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ABSTRACT

We consider the problem of estimating receiver coil sensitivity func-
tions in parallel MRI. By exploiting the multichannel nature of the
problem, where multiple acquisitions of the same image function are
obtained with different sensitivity weightings, we obtain a subspace-
based framework for directly solving for the sensitivity functions.
The proposed approach does not rely on the sum-of-squares assump-
tion used in existing estimation schemes; this assumption tends to be
violated towards the center of the image, thus leading to errors in the
sensitivity estimates. Our approach eliminates this problem, pro-
ducing superior sensitivity estimates in comparsion to the sum-of-
squares technique. In addition, the proposed restoration procedure is
non-iterative, computationally efficient, and applicable both to cases
where pilot scans are available or where auto-calibration data are
collected with each scan. We present experimental results using ac-
tual and simulated data to assess the performance of our approach in
comparison with existing methods.

Index Terms— parallel MRI, multichannel deconvolution, im-
age restoration

1. INTRODUCTION

Parallel Magnetic Resonance Imaging (PMRI) is a fast MRI method
where multiple aquisitions ofsubsampled k-space data are obtained
simultaneously from multiple coils with different geometric orienta-
tions. The image function can be recovered from the subsampled
data given knowledge of thesensitivity functions associated with
each coil [1].

In general, the coil sensitivity functions are not known, and must
be estimated from the measured data. One approach is to perform the
sensitivity estimation in image space; this is the approach taken in
SENSE [1]. Another approach is to perform the estimation ink-
space, which is the approach used in SMASH [2] and GRAPPA [3].
Both of these approaches make sum-of-squares (SOS) assumptions
(defined in the next section). In brain imaging (circular coil geome-
try), these assumptions are violated towards the center of the image,
thus leading to errors in the sensitivity estimates. This leads to po-
tential problems such as aliasing artifacts and increase in g-factor.

We propose a new approach to the coil sensitivity estimation
that does not make the SOS assumptions, thus eliminating the above
mentioned potential problems. In our approach, we exploit the mul-
tichannel nature of the coil sensitivity estimation problem, where the
sensitivity-weighted images are related to the common image func-
tion through a bank of parallel channel responses (i.e., the unknown

This work was supported by the National Science Foundation under
Grant CCR 0430877.

ρ

s1

s2

sP

ρ1

ρ2

ρP

Fig. 1. Diagram illustrating the multichannel nature of the coil sen-
sitivity problem. Here,ρ[n,m] is the image function,{si[n,m]}
are the coil sensitivity functions, and{ρi[n,m]} are the sensitivity-
weighted images, whereρi[n,m] = ρ[n,m]si[n,m] (i.e., the filter-
ing operation is described by multiplication in the spatial domain).

sensitivity functions), as shown in Figure 1. Here, the output signals
{ρi[n,m]} are known, but the common inputρ[n,m] and channel
responses{si[n,m]} are both unknown. Thus, the coil sensitivity
estimation problem has a similar flavor to the more general problem
of blind multichannel deconvolution (BMD). For the BMD problem,
subspace-based techniques such as EVAM have been proposed that
determine the unknown FIR coefficients of the channels using a lin-
ear algebraic framework [4, 5].

A distinction between our problem and the BMD problem is
that the filtering operation considered here is described by multi-
plication in the spatial domain:ρi[n,m] = ρ[n,m]si[n,m]. It
is possible to pose the sensitivity estimation problem as the con-
volution of a small number of coefficients in the Fourier domain
(i.e., ρ̂i[kn, km] = ρ̂[kn, km] ∗ ŝi[kn, km]). However, the sen-
sitivity functions are discontinuous at the edges of the image, and
thus, the Fourier basis provides a poor representation of these func-
tions. Therefore, instead of using EVAM directly, we propose a
novel EVAM-like technique for estimating the coil sensitivity func-
tions. To deal with the spatial-domain multiplication, we represent
the unknown sensitivity functions using a polynomial basis expan-
sion. This allows the polynomial coefficients of the coil sensitivity
functions to be determined through a linear algebraic formulation
similar to EVAM. Aided by the sensitivity estimates, SENSE is used
to reconstruct the image function.

Our approach is applicable both to cases where (a) pilot scans
are available and (b) auto-calibration data are collected at the center
of k-space with each scan. In the later case, the sensitivity esti-
mation is performed using low-resolution images formed from the
auto-calibration data. In addition, the proposed technique is non-



iterative, in contrast to [6], and has a computationally efficient form.
We present experimental results using actual and simulated PMRI
data to assess the performance of the proposed approach. The re-
sults show that the sensitivity estimates from our approach can pro-
duce superior image restorations using SENSE in comparison to the
standard SOS estimates. The performance of our method is eval-
uated using different acceleration factors and auto-calibration data
sizes.

2. PROBLEM FORMULATION

In parallel MRI, thek-space data are acquired simultaneously from
P different receiver coils according to the equation

ρ̂i(kl) =

Z

ρ(r)si(r)e
j2πkl·rdr, (1)

whereρ(r) is the image function to be recovered,ρ̂i(kl) andsi(r)
are thek-space data and sensitivity functions for thei-th coil (i =
1, 2, . . . , P ), respectively,r = (x, y) are spatial-domain coordi-
nates, andkl = (kx[l], ky[l]) (1 ≤ l ≤ L) are samples ink-space.
Note that (1) is the Fourier transform of the sensitivity-weighted im-

agesρi(r)
def
= ρ(r)si(r). The goal of parallel MRI image recon-

struction is to recoverρ(r) from ρ̂i(kl), where thek-space data are
undersampled with respect to the Nyquist condition.

The sensitivity functionssi(r) are generally not known; they
must be estimated from either initial reference measurements or from
auto-calibration data collected with each scan. In many applica-
tions, it is feasible to acquire a small amount of auto-calibration data
at the center ofk-space sampled at the Nyquist rate. This data can
be used to form low-resolution unaliased images for each coil to es-
timate the sensitivity functions. These low-resolution images can be
modeled as

ρi[n,m] = ρ[n,m]si[n,m], (2)

wheren = 0, 1, . . . , N − 1 andm = 0, 1, . . . ,M − 1 are spatial-
domain coordinates for thex andy dimensions, respectively. Here,
the auto-calibration data are zero padded prior to performing an in-
verse Fourier transform; the dimensions of the auto-calibration data
N ′,M ′ satisfyN ′ ≤ N andM ′ ≤ M . Givenρi[n,m] in (2), esti-
mates of the sensitivity functions can be obtained using the sum-of-
squares (SOS) technique, where it is assumed thatρ[n,m] is real-
valued and the squared sensitivity functions sum to a constantβ,
so that

p
P

i
|ρi[n,m]|2 = ρ[n,m]

p
P

i
|si[n,m]|2 ≈ βρ[n,m].

However, in practice the sensitivity functions tend to have small
magnitudes towards the center of the image, making the constant
sum assumption (and the corresponding SOS estimates) less accu-
rate in this region. As a result, the use of the SOS estimates can
produce aliasing artifacts at the center of the reconstructed image
as illustrated in Figure 3(b). In the next section, we propose a new
technique for estimating the sensitivity functions that does not rely
on the SOS assumption.

3. RECONSTRUCTION FRAMEWORK

We first assume that the unknown sensitivity functions can be ex-
pressed in terms of a known basis expansion:

si[n,m] =

R−1
X

q=0

R−1
X

r=0

ci,(q,r)ϕ(q,r)[n,m], (3)

where
ϕ(q,r)[n,m] = n

q
m

r (4)

are a set of polynomial basis functions,R is the polynomial order
in each dimension, andci,(q,r) are coefficients associated with the
i-th coil and the basis functionϕ(q,r)[n,m]. Because the sensitivity
functions are smooth, they can be well-represented by a basis of low-
order polynomial functions [1],[6]. The basis characterization in (3)
allows us to incorporate the prior knowledge of the smoothness of
the sensitivity functions so that a unique solution can be determined.
In other words, the number of unknowns becomesR2P + NM ,
which is much smaller than the number of constraintsPNM when
R2 ≪ NM . In practice, we find that the sensitivity functions can
be accurately represented using polynomials up to orderR = 3.

3.1. Subspace-Based Framework

Consider the pair of coilsi, h ∈ {1, 2, . . . , P}. We define

ui[n,m]
def
=

R−1
X

q=0

R=1
X

r=0

di,(q,r)ϕ(q,r)[n,m] (5)

to be the space of all functions formed from the basis functions
ϕ(q,r)[n,m] in (4), and write theconsistency relationship

ρh[n,m]ui[n,m] − ρi[n,m]uh[n,m] = 0. (6)

Note that by (2), the consistency relationship (6) is satisfied forui =
si anduh = sh. Expanding (6) using (2), we have

ρ[n,m](sh[n,m]ui[n,m] − si[n,m]uh[n,m]) = 0. (7)

At pixels where the image function is nonzero (ρ[n,m] 6= 0), the
term within parentheses must be equal to zero. The multiplication of
the polynomials in (7) can be viewed in terms of the2-D convolution
of the polynomial coefficients in (3) and (5), creating the equivalent
condition:

ch,(q,r) ∗ di,(q,r) − ci,(q,r) ∗ dh,(q,r) = 0, (8)

where∗ denotes2-D convolution inq andr. We note that this is
equivalent to the condition in BMD methods such as EVAM that
determine unknown FIR channel responses using a subspace frame-
work [4, 5]. Under the condition that the2-D z-transforms ofcl,(q,r),
l = i, h, are coprime, the unqiue solution fordl,(q,r), l = i, h, satis-
fying (8) is [5]:

dl,(q,r) = αcl,(q,r), (9)

whereα is a multiplicative constant common to bothi andh (i.e.,
the solution is unique up to a scaling factor common to all channels).

3.2. Estimation of Coil Sensitivities

Using (5) and (6), and lettingk index the pair(q, r), we obtain

K
X

k=1

di,kψh,k[n,m] −
K

X

k=1

dh,kψi,k[n,m] = 0 (10)

where
ψi,k[n,m] = ρi[n,m]ϕk[n,m] (11)

are known functions formed from the acquired low-resolution im-
ages and the polynomial basis functions, andK = R2. Writing (10)
in matrix notation produces

Ad = 0, (12)

whereA = [Ψh|−Ψi], Ψi = [ψi,1,ψi,2, . . . ,ψi,K ],
d = [di,1 . . . di,K |dh,1 . . . dhK

]T , andψi,k is a vectorized version
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Fig. 2. Experiment usingsimulated sensitivity functions for an8-channel head array coil, where the full-resolution image function isN = 128
byM = 128 pixels. An acceleration factor ofA = 2 is used along theky-dimension, and aN ′ = 64 byM ′ = 64 block of auto-calibration
data is collected from each coil. In addition, additive white complex Gaussiannoise with varianceNM(0.01a)2 (wherea is the peak pixel
magnitude) has been applied to thek-space data from each coil. (a) Applied sensitivity function for coil4, (b) estimated sensitivity function
using the proposed technique, (c) SOS sensitivity estimate, (d) the root sum of the squares of all the sensitivity functions (note that this is not
constant over the image), (e) original image, (f) reconstructed imageusing SENSE with sensitivity estimates from our method (SNR= 26.30
dB), (g) SENSE reconstruction with the SOS sensitivity estimates (SNR= 17.10 dB), and (h) GRAPPA reconstruction (SNR= 17.06 dB).

of ψi,k[n,m]. In this two-channel case,A is anNM × 2K ma-
trix, and by (9) the unique solution to (12) gives the coefficients of
the unknown sensitivity functions:̂d = Null{A} = αc, where
c = [ci,1 . . . ci,K |ch,1 . . . chK

]T . In practice, the sensitivity func-
tions may not be perfectly modeled by the assumed basis expansion,
and additive noise may be present. Thus,Ψ generally has full col-
umn rank, and we use the least-squares solution given by the mini-
mum right singular vector ofA.

3.3. Efficient Estimation Procedure

When there are more than two channels,A is constructed so that
(10) is evaluated for every pair of channel responses simultaneously,
similar to the block matrix structure used in the BMD techniques
in [5] and [4]. This matrix can be prohibitively large to construct
explicitly. However, the minimum right singular vector solution can
be determined efficiently by determining the minimum eigenvector

of thePK ×PK matrixB
def
= AHA. Due to the structure ofA,B

can be determined directly without explicitly constructingA. First,
we form the matricesΨi for i = 1, 2, . . . , P . Given these matrices,
B can be partitioned intoK ×K blocksCh,i:

Ch,i =

8

<

:

X

l6=i

Ψ
H
l Ψl i = h

−Ψ
H
h Ψi i 6= h,

(13)

wherei, h = 1, 2, . . . , P . SinceKP ≪ NM , the computational
complexity of constructingB and computing its eigenvectors is
O(P 2K2NM).

3.4. Constructing the Basis Functions

Thus far, we have assumed thatρ[n,m] 6= 0 in (7). However, outside
of the object being imaged,ρ[n,m] will be close to zero. In practice,
the solution can be very sensitive to noise outside of the object. This
is due to the basis functions in (4) having large values at the edges of
the image, causing small noise values to be amplified in the product
(11). Therefore, we apply a mask to each basis function in (4) to
prevent noise outside of the object from being amplified. Such a
mask can be determined by forming a composite image using SOS,
determining the maximum value of this image, and thresholding out
all values less than a small percentage of this value.

Applying a mask causes the basis functions to become approx-
imately linearly dependent; this is due to the basis functions having
support over a smaller window where the higher-order functions are
well-approximated by combinations of lower-order terms. To im-
prove the conditioning, we perform a Gram-Schmidt orthogonaliza-
tion to the masked basis vectors.

4. EXPERIMENTAL RESULTS

Figure 2 presents an experiment using simulated sensitivity func-
tions for an8-channel head array coil, where the full-resolution im-
age function isN = 128 by M = 128 pixels. To estimate the
sensitivity functions, we applied our technique and SOS to the low-
resolution images formed usingN ′ = 64 by M ′ = 64 blocks of
auto-calibration data from each coil. Figures 2(a)-(c) compare the
actual and estimated sensitivities for coil4 (selected as a represen-
tative example). The sensitivity estimate using our approach is ob-
served to be more accurate than the SOS estimate. We observe sim-
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Fig. 3. Experiment usingactual data from an8-channel head ar-
ray coil, whereA = 2, N = M = 256, andN ′ = M ′ = 64:
(a) SENSE image reconstruction using sensitivity estimates from the
proposed technique, (b) SENSE reconstruction using SOS sensitivity
estimates, (c) GRAPPA reconstruction, and (d) image reconstruction
formed by applying SOS to the fullk-space data where no subsam-
pling is assumed (N ′ = M ′ = 256 andA = 1). Note the aliasing
artifact at the center of the SOS SENSE reconstruction in (b) (in-
dicated by the arrow), which is due to wrong sensitivity estimates
towards the image center; in the proposed reconstruction (a), such
artifacts are reduced, and the contrast is improved towards the center
of the image in comparison with (b)-(d).

ilar performance for the other coils. Figure 2(d) shows the root sum
of the squares of the actual sensitivity functions; SOS assumes that
the sum is constant over the entire image, but the figure reveals that
this assumption is not accurate. Figures 2(e)-(h) compare the origi-
nal image and reconstructed images using SENSE with the proposed
technique, SENSE with SOS, and GRAPPA. In this experiment, the
k-space data were subsampled using an acceleration factor ofA = 2
in theky dimension. The contrast in the SOS SENSE and GRAPPA
reconstructions is not as good as the reconstruction using our ap-
proach, and the SNR (measured with respect to the original image)
is much lower. This is due to the SOS assumption being wrong to-
wards the center of the image as shown in Figure 2(d), thus resulting
in wrong image magnitudes at the center of the reconstructed im-
ages.

Figure 3 presents an experiment usingactual data from an8-
channel head array coil1. In this experiment, the fullk-space data
has dimensionsN = M = 256 and the auto-calibration data size
is N ′ = M ′ = 64. As in the previous experiment, we use an ac-
celeration factor ofA = 2 in the ky dimension. Figures 3(a)-(c)
compare the reconstructed images using SENSE with our approach,
SENSE with SOS, and GRAPPA. The reconstruction using the pro-
posed technique is observed to have much better contrast than the
SOS SENSE and GRAPPA reconstructions towards the center of the

1
The data sets used in our experiments were produced by Fa-Hsuan Lin of Harvard University, and are available

online atwww.nmr.mgh.harvard.edu/˜fhlin/tool_sense.htm

N ′,M ′ A = 2 A = 4 A = 8
32 21.68 (11.94) 10.71 (9.32) 6.48 (−2.92)
64 22.17 (12.05) 10.87 (10.60) 6.82 (−4.62)
128 27.98 (12.08) 11.29 (11.82) 7.12 (−1.87)

Table 1. SNR (dB) of the image reconstruction using the proposed
technique versus acceleration factor and auto-calibration data size.
The SNR using SOS estimates is shown in parentheses for compari-
son.

image. In particular, we observe that the SOS reconstruction has an
artifact at the center of the image. This is an aliasing error due to
wrong sensitivity estimates toward the center of the image. It comes
from the edge of the brain being aliased to the center. For compar-
ison, Figure 3(d) shows the reconstruction produced by SOS using
the full k-space data from each coil (N ′ = M ′ = 256 andA = 1).
The result demonstrates that even in the best case where all of thek-
space data are available, the SOS reconstruction has poorer contrast
than the proposed reconstruction. In Table 1, we compare the recon-
structed image quality using our approach under different accelera-
tion factorsA and auto-calibration data sizesN ′,M ′. The SNR of
the reconstructed images is measured with respect to a gold standard
image formed by applying the proposed technique to the fullk-space
data from each coil (i.e.,N ′ = M ′ = 256 andA = 1). The SNR of
the reconstructions using the SOS estimates is also shown in paren-
theses for comparison. We observe that the performance under both
approaches degrades as the acceleration factor increases.

5. CONCLUSION

We have proposed a novel subspace-based technique for estimating
coil sensitivities in PMRI. Our method does not rely on the SOS
assumption used in previous approaches, and thus avoids potential
problems such as poor contrast and aliasing artifacts. Experimental
results using actual and simulated data demonstrate improved per-
formance in comparison with existing approaches.
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