C) (the subscript CML stands for
constrained maximum likelihood) in C that maximizesthe likelihood of observingy:

Reu (y;C) = afgfpzag(pvjx(w'x)
= argmin  Inpyx (yjX) : (2.7)
x2C

Selectingthe CML estimate from the feasiblesetis in the spirit of constructing con dence sets
for the signal basedon statistics of the residual noise processw for an obsenation channel model
of the form y = Hx + w where H is a linear operator [22, 23, 24, 25]. In the cited references,
prior statistical information about the signal is incorporated only through incomplete statistical
information about the residual noise processand not directly from available prior measuremets
on the signal itself.

Minimizing  Inpyjx (yjx) over the intersection set C can be thought of as \pro jecting” the
obsened signal y onto the corvex set C. For an additive white Gaussiannoise (AWGN) channel,
for example, minimizing  In pyjx (yjx) over C is indeed the sameas nding the quadratic{norm
projection of y onto C. Referring to Figure 1, it may be obsened that the POCS estimate in
generaldi ers from the CML estimate kcym L which is the projection of y onto the intersection set
C for an AWGN channel in R2.

“Projections under L*(R?) norms and Bregman distances have also beenstudied in the literature [20, 21].




In the following section, we provide fairly broad conditions under which the two apparertly
di erent signal estimation approadtes, namely, MEMAP estimation and set{theoretic estimation,
yield the sameanswer. Speci cally, we provide conditions under which, for given energy functions
f g2 andboundsfu g2 , it is possibleto construct setsfC og o, o for which the CML and
MEMAP estimatesare identical. Conversely we also investigate conditions under which, for given
subsetsfC g » of RY, it is possibleto designnonnegative, real{valued functions  o(x); %2 ©
and provide momert bounds fu og o, o so that the set{theoretic CML estimate (2.7) basedon
fC g, coincideswith the MEMAP estimate (2.3) basedonf og o ocandfu og o o.

3 Equiv alence between Stochastic and Set{Theoretic Estimation

3.1 A MEMAP problem is also a CML problem

In this subsectionwe presert a generalscenarioin which a MEMAP problem can be reformulated
asa CML problem. We assumethat the conditions of the characterization theorem for the unique
maxent prior in  (cf. Theorem 2.1) hold.

From (2.3) and (2.5) it follows that the maxert MAP estimate of X basedon obsenations
Y = y whenewr it existsis given by
h p i
Bvemap (y;u) = argminkes  Inpyjx (yix)+ 5, (u) (x) : (3.1)

Let us assumethat the MEMAP solution given by (3.1) exists (it will exist, for example, if the
minimand in (3.1) is continuous and the support set S is compact). For eacr 2
following subsetsof S:

, dene the

C(y;u)=1fx28S: (x) (emEemaP (Y;Uu))g: (3.2)

Note that the setsfC g », de ned by (3.2) are nonempty (becauselpmemap 2 C ; 8 2 ) and
depend on y. Also note that if = 0,then C = S. We are now in a position to show that a
MEMAP problem can be reformulated asa CML problem:

Theorem 3.1 Under the assumptionsof Theorem 2.1, let g denote the unique maxent prior
in the convexclass de ned by (2.4). For the observation channel py jx (yjx), assumethat the
maxent MAP estimate given by (3.1) exists. Let fC (y;u)g » be subsetsof S de ned via (3.2),
and C(y;u) =\ , C (y;u). Then,

RveEmAP (Y;U) = argxz@g)fu) Py jx (Y]X):

10



In other words, the MEMAP estimate is alsothe CML estimate assa@iated with the constraint sets
fC (y;u)g 2 .

Proof:  Supposethat there exists x 2 C(y;u) suc that pyjx (YjX) > pyjx (YiBmEMAP)
or equivalertly, Inpyjx(yjXx) < Inpyjx(Yj®memapr). Then it follows from the de nition of
fC g2 in(3.2) that

X X
In py x (Yix) + (X) < Inpyjx(YiRmEMAP) + (RmEMAP);
2 2

contradicting (3.1). [ |

3.2 A CML problem is also a MEMAP problem

In many set{theoretic estimation problems the menmbership constraint sets for the signal x are
convex and have the form

C( )=fx2RY: (x) g 2Rs; 2 ; (3.3)

where ead constraint function ;2 is nonnegative and cornvex. The assaiated constrained
maximum likelihood estimate (2.7), whene\er it exists, is given by

Remo(ly; ) = argx,gg?) Inpyjx (YiX) ; (3.4)

where is the vector of parametersf g, ,and C( ) =\ 2 C ( ). The following theorem
shows that the CML problem in (3.4) is equivalent to a MEMAP problem assaiated with a certain
collection of priors  under suitable conditions on the constraint set functionsf g, .

Theorem 3.2 Letf g, bea nite collection of nonnegative convexfunctions, fC ( )g o the
collection of convexsetsin (3.3), and C .= \ , C . Supmsethat C has a nonempty interior:
9%g 2 C suchthat (xo) < ;8 2 . Let Inpy;x(yjx) be real{valued and convexin x,
and let the CML estimate (3.4) exist and satisfy pyjx (YjRcmL(y; )) < +1 . Then there exists
a measurable set S( ) of nonzeo, but nite volume and nonnegative numbers fu (y; )g o for

which Rem L (Y; ) is the MEMAP estimate kmemap (Y; ) of (2.3) asseiated with
(y; )i=fpdf :supp() S();0 E[ (X)] uf(y; );8 2 g

Proof: With the assumptionsin the statemert of the theorem, an application of Theorem 1,
p. 217 of reference[8] with V = F = R, g (x) = (x) ;8 2, andf(x) = Inpyjx(yjx)

11



guarartees the existence of nonnegative constarts f g, for which the CML estimate is the
unconstrained minimizer of the Lagrangian of the CML optimization problem (3.4):

2 3
_ _ X
Bowu(y; )= arg min 4 Inpyjx (yjx) + () )5 (35)
2
where = 0if constraint C isinactiveat hcm L, that is, (kemo) < . Let denotethe vector

of Lagrangemultipliers f g » . In general,the Lagrangemultipliers  have a rather intricate and
implicit dependenceon andy which we denoteby (y; ). For reasonssimilar to those discussed
in Remark 2.1, this dependenceis not one-to-one. The function (x;y; ) = 5 (x) is
nonnegative and corvex since 0; and  is nonnegative and corvex for every 2 . Let S( )
be any nite-v olume measurableset cortaining kcm L (y; ) and de ne

1
75(2)()() expf  (x;y; )g;Z > O (3.6)

exp(X) =

SinceS( ) has nite volume, e is integrable. Let Z be the normalization constart selectedto
make exp a valid pdf, that is, jj expji 2 = 1. SinceS( ) hasnonzerobut nite volume and eah
is real{valued, the di erential entropy h( exp) existsand is nite. It is alsoeasily veri ed that

X
h( exp) = Eool 1+InZ:
2

Thus,u (y; ):=E ] is nonnegative and nite for eadr . Consider

exp [

(y, )="fpdf :supp() S()0 E[ (X)] u;8 2 g (3.7)

which is nonempty since ¢ 2 . Note that ¢y, meetsthe upper boundson the momerts in (3.7)
with equality. Now for eahh 2  we have

X X
0 D(Jj exp) = E[ ]+InZ h() u+inz h()=h(ep) h():

2 2

This showsthat eyp is the unique maxert prior in . From (3.6), (3.1), and (3.5) we can conclude
that the CML problemin (3.4) is equivalert to the MEMAP problem assaiated with () in (3.7).
|

The nite{v olume property of S( ) diminishes the power of the equivalence becausein the
MEMAP formulation of a given CML problem the momert constrained set of distributions will be
required to have a nite volume support. Many modeling scenariosuse energy constraints sud
asE jjXjj?> u. The set of distributions that are consistert with sud a requiremert need not
have nite volume support, e.g., the normal distribution. Howewer, the requiremert that S( )
in Theorem 3.2 have nite volume can be somewhatrelaxed with additional assumptionson the
constraint set functions as discussedin Remark 3.1 below.
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De nition 3.1 (Omnidir ectional Unboundedness)A real{valued function on a nite{dimensional
vector space is omnidirectionally  unbounded if f(z)! +1 wheneverjjzjj! 1, wherjj jjis

any norm (in a nite{dimensional Banach space suchas RY, all norms are equivalent [26]).

Remark 3.1 If ,(x); 0 2 is an omnidirectionally unbounded (cf. De nition 3.1) constraint
function for which | > 0, i.e., the constraint is active, then it can be shown (see [3]) that exp
in (3.6) is integrable and h( exp) exists and is nite evenif S( ) is taken to be the whole of RY.

Hence all argumentsfollowing (3.6) in the proof of Theorem 3.2 continue to hold.

Using Theorem 1, p. 217 of [8], it is straightforward to verify that for ead active set constraint
c.:, 2,

= (RemL(y: )=  (Bmemar (Y: )): (3.8)

The map from to u neednot be one-to-one(cf. Remark 2.1).

As discussedbelow, we do not lose generality by assumingthat the convex sets C in (3.3)
are speci ed through nonnegative corvex functions . The equivalence between set{theoretic
estimation and MEMAP estimation cannot be complete unlessone notesthat all \nice" corvex set
membership constraints can be expressedin terms of level sets of \nice" corvex functions. This
connectionis e ected through the notion of Mink owski functions:

De nition 3.2 (Minkowski Function [8]) The Minkowski function M ¢(x) : RY ! R of a convex
set C containing the origin in its interior is de ned by

no 0
M ¢ (x) := inf r:FZC;r>0 - x 2 R%:

The Mink owski function is a complete functional description of any closedcorvex setthat cortains
the origin in its interior. Indeed, if C is any closed,corvex subsetof RY cortaining the origin asan
interior point, then it canbe shown that C = fx 2 R%: M ¢(x) 1g[8]. Furthermore, the interior
of the setC is givenby C= fx 2 R%: M ¢(x) < 1g.

Theorem 3.2 makes seeral assumptionson the constraint setfunctions . The corresponding
assumptionson the corvex sets whose Mink owski functions are related to are now discussed.
Mink owski functions are nonnegative by de nition and can be showvn to be corvex [8]. Suppose
that all constraint setsC ; 2 are closed,convex, and contain a commoninterior point xq 2 RY,
Then, the following sets de ned by C Xo = fx 2 RA:x+xp2 Cg 2 wil alsobe
closed, convex and corntain the origin 0 asa common interior point. If C := \ , C denotesthe
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intersection set, it is clearthat C xg =\ , (C Xo), and O is an interior point of C  Xg.
Thus,M ¢ «,(0) < 1foreatcr 2 . Hence,the family of functionsf M ¢ x,(X Xo)g2 has
all the properties required of f  (x)g » for Theorem 3.2 to hold. In fact, for eahh 2 , (x)
can be takento be any nonnegative, strictly increasing,corvex function of M ¢ y,(X Xo) with
suitable scaling.

As notedin the paragraphfollowing the statemert of Theorem 3.2 above, additional assumptions
onf (x)g » areneededbo relaxthe requiremert that the setS( ) in the statemert of Theorem3.2
have nite volume. Theseadditional assumptionstranslate to a requiremert that at leastoneof the
active constraint setsbe bounded. The relation betweenboundedcorvex setsand omnidirectionally
unboundedfunctions is contained in the following remark.

Remark 3.2 Let C be a convex subsetof RY having the origin as an interior point. If C is
bounde, then it can be shownthat (see [3]) its Minkowski function (cf. De nition 3.2) M ¢(X) is

nonnegative, convex, and omnidirectionally unbounded.

That every CML problem is also a MEMAP problem also holds in a more elemenary, but
perhapslessuseful, setting. The general CML problem (2.7) can be reformulated as the following
unconstrained minimization problem:

Bemi(y;€) = argmin - Inpyx (yjx) Inlc(x) ; (3.9)

becausef x 2 C, thenInl1lc(x) = 1 . Supposethat the intersection set C has nite but nonzero
volume. Then, in view of (2.1) and (3.9), CML estimation is equivalent to MAP estimation using
a prior that is uniform over C. The uniform prior with support C is the unique maxert prior
consistent with the requiremerts of set menbership. Speci cally, if we de ne

= fpdf :supp( ) Cg;

then the maxent prior in  exists and is given by (2.5): meg = W(;‘()C) This completesthe

technical discussionof the equivalencebetween MEMAP and CML methods of signal estimation.

4 Set Size Selection in CML Estimation

Often, agood choicefor the constraint functionsf g » in (3.3)isavailable, but it is not clearwhat
the appropriate \sizes" of the constraint setsfC ( )g » , asspeci ed by the parametersf g, ,
should be for CML estimation. If the signal X of interest is regarded as a random vector with
an underlying pdf , data might be available that allows oneto estimate energy boundsfu g »

where0 E [ (X)] u <+1; 2 . How shouldoneselectthe sizesof the constraint setsto
re ect this additional statistical information?

14



4.1 Typical and MEMAP set sizes

A widespreadpractice in set{theoretic estimation is to construct constraint setsby requiring them
to include points that are statistically typical of X (if a priori statistical information about X is
available), as well as points for which the residual noise processis typical of the statistics of the
obsenation channel (if the statistics of the obsenation channel are known). One problem with that
philosophy is that gaod signal estimatesare geneally not statistically typical of X. In particular,
MMSE estimators exhibit a certain shrinkage property. These results are stated in the following
proposition and are illustrated by the examplesin Section4.2 and Section 4.3.

Prop osition 4.1 (Shrinkage and Atypicality Properties of MMSE Estimates)

() MMSE estimatesare unbiasal, i.e., E [Rmymse(Y)] = E [X].

@iy If () is any real{valued, strictly convexfunction, thenE[ (hymse(Y))] E[ (X)]. Equal-
ity holdsif and only if conditioned onY = y, X is a constant with prokability one for all y 2 R,
In other words, MMSE estimatesare atypical of the signal being estimated.

(i) Assume that the observation noise Y X is independent of X and has zero mean. Then
E[ (X)] ET (Y)]foranyconvexfunction (). Thus,E[ (bymse(Y)] E[ (X)] ET[ (Y)],

i.e., MMSE estimatestend to shrink the observe data on the averge.

Proof:
() Elmmse(Y)] = E[E[XjY]]= E[X].
(i) Jensen'sinequality [27] for corvex functions applied to the MMSE estimate E [X]Y ] gives

(ommse(y)) = (EXjY =y]) E[ (X)iY =y]:

Averagingthe above inequality with respectto the distribution of Y provesthat E[ (®ymse(Y))]
E [ (X)]. The condition for equality in the proposition follows from the conditions for equality in
Jensen'sinequality and the assumptionthat () is strictly corvex.

(iii) Due to our assumptionson the obsenation noise,we have E [Y jX]= X. Hence

EL(Y)=EE[ (VX TE[ ENXD] = E[ (O

Under suitable conditions on the measuremen function  (X), the signal distribution, and large
samplesize(d 1), it ispossibletowrite (X)' E [ (X)]usingalaw of large numbers(LLN)
approximation, where is the underlying signal distribution. For instance, assumethe signal
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componerts X = fxigﬂzl are independen and identically distributed (i.i.d.) and the measuremen
function is additiv e:

13
(X) = d (Xi);
i=1
_ P _
where E <1;8 2. Thend L, 7 (X)) ! E [ (X)];8 2, asdtendsto innit y,

with probability one, by the strong law of large numbers [28, 29]. A common practice in set{
theoretic estimation is to chooseset sizesthat are statistically typical of the momert information
[22, 23, 30]. If momen information is of the form E [ (X)] u;8 2 , then one would
typically choosea set size

weeal =y ;8 2 (4.1)

Howewer, Theorems 3.1 and 3.2 suggesta di erent approad. Indeed, (3.8) shaws that the
CML estimate coincideswith the MEMAP estimate if (y) = (Bmewmap (Y)) for eadh y and
eady 2 . Again, under suitable technical conditions of stationarity on the pair X;Y, large
samplesize(d 1), and appropriate restrictions on the functionsf g » (such asthe additivit y
condition above), the dependenceof f (y)g » on a specic realization Y = y vanishesby an
LLN approximation. One may then write (Y )' MEMAP \yherewe term

MEM AP = E[ (Y )]
= E[ (Bvemar(Y))] (4.2)

the MEMAP choicefor the setsizes.We note that the above expressionusually provides an implicit
speci cation of setsizeshasedon the MEMAP paradigm and not a practical algorithm to compute
them from available statistics. Algorithms to compute the MEMAP set sizescan, in general, be
computationally intensive. These aspects of the problem are however beyond the scope of this
paper.

We comparethe estimation performanceof the typical and MEMAP choices(4.1) and (4.2) for
the set sizesthrough two examplesin the next two subsections.In the two examplesof Section4.2,
we are able to analytically prove that the MEMAP choice haslower meansquareerror (MSE) than
the typical choice. The secondexampleis numerical and illustrates in detail how ideasof MEMAP
and CML estimation can be applied to problems where there is incomplete statistical information
regarding the signal of interest. Other examplesinvolving imagesand multiple constraints on the
statistics of image wavelet coe cien ts will be reported elsewhere,see[31, 32] for a preliminary
version.
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4.2 Example: Restoring blurred Gaussian signal in Gaussian noise using a

weighted energy prior constrain t

Let Y = HX + W where X N(0; x), Hisad® d, linear blurring operator, and the noise
W  N(O; w) isindependert of X. Here, N (0; x) denotesthe zero{mean normal distribution
with covariance matrix x. Both x and \ are assumedto be symmetric, positive{de nite
matrices. Notethat Y N (0; v), where vy = H xHT+ . Here, py jx (YjX) = N(HX; w)is
log{concave in x (it is strictly log{concave if the mapping H is one-to-one). Considerthe weighed
energy function

(x) = %XT X (4.3)

which is a nonnegative, strictly corvex, and omnidirectionally unbounded function (see De ni-
tion 3.1 and Remark 3.1) of x. Note that E[ (x)] = 1.

42.1 MEMAP estimation

let S= R%and = fpdf :E [X]= 0 E [ (X)] 1g be the prior statistical information
available about X . By applying the corversepart of Theorem 2.1 it is seenthat the maxert prior
in isN(0; x). In this example,the maxern prior g is alsothe true distribution of X. The
MEMAP estimate of X basedon obsenation y is given by (3.1)

, 1 1
buemap (y) = argmingge SOy H)T W'y HX)+ SxT X (4.4)

xHT (ty: (4.5)

The posterior distribution py;y (Xjy) is normal. As a result, the conditional mean E [XjY = y],
which is alsothe MMSE estimate of X, coincideswith the MAP estimate of X [33]: kmemap (V) =

fom M se (Y)-

42.2 CML estimation

Let prior information be available in the form of membership to the ellipsoid C( ) = fx 2 RY :
(x) g. Write H(C( )) = fHx : x 2 C( )g. The CML estimate of X given obsenation y is

RemL(y: ) argminyoccy  Inpyjx (Yix)

. 1
argminy ;e ) E(y HX)T W'y HX)

argmin, , ga %(y Hx)T 'y  Hx)+ (;Zy) xT (I (4.6)
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where the last equality follows from (3.5). Here % (;y) 0 is the data{dependert Lagrange
multiplier for the CML problem. It is equalto zeroif y 2 H(C( )) (inactiv e constraint). Comparing
(4.4) and (4.6), it is clear that the CML estimate is obtained by replacing x in (4.4) by ﬁ
providedthat (;y)> 0.If (;y)=0,the CML estimate satis es the equationy = Hkcy . and
is not unique if H is noninvertible. Howewer, if H x HT is invertible, the well{known inverse lter

solution xHT(H xHT) ly exists, mapsto y under H, and henceis a valid CML estimate. The
CML estimate can be written as

xHT(H xH + (5y) w) 'y ify2H(C())

kemi(y; )= «HT(H xHT) 1y otherwise. 4.7)

It coincideswith the well-known inverse lter solution in the secondcase.

A larger value of models greater uncertainty in the signal. The CML estimate, in the limit
as ! +1, correspondsto estimating the signal with no prior information. From (4.7), notice
that as ! +1, (;y) ! O0,and Remi(y; ) ! xHT(H xHT) 1y, the inverse{lter
solution whose statistical properties are notoriously poor. Note that the inverse Iter solution

x HT(H xHT) 1y is not the sameasthe MEMAP solution (4.5).

4.2.3 Typical versus MEMAP set sizes

The typical choice for in light of the stochastic prior information expressedby is given by
(4.1); wricdl = 1 |n cortrast, the MEMAP choice correspondsto choosing sothat the CML and
MEMAP estimates coincide. In this example, the conditions of Theorem 3.2 are satis ed. Thus,
the CML estimate can indeed be made to coincide with the MEMAP estimate by choosing (y)
accordingto (3.8). Comparing (4.4) and (4.6), it is clear that this can be done by choosing (y) so
that (;y)= 1. Then, from (3.8), (4.3), and (4.5), we have

MEMAP () = (Bmemap (Y))

E[ (Bmemar (Y))] (4.8)

1
= SE YT JHH xHT Y

1
= {Trace xHT (H (4.9)

where the LLN approximation is assumedto hold® for d 1. The right{hand side (4.8) is inde-
pendert of y. For instance,in a signal denoisingproblem (d = d® H = Iqthe d d identity matrix,

2 .
w = led,and x = >2<Id),wehave MEMAP:?(%V%/_< typical = 1

SStrictly speaking, this approximation will hold if X and W are samples of jointly stationary random processes

and if H is a shift{in variant operator. Also see[34, 28, 29].
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More generally becausethe conditional distribution of X givenY =y is normal, and (x) is
strictly corvex, Proposition 4.1 shows that

El (bvemar (Y))] < E[ (X)]=1

i MEMAP typical:
In this example,becausethe MEMAP estimate is alsothe MMSE estimate, the MEMAP choice of
set sizeis better than the typical onein terms of mean squarederror. Note that the MEMAP set
sizeis smaller than the typical size. We have obsened that this shrinking e ect is not restricted to
this example (cf. Proposition 4.1 and Section 4.3). Choosing a constraint set sizewhich is smaller
than the typical one strongly cortrasts with somead hoc rules for selecting set sizesfound in the
literature. Somereseartiers[35] even suggestworking with setsizesthat are larger than the typical
set sizes.

Using the MEMAP choicefor the setsizecan provide signi cant gainsin terms of MSE over the
CML choice even when H is nontrivial and poorly conditioned asthe following exampleillustrates.

4.2.4 Diagonal Estimators

Let d = d° and assumethat the covariancesmatrices x and  are diagonal, and that H is
diagonal as well. This setup arisestypically in signal processingproblems where the X, W, and
Y are vectors of Fourier coe cien ts, and H is the Fourier represeration of a circulant Toeplitz
operator. In the time domain, this setup correspondsto signalswith circulant Toeplitz covariance
matrices and a circulant Toeplitz operator (implementing a circular corvolution). The diagonalizing
operator is the d-point discrete Fourier transform. Here,the componerts of x;y; and H are complex{
valued in general.

The MEMAP estimator is identical to the MMSE estimator and is given by (4.5):
Hii
Hii2+  wi = x;i

RveEmar;i(Y) = yi: 1 i1 d

where z denotes complex conjugate of scalar z and subscripts i and ii respectively index the
elemerts of assaiated vectors and matrices. The MSE of the MEMAP estimate is given by
x Wi

MSE = — :
MEMAP o Hi2+ wi = xi

We alsohave "Pica = 1 and using (4.9),

MEMAP _ }Xd jHii j° 1
d._ JHil?+  wii= xi
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The CML estimate (4.6) with typical set size can be evaluated as follows.

bowi(y) = arg min (y Hx)' WMy Hx)
xY xhx d i
; y 1 y 1
argmin (y Hx)” (y Hx)+ x7 y°x

xa o g2 e i2
argmxin IYi  HiiXi) + JXi)
i=1

Wi X i
(The MEMAP estimator satis es this equationwith = 1.) This problem reducesto d independert
guadratic optimizations (over ead Xx;). Its solution is obtained as

H

RemLi (¥) = o1
omi (¥) 2+ wa= xa’
The MSE for this estimator is given by
MSEcwL = x Wi Hif?+ 2 wi= xi
o UGHERE whi = xin)?
Next, let usevaluate = (y). Let
H.
i) "

COHEZ+ wiis x|

Then satis es the nonlinear equation

y 1 x jijz- 2
b(_j|\/||_ X kv = —JYil” = d
=g X
or equivalertly,
@ .
d_''7

where -
o oJHE ) X o wiii
[ J |J N ]

X

P
and ; are i.i.d. N (0;1). Henceé ?j=1 i 2 corvergeswith probability one to its expectation
é ?:1 iasd! 1, if Kolmogorov's conditions on the sequence ;g are satis ed® ([28] p. 259).
Under those conditions, the random variable (Y ) convergeswith probability oneto a value that

is independen of a speci ¢ realization y.

For instance, if half of the diagonal ertries of H corresponding to low{frequency spectral com-
ponerts are equal to one and the other half are equal to zero (in the time domain this setup
corresponds to a poorly conditioned, real, circularly symmetric, low{pass, blurring operator) and

x = w = 2lg then MMEAP = 1o tyical =1 = 0, and “ﬁ@”ﬁ 3 wherethe approx-
imation becomesexactasd ! 1 . This represens a 25% reduction in MSE over the estimate

using the typical set size.

6 ; " P, 2 ; NPy ° ;
Speci cally , the conditions ., & < 1 and limgu F = i <1 aresucient.
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4.3 Example: Denoising Generalized Gaussian Signal in Gaussian noise using

"y and ", energy prior constrain ts

The empirical histograms of the wavelet coe cien ts of many natural imagesare well modeled by
the class of zero{mean generalized Gaussian distributions (GGDs) [6, 36]. Distributions in this
family are characterized by a shape parameter p and variance v2:

exp | 3P

GGD(p;Vv?)(x) := a__.
(P;v)(X) 2l (1)
plp

r

wherea = v

(1)
(3’
includesthe Laplacian (p = 1) and the Normal (p = 2) distributions. Let X ii.d. GGD(p; )2<).
Let

R
and (t) = 01 x! le *dx is the Gamma function. The family of GGDs

R 1
1(x) = < jxij and (X)) = < jXij
d. d
=1 i=1

Both 1(x) and »(x) are nonnegative, convex, and omnidirectionally unbounded functions of x
(seeDe nition 3.1 and Remark 3.1). Let Y = X + W, where W N (0; 2?lq) is independert
of X, and Iy is the d d identity matrix. Here, pyjx (YjX) = N (x; 2]4) is strictly log{concave
in x, and the componerts of Y are i.i.d. zero{meanand have variance 2 = 2 + 2. For our
numerical example, we used = 10° and = 40. The true pdf is GGD(p; )2() with parameters
p= 12 and x = 40. The value of E jX;j can be computed using Monte Carlo simulation
and is approximately equalto 295 for i = 1;::;;d. Note that E [ 1(X)] = EjXij = 295, and
E [ 2X)]= EjX;j*= £ = 1600.

43.1 MEMAP estimation

Dene (x):= (x); = 1;2. Supposethat prior statistical information about X is in the form
of measuremets of the average™; and ", energiesof X:

1(u1) fpdf E [X]=0,E [ 1(X)] uig;
2o(uz) = fpdf E [X]=0,E [ 2(X)] uzg;

T
and let (ug;up) = 1 2. Here,u; = EjXjj = 295 and u, = )2< = 1600. By applying the
corversepart of Theorem2.1to 1, »,and , it iseasilyveried that the respective maxen priors
exist and are given by (2.5). We have

n o
Yd exp %
mE1(X) L 20, ;
n .o
¥oexp B
me2(x) = —p=—;
i=1 X 2



which are, respectively, i.i.d. Laplacian and Gaussianpriors. The maxert prior in = 1 2
hasthe form

whereZ(; ) isthe normalization constart given by

_ P53
P erfe( = " 2)

200072 ot (=2

R
and erfc(z) == & 01 exp t2 dt is the complemenary error function. In the above expression

for the maxent prior, the parameters (not to be confusedwith the normalization constart in
Theorem 2.1) and must satisfy the constraints of both ; and » and maximize the di eren tial
entropy h( ). It is easyto verify that

E jXj, E jXj?

h( )= + =+ nZ(; )

Closed{form analytical expressionsfor E jXj and E jXj? in terms of the complemenary
error function can be derived (aswasdonefor Z(; ) above) but have beenomitted for clarity. A
numerical evaluation of h( ) for a range of feasiblevaluesin the { planeyieldsthe maximizer:

me = 371 and e = 880. Figure 2 shows the cortour plots of h( ) asa function of and

. The solid white dot in the gure hascoordinates ( me; me). The dark{shaded region in the
gure is the feasibleregion where 2 . Notethat . , . liesonthe boundary of the feasible
region: the momert constraints of 1 and , are both active in this example( e and pqe are
both nonzero). Further, note that 6 GGD(1:2 )2<) for any value of (; ); i.e., the maxen
distribution doesnot coincidewith the true distribution of X for any valuesof u; and u,. Howeer,
GGD(1:2; )2<) is \closer" to a Laplacian (p = 1) than the Gaussian(p = 2), and indeedwe nd that
the maxert distribution is dominated by the ", term. Loosely speaking, the maxert distribution

re ects the appropriate signi cance of eady momert constraint (cf. Section5).

The MEMAP estimate basedon 1 aloneis given by

xd VAT I
Wmemap1(y;u1) = argmin H + 2 (4.10)
X2R . 2 Uz
- - 2 -
) Bvemapzi(y;u1) = min Oy; Slgn()/i)u—1 ;10 d (4.11)

Thus, the MEMAP estimate basedon ; consistsof subjecting the obsenation y pointwise, to the
nonlinearity in (4.11), which is commonly referred to as the soft{threshold rule in the denoising
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literature [37]. For convenience,we shall write Ry emap 1(y;u1) = softthld(y; é). The soft{
threshold rule shrinks the magnitude of valuesthat are greater than the threshold, and setsto zero
valuesthat are below the threshold.

Similarly, the MEMAP estimate basedon » aloneis given by

xd )2 a2
arg min (vi ;<.) gl
x2Rd i=1 2 2 X

1

2
= 1+ — y; (4.12)
X

v EM AP 2(Y; U2)

which is the linear{fMMSE estimate of X basedony [4, 8].

The MEMAP estimate basedon s given by

x (Yi Xi)zJr iXi] jxij?

k juq;u = arg min + 4.13
MEM AP (Y; U1; Uz) gszdi:1 52 ve 22 (4.13)
2 1 2
= 1+ — soft_thld vy; ; (4.14)
ME ME

which is a combination of scalingand soft{thresholding. The MEMAP estimates(4.11), (4.12), and
(4.13) are obtained through point operations on y whose componerts are i.i.d. as noted earlier.
Thus, the componerts of the MEMAP estimatesare alsoi.i.d.

43.2 CML estimation

Let prior information about X be available in the form of membershipto *;1 and *, balls in RY of
radii d 1 and » d, respectively:

C()=fx2R%: X)) ( )g =12

T
andlet C( 1; 2) := C; C,. The CML estimate of X basedon C; aloneis given by

Xy,
. _ : Vi Xi)
kbemia(y; 1) = arg){g'é‘ll: 5 2
XAy xp)2 :
_ . Vi Xi) 1( 17y). L
= arggg}j ) 572 + . iXi] (4.15)

1

wherethe last equality follows from (3.5). Here 1( 1;y) 0is the Lagrange multiplier assaiated
with the CML problem and is equalto zeroif 1(y) < 1. Comparing (4.10) and (4.15), it is clear
that

Remia(y; 1) = softthld(y;Ts( 1,¥));
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where the soft{threshold Ts( 1;y) = % 1( 1;y) 2. The dependenceof Ts on 1 is implicit and is
contained in the condition on the Lagrange rﬁ]ultiplier 1. From this condition, it can be derived

that Ts is the largest value of T for which iy T (yij T) d 1 is nonnegative. In other
words, Rem L1(Y; 1) is the Euclidean projection of y onto the d{dimensional "1 ball of radius ;d.
The map from ; to Tg is many-to-one for ead y becauseTs = 0; 8 ; 1(y). The map is

one-to-one when the domain is restricted to values of for which the constraint is active, i.e.,
1= 1(Rcmr1(Y;Ts)). There is no explicit analytical expressionfor Rem L 1(Y; 1) in terms of 1.

In a similar fashion, it is easyto derive that the CML estimate basedon C, aloneis given by

Remia(y; 2) = slope( 2;y)y;

whereslope( 2;y) == (1+ 3 2( 2;y) ?) Yand 2( 2;y) Ois the Lagrange multiplier asswiated

with the CML problem and is equalto zeroif »(y) < 2. In this case there is an explicit expression
for »( 2;y)intermsof zandy: & 2( 2;y) = max(O; (jjyji2 2p d)( 2 2p d) 1). The dependence
of 2( 2;y) on aspecic obsenation Y = ingid=l disappearsford 1 because% id:l Yi2 ! $

by the strong law of large numbers. The convergenceis with probability one and the result holds
becausethe componerts of Y arei.i.d. and have nite meanand variance [28, 29]. Thus,

P

. _ : .2

kemea(Y; 2) = min 1’ijjj2
LN min l;—2 Y

which is the Euclidean projection of Y onto the d{dimensional "2 ball of radius 2p d. As before,
the map from , to the slope parameter is many-to-one becauseslope= 1; 8 , > »(Y) LN $

The map is one-to-oneif the ", constraint is active,i.e., 3= (kcm2(Y ;slope)) = min  2; 3 .

The CML estimate of X basedon membership to both C; and C, hasthe form

RemiL(y; 15 2) = slope( 1; 2;y)softthld(y;Ts( 1; 2;Y)):

Here, the dependenceof the slope parameter and Ts on ; and » is implicit. For ead set of
constraints considered,the corresppnding CML and MEMAP estimates have the same functional
form, but the parameters of the estimator respectively depend on the set radii and the boundson
the momert measuremeits. Due to the implicit nature of the dependenceof CML estimateson set
radii, it is easierto numerically evaluate Rcyv L 1(Y; 1) andkem o (y; 1; 2) in terms of the threshold
and slope parameters. Howewer, the relation between the set radii and the slope and threshold
parametersis not one-to-one(cf. Remark 2.1). We evaluate kcymL1(Y; Ts) and Rem L (Y; Ts; slope)
for eadh value of Tg and the slope parameter.

The setradii assaiated with ead value of threshold and slope parametersare related asfollows.
For CML estimation with a single "1 constraint, if the estimate for a given value of  lies on the
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boundary of the d{dimensional "1 ball of radius d 1, then 1 = j(kcmrL1(Y;Ts)); otherwise,
Rcmi1 = y and Tg = 0. For CML estimation with both the “; and *, constraints, there are
three scenarios. If both energy constraints are active, then =  (RcmL(y;Ts;slope)) for =
1;2. If the *; constraint alone is active, then slope( 1; 2) = 1, 1 = 1(RcmL(y;Ts; 1)), and
2> okcmL(y;Ts:1)). In this case,the choice for 5 is ambiguous, i.e., many valuesof , are
assaiated with slope= 1 for a given value of Ts. Similarly, if the ~, constraint aloneis active, then
Ts( 15 2) =0, 2= 2(kcmiL(y;0;slope)), and 1> 1(kcmi(y;0;slope)). Here, the choice for
1 is ambiguous. The ambiguity in the values of set radii for given values of threshold and slope
parameters can be resolved by mapping (Ts; slope) to the set radii for which both constraints are
active: 1= 1(RcmL(y;Ts;slope)) and 5= s(khcmL(Y; Ts;slope)) (also seeRemark 2.1).

4.3.3 Typical versus MEMAP set sizes

The typical choice for in light of the stochastic prior information expressedby ; = 1;2is
givenby WP =y . = 1:2(4.1). The conditions of Theorem 3.1 and Theorem 3.2 are satis ed.
It is therefore possibleto make the CML and MEMAP estimatescoincide by choosing appropriate
valuesfor 1 and » asgiven by condition (3.8). This givesthe MEMAP choice for set radii (4.2):

MEMAF’(Y)

(Bmem AP (Y))

Xj - -
= My =12

i=1
wheref represens the point nonlinearity given by (4.11), (4.12), or (4.14). The componerts of the
MEMAP estimates are i.i.d. becausefY;gl, areiid. and the MEMAP estimates are obtained
by a componertwise nonlinear operation on y. Hencethe random variablesfj f (Y;)j g?':l are also
i.i.d. with nite meanand variance. We can now invoke the strong law of large numbersto write

xd
I LG O/ R =N N C )]

i=1
asd ! 1, wherethe corvergenceis with probability one. Thus, for large valuesof d, the value of

MEMAP which makesthe CML and MEMAP estimatescoincideis independert of the obsenation
y. Table 1 comparesthe typical and MEMAP choicesfor the set sizesfor CML estimation using
C4, Cy, and C. Figure 3 plots mean squared error (MSE) as a function of set size for CML
estimation basedon C; and C, alone. Figure 4 shavs the 2{D contour plot of MSE asa function of
threshold and slope parametersfor CML estimation basedon C. Becauseof the implicit nature of
the dependenceof ey L (Y) on ;1 and », we have usedthe threshold and the slope parametersfor
corvenience.From Table 1 it may be obsenedthat both the MSE and the setsize  corresponding
to the MEMAP choice are lower than those for the typical one. Improvemerts in MSE were also
obsened for other signal{to{noise ratios.
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5 Entropy as a Criterion for Mo del Selection and Goodness of Fit

Supposethat there are seweral candidate models (statistical descriptions) for the signal of interest,
where eath model only provides partial prior information about the underlying signal distribution.
It is desirableto have a criterion that singlesout one model asthe most faithful and noncommittal
description for the signal among the available statistical descriptions. This section explains how
di erential entropy can be usedto make this selectioneven if the underlying signal distribution
is not known. This conceptis related to the classicalproblem of model order selection, where an
ertropic criterion can be usedto selectthe order of a model from the data [38]. In contrast, our
criterion is not data-driven; sincewe assumeexact knowledge of momert constraints on the signal
distribution, more knowledge can only help. The entropic criterion below quarnti es the value of
such additional knowledge.

To state our result simply, the model whoseworst{casedi eren tial ertropy is smallestis desirable
becauseit is a closer noncommittal t to the underlying signal distribution, where closenesss
measuredby cross{ertropy:

Denition 5.1 (Cross{entropy [39]) The cross{en trop y of pdf 1(x) with respct to pdf 2(x)
(also known as the I-divergene, Kullback{Leibler distance, relative entropy, and information dis-

crimination) denotal by D( 4jj 2) is de ned as

h i
E . In(—;) if 1 is absolutely continuous with respectto » [27];

D( 1jj 2) (5.1)
= +1 otherwise

To make things precise,by a model, we meanthe family of probability distributions consister
with given momert measuremets: ™ :=fpdf :0 E ™(X) uM™<+1;8 2 Mg, where
f Mgmom are the competing signal models indexed by m and M is an index set. We assume
that the \true" signal distribution is consistert with all available statistical descriptions, i.e.,

2 M8m2M.

5.1 Goodness of Fit

Crossf{ertropy D( jj mg);m 2 M, where ¢ denotesthe maxert distribution in ™, can be
usedasan information{theoretic measureof the quality of t between [} andthe \true" model

In other words, it is a measureof how good the di erent energyconstraints in ™ are at providing
a noncommittal statistical description of X, the signal of interest. It is possibleto upper{bound
the cross{ertropy D( jj me) by the quantity h( mg) h( ) asfollows. First notethat if > 0
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in (2.5) then the maxent prior (2.5) meetsthe assaiated momert constraint of { de ned by (2.4)
| with equality, i.e., E (X)] = u . Thus,

ME[

D( jj me) = >E< [ In me]l h( )
= E [ (X)]+ h( )
X
u + h( )
2
X
= Evel (X)]+ h( )
f 2: >0g9
= h( me) h( )
and hence
D( Jj me) h( Mg) h( ); 8m2M; (5.2)

provided that all modelsf ™gnov satisfy the conditions of Theorem 2.1. The above inequality
becomesan equality if the true distribution meets the upper bounds on the momerts with
equality, i.e., E M(X) =um™; 8 2 ™. Sinceh( ) is xed, we canview h( jg) directly as
a gure of merit for the momernt measuremets, even if is unknown. Thus, h( j¢) provides a
systematic approad to the selectionof multiple energy constraints.

5.2 Minimax entrop y model selection criterion

If it is required to choose one among seweral competing collections of measuremets, in view of
(5.2), the collection ™M°;mg 2 M for which h( [ ¢) is least, will be the closestnoncommittal t
to the \true" model

mo := arg inf h( {ig) (5.3)

= argmlg,\f/I iua h( ):

In view of (5.2), adding consistert constraints (enlarging ) can only shrink the admissible set
over which entropy is maximized and hencedecreaseh( ye) and therefore alsoD( jj mE).
Hence, if the candidate models are completely nested, the selection criterion (5.3) will favor the
model with the maximum number of constraints. However, modelswith more constraints are more
complex. Thus, the enropy{based model selection criterion allows the data analyst to trade o
model complexity (number of constraints) for goodnessof t (measuredby cross{ertropy).

The relative importance of a particular measuremeh can be gaugedby the decreasein the
value of h( mg) by its inclusion into . Table 1 shows the value of h( mg) for 1, 2, and of
Section 4.3. In going from , to , there is a \signican t" decreasein the value of h( mg) by
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the inclusion of the “; constraint, but the decreaseis only marginal in going from ;to by the
inclusion of the ~, constraint. This agreeswith the intuition that the true distribution of X in the
example = GGD(p= 12 )2<) is \closer" in shapeto a Laplacian (GGD with shape parameter
p = 1) than the Gaussian(GGD with shape parameter p = 2).

5.3 Example: Optimalit y of the KL T

The minimax entropy principle for model selection(5.3) can be usedto prove the optimality of the
KLT from a model tting perspective. Let B := fbig’; be an orthonormal basisfor RY. Let

2

B:=fpdf :E b/X 2B); 1 i do

Using the cornversepart of Theorem 2.1 it is easily veri ed that the maxert distribution in B is

given by
Be(x)= ¥ —p—l exp (b x)*
MET L B 2 2 (8B)
and " 4

B 1 Y
h( me) = 5In (2 ¢ i (B)
i=1
Now suppose is the \true" underlying distribution of the signal and

2B)=E b/X 2. 8i=1:::d 8B2U:

P
where U denotesthe set of all orthonormal bases.SinceB is an orthonormal basis, id:l 2(B) =
E ijjj?z, which is independert of the basisB. The best orthonormal basisB accordingto the
minimax ertropy criterion (5.3) is given by
2 3

B =arginf h( we) = arginf  {(B) = arggl;g? oy 5. i
i=1 h : (B)

becausethe numerator of the last minimand above is independert of B. The last minimand above,
which is the ratio of the arithmetic meanto the geometric mean of the componert variancesin
an orthonormal basis B, is called the coding gain of a transform coder with basisB [40, 41]. The
coding gain is maximized in the orthonormal basisthat diagonalizesthe correlation matrix of the
signal vector [40, 41]. This orthonormal decorrelating basis (which is unique up to permutations
and direction reversalsof the basisvectors) is the Karhunen{Loewe basis.
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6 Connection to Regularized Restoration

Considerthe discrete linear inverseproblem of estimating X from blurred and noisy obsenation y:
y = Hx + w:

In many practical problems, the operator H is poorly conditioned, and so the inversemap H *
producesunacceptableampli cation of the noisew. Stability is restored by forcing the solution to
be smooth, where smoothnessis measuredby a collection of regularization functions f  (x)g »

that re ect prior information about x. The regularization functions are usually seminorms[8] and

the regularized solution is obtained as the solution to the following minimization problem:
2 3

X
Bregl ) := argmin 4ily  HXii®+ ()5 (6.1)
X
2

whereS  RY has nonzerovolume and f g, are nonnegative regularization parameters that
control the degreeof smoothnessof the solution and hencethe overall quality of the estimate.

It is often unclear how to chooseappropriate regularization parameters, and most methods in
the literature dealwith a singleregularization function (j j = 1) [42, 43, 44, 45]. Howeer, the sheer
variety and complexity of real{world signalssuc as speed, images,and video, suggeststhe use of
multiple regularization functions, sothat the estimate inherits the rich smoothnesscharacteristics of
the underlying signal. The extensionof the methods developed for a singleregularization parameter
to managemultiple smoothnesscriteria is not straightforward. Recen work by Belgeet al. [46, 47]
addresseghe problem of simultaneously selectingmultiple regularization parameters, but they are
basedon a generalization of the classicallL{curv e method [48] for choosing a single regularization
parameter. The L{curv e method and its generalization usesprior information in a rather ad{hoc
manner. Prior information is purely in terms of specifying what regularization functions are to
be used. The weights (regularization parameters) for di erent functions are chosen empirically
without taking into accourt available signal and noise statistics.

From a Bayesian perspective, (6.1) can be H’]telgoreted as theoMAP estimate (2.1) using an
exponertial prior exp(X; ) = ﬁlg(x) exp 5 (x) with nonnegative parameters

= f g, and normalization constart Z( ). The regularization parameters are sometimes
treated ashyperparametersto be estimated from the data [49, 44]. The hyperparameterestimation
problem presers substartial theoretical and numerical di culties; x often needsto be integrated
out as a nuisanceparameter [44)].

Supposeinsteadthat partial prior information about the signal statistics is available in the form
of momert equality constraints

“=fpdf :E[ ]=u;8 2 g;
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and exp(X; )2 ~ forsome 2 RY. Then exp(X; ) is the unique maxert distribution in
because8 2 ~,wehave0 D( jj exp) = h( exp(; )) h( ). Hence,the MEMAP estimate
(3.1) canbe viewed asa regularized estimate for X using multiple regularization functionsf g, .
The multiple regularization parametersf g , are the Lagrange multipliers assaiated with the
maxert prior (2.5). Theseparametersre ect prior information about X while being noncommittal
with respect to missing information. This provides a mecanism for selectingf g, basedon
momert measuremets (2.4).

It canbe provedthat ME is the solution to the following dual, corvex minimization problem
[3]:
2 3

- X
ME _ argmz|rL14 u +1Inz()%5; (6.2)

2

R n P 0

where Z( ) := gexp 2 (x) dx andL :=f 0:Z( )< 1g. The minimand in

(6.2) is strictly corvexin . Under mild regularity assumptionson the measuremen functions, the
minimand will alsobe di erentiable. Then, an iterativ e, gradient projection procedurecan be used
ME — Sewral variants of this basic procedure have been proposedin the literature,
e.g.,Bregman's Balancing method, Multiplicativ e Algebraic Reconstruction Technique, Generalized
Iterativ e Scaling Method, Newton's Method, and Interior{P oint Methods [50]. Howewer, these
algorithms have beenlargely applied only to entropy optimization problemswhere the underlying
spaceis a nite setunlike RY. All suc algorithms needto evaluate E w0 ) [ (X)]:8 2 at
eah step { a task which may turn out to be nontrivial if the dimensionality of the underlying

to solwe for

space,d, is large asin the caseof \natural® images. This is becausethe procedure involves the
computation of very high dimensional integrals at ead step. One would typically needto take
recourseto computationally intensive and unwieldy algorithms like importance sampling or Markov
chain Monte Carlo (MCMC) [5]] for numerically evaluating the high{dimensional integral at eah
step. In certain situations, howewer, it is possibleto take advantage of the structure of the specic
measuremen functions to develop fast heuristic approximations to M E [31].

7 Closing Remarks

Consider the problem of estimating a nite{dimensional parameter x 2 RY from independert
obsenations fy; g}jﬁl, where py jx (Yjx) = ?21 Px (Yi). The maximum likelihood (ML) estimate of
X basedon the independert obsenations fy; gﬂfl: v L (y), under suitable regularity assumptions
on px(y), convergesto the true value of the parameter as d° tends to in nit y [4]. In problems
where the maximum likelihood estimator is consistert,’ any prior information is asymptotically

"Recall that a parameter estimator is consistert if the estimated parameter convergesto the true parameter in a

well{de ned sense[4].
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useless.Thus, the CML and MEMAP estimators, which use prior information, are asymptotically
equivalert for nite{dimensional parameter estimation problems 8.

Prior information, such as membership to constraint sets and constraints on the prior signal
distribution, becomesuseful only when the maximum likelihood estimator is inconsistert. This
may happen for instance in a nonparametric setup, in which the dimensionality of the parameter
spaced grows with the data sized®. To illustrate, suppose

Y =X+ W;

where d®= d, W is independert of X, and the pdf of W has a mode at 0. Then, the maximum
likelihood estimate of X is given by by (y) = y which is inconsistert. A constrained maximum
likelihood estimate basedon prior information sudc as éjjxjj?2 < éE ijjj?2 helpsin lowering
the mean squared prediction error. This paper has derived a notion of equivalencebetween CML
and MEMAP estimators for nonparametric estimation problems in which prior information does
matter.

Ac knowledgmen ts. The authors are grateful to the anonymous reviewers for their suggestions
that have helped improve this paper.

8More precisely, this statement holds if the true parameter satis es the constraints in the CML setup, and if the

maxent prior assignsnonzero weight to the true parameter in the MEMAP setup.
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Figure 1: lllustration of set{theoretic estimation.

Differential entropy as a function of alpha and beta

beta --->

50 100 150 200 250 300
alpha --->

Figure 2: Contour plots of h( ) asa function of and . The solid white dot has coordinates
( me; me)andh( ;&) = 5:072. The dark region corresponds to valuesof (; ) that are

consistert with the specied "1 and ", momert constraints.
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Table 1. Comparative results for MEMAP and CML estimation for the numerical example in

Section4.3.
pdf sets 1 2
h( we) 5:074 5:107 5:072
Signal sets C1 C, C
Setsizes
typical u = 295 u; = 295
typical x = 400 x = 400
M EMAP E 1(bmemara(Y)) E 1(kmemar (Y))
= 10.0 = 11.9
MEMAP " E 2(BmEM AP 2(Y)) "E 2BmEMAP (Y))
= ¥ = 283 = 24.2
Mean squarederror
MSE!yPica 1063.4 938.5 933.3
MSEM EM AP 958.7 800.0 893.8
Estimation rule parameters
TeyPieal 17:0 7
slope'ypical P 0:78
TMEMAP 54:2 43
slopeM EMAP : 0:83
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Figure 3: Mean squared CML estimation error versus set radius using one prior constraint. For

CML estimation basedon C; alone, \rho" = 1 (solid curve). For estimation basedon C, alone,
and \rho" = , (dot{dash curve). Typical and MEMAP choicesare marked by a cross and star
, respectively.
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Figure 4: 2{D contour plot of meansquaredCML estimation error asa function of T5 and slope for

two prior constraints. The dependenceof Ts and slope on setradii 1 and » is implicit. Typical

and MEMAP choicesare marked by a diamond and solid dot , respectively.
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