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Hybrid Filter Banks with Fractional Delays:
Minimax Design and Application to

Multichannel Sampling
Ha T. Nguyen and Minh N. Do

Abstract—This paper is motivated by multichannel sampling
applications. We consider a hybrid filter banks consisting of a set
of fractional delays operators, slow A/D converters with different
antialiasing filters, digital expanders, and digital synthesis filters
(to be designed). The synthesis filters are designed to minimize
the maximum gain of a hybrid induced error system. We
show that the induced error system is equivalent to a digital
system. This digital system enables the design of stable synthesis
filters using existing control theory tools such as model-matching
and linear matrix inequalities. Moreover, the induced error is
robust against delay estimate errors. Numerical experiments
show the proposed approach yields better performance compared
to existing techniques.

Index Terms—Multichannel sampling, sampled-data control,
H∞ optimization, model-matching, linear matrix inequality,
polyphase, fractional delay, filter design, hybrid filter banks.

I. I NTRODUCTION

This paper is motivated by multichannel sampling applica-
tions. Figure 1(a) shows the model of a fast analog-to-digital
(A/D) converter used to obtain adesiredhigh-resolution signal.
An analog input signalf(t) is convolved with an antialiasing
filter φ0(t) (also known as the sampling kernel function)
whose Laplace transform isΦ0(s). The output of the convolu-
tion is then sampled at small sampling intervalh. The desired
high-resolution signal is denoted byy0[n] = (f ∗ φ0) (nh) for
n ∈ Z.

Figure 1(b) depicts howactual low-resolution signals
{xi[n]}N

i=1 are sampled using slow A/D converters. The same
analog inputf(t) is sampled in parallel usingN slow A/D
converters. In thei-th channel, for1 ≤ i ≤ N , the input
f(t) is first convolved with a functionφi(t) (with Laplace
transform Φi(s)) before being delayed byDi > 0 (to
compensate for different time arrivals). The low-rate signals
xi[n] = (f ∗ φi) (nMh − Di), for n ∈ Z, can be used to
synthesize the high-resolution signaly0[n] of Fig. 1(a).

The goal of the paper is to design anN -input M -
output digital systemF (z), see Fig. 2, that synthesizes
the high-resolution signaly0[n] using low-resolution signals
{xi[n]}N

i=1. This implementation can be done in parallel in
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Fig. 1. (a) The desired high-rate system, (b) the low-rate system. The
fast-sampled signaly0[n] can be approximated using slow-sampled signals
{xi[n]}N
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Fig. 2. Approximation of thehigh-resolutionsignal from low-resolution
signals using anN -input M -output digital systemF (z) and interleaving its
outputs. This polyphase structure is used for its efficiencyand its ability to
keep the computation in low-rate.

the same clock speed of slow A/D converters; the high-
rate output is obtained only at the final step by interleaving
samples (also known as a polyphase transform [28], [29]).
More specifically, we minimize the errors (using a criterion
defined later) of ahybrid induced error systemK shown in
Fig. 3, where{Fi(z)}N

i=1 are equivalent synthesis filters such
that theirM × N polyphase matrix isF (z) of Fig. 2:

[F1(z) F2(z) . . . FN (z)] = [1 z−1 . . . z−M+1]F (zM ). (1)

Note that the high-rate signaly0[n] is approximated with
a delay ofm0 samples. Among components ofK, the trans-
fer functions{Φi(s)}N

i=0 characterize antialiasing filters, and
delays{Di}N

i=1 model system setup such as arrival times or
sampling positions. We assume that, through construction and
calibration, information about the sampling kernel functions
{Φi(s)}N

i=0 and delays{Di}N
i=1 are available. In such case, we
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Fig. 3. The hybrid induced error systemK with analog inputf(t) and digital outpute[n]. We want to design synthesis filters{Fi(z)}N
i=1

based on the
transfer function{Φi(s)}N

i=0
, the fractional delays{Di}N

i=1
, the system delay tolerancem0, the sampling intervalh, and the super-resolution rateM to

minimize theH∞ norm of the induced error systemK. Note that the synthesis filter bank is shown here in parallelstructure with filters{Fi(z)}N
i=1

for
symmetry, but for actual implementation it is more efficientto use polyphase structure withF (z) as shown in Fig. 2.

want to design a corresponding optimal synthesis polyphase
matrix F (z), or equivalently a filter bank{Fi(z)}N

i=1, so that
the resulting system depicted in Fig. 3 can be subsequently
put in operation for arbitrary input signalsf(t). A special case
of this multichannel sampling setup is calledtime-interleaved
A/D converterswhere Φi(s) = Φ0(s) and Di = ih for
i = 1, 2, . . . , N . Then the synthesis filter bank can simply
interleave samples, i.e.Fi(z) = zi. Multichannel sampling
extends time-interleaved A/D converters by allowing mismatch
in sampling kernels before slow A/D converters [8]. Moreover,
in many cases, the time delays{Di}N

i=1, although they can be
measured [2], [14], [15], [30], cannot be controlled. Under
these conditions, the multichannel sampling setup studiedin
this paper can be ideally applied.

We note that many practical systems, such as electrical,
mechanical, and electromechanical systems, can be modeled
by differential equations [18, Chapter 1]. Their Laplace trans-
forms are thus rational functions of formA(s)/B(s) for some
polynomialsA(s) andB(s). In the contrary, fractional delay
operatorse−Dis are never rational ifDi 6= 0, though when
Di is an integer multiple ofh, operatore−Dis can be pushed
after the sampling operatorSh to become an integer delay (in
the digital domain). Working with fractional delay operators
e−Dis is necessary, though nontrivial, to keep intersample
behaviors of the input signals.

Problem formulation.We consider the hybrid systemK
illustrated in Fig. 3. TheH∞ norm ofK is defined as

‖K‖∞ := sup
f∈L2,f 6=0

{ ‖e‖2

‖f‖2

}
, (2)

where‖e‖2 is the l2 norm of e[n] and ‖f‖2 is theL2 norm
of f(t). We want to design (IIR or FIR) synthesis filters
{Fi(z)}N

i=1 to minimize‖K‖∞. The inputs of our algorithms
consist of the strictly proper transfer functions{Φi(s)}N

i=0, the
positive fractional delays{Di}N

i=1, the system delay tolerance
m0 ≥ 0, the sampling intervalh > 0, and the upsampling-rate
M ≥ 2.

In the design of the synthesis filter{Fi(z)}N
i=1, the system

performance is evaluated using theH∞ approach [9], [12],
[26]. In the digital-domain, we work on the Hardy space
H∞ that consists of all complex-value transfer matricesG(z)
which are analytic and bounded outside of the unit circle

|z| > 1. HenceH∞ is the space of transfer matrices that
are stable in the bounded-input bounded-output sense. The
H∞ norm of G(z) is defined as the maximum gain of the
corresponding system. If a systemG, analog or digital, has
input u and outputy, theH∞ norm of G is [9]

‖G‖∞ = sup
{
‖y‖2 : y = Gu, ‖u‖2 = 1

}
, (3)

where the norms are regular Euclidean norm‖·‖; that is,

‖x‖2 =

(
∞∑

n=−∞

‖x[n]‖2

)1/2

for digital signalsx[n], and

‖x‖2 =

(∫ ∞

−∞

‖x(t)‖2dt

)1/2

for analog signalsx(t).
The use ofH∞ optimization framework, originally pro-

posed by Shenoy et al. [25] for filter bank designs, offers
powerful tools for signal processing problems. In our case,
using theH∞ optimization framework, the induced error is
uniformly small over all finite energy inputsf(t) ∈ L2(R)
(i.e., ‖f(t)‖2 < ∞). Furthermore, no assumptions off(t),
such as band-limitedness, are necessary. We minimize the
worst induced error over all finite energy inputsf(t). This
is important since many practical signals are not bandlimited
such as images with discontinuities at edges [27]. Finally,
sinceH∞ optimization is performed in the Hardy space, the
designed filters are guaranteed to be stable.

The paper’s main contributions are twofold. First, we use
sampled-data control techniques to convert the design problem
for K into a H∞ norm equivalent finite-dimensional model-
matching problem. The conversion enables the design syn-
thesis filters, IIR or FIR, to minimize theH∞ norm of K.
The norm equivalence property reduces the induced errors
compared to methods that approximate the fractional delays
by IIR or FIR filters [17], [24], [32], [16]. IIR synthesis
filters are designed using available solutions to the model-
matching problem [9], [12]. To design FIR filters, we use
linear matrix inequality (LMI) methods [1], [3]. Although FIR
filter designs using LMI methods have been proposed for other
problems [31], [21], [22], to our knowledge, only IIR filter



3

designs are proposed for related problems [23], [14], [26],
[4]. The second main contribution, shown in Section V, is
the robustness of the designed induced error systemK against
delay estimate errors.

Related work.Herley and Wong addressed the problem of
the sampling and reconstruction of an analog signal from a
periodic nonuniform set of samples assuming that the input
signals have fixed frequency support [13]. Marziliano and
Vetterli also addressed the problem of reconstructing a digital
signal from a periodic nonuniform set of samples using Fourier
transform [20]. However, in both cases, the authors only
considered a restricted set of input signals that are bandlimited.
Moreover, they only consideredrational delays, that is, the
set of samples is the set left after discarding a uniform set
of samples in a periodic fashion (the ratio between the delays
and the sample intervals is a rational number, hence the name
rational delays). Jahromi and Aarabi considered the problem of
estimating the delays{Di}N

i=1 and of designing analysis and
synthesis filters to minimize theH∞ norm of an induced error
system [14]. However, the authors only considered integer
delays orapproximationof fractional delays by IIR or FIR
filters. Shu et al. addressed the problem of designing the
synthesis filters for a filter bank to minimize theH∞ norm
of an induced system [26]. Their problem was similar to
the problem considered in this paper, except that it did not
consider the fractional delays but a rational transfer function
instead. Nagahara et al. synthesized IIR and FIR filters to
approximate fractional delays usingH∞ optimization [21],
[22]. Although their problem is not multirate, the result therein
can be considered as a special case of our problem when
M = N = 1.

Throughout this paper, we adopt the following conventions.
An (analog or digital) single-input single-output transfer func-
tion G is written in regular font, an (analog or digital) multi-
input and/or multi-outputG is written in bold, and a hybrid
systemG is written in calligraphic font. The notation

G =

[
A B
C D

]
or G = {A, B, C, D} (4)

is used to denote a state-space representation of a systemG,
that isG(s) = D + C(sI − A)−1B for an analog system or
G(z) = D+C(zI−A)−1B for a digital system [12]. We write
scalars in regular font asx, and vectors in bold asx. In our
figures, solid lines illustrate analog signals, and dashed lines
are intended for digital ones. We denoteSh for the sampling
operator byh; i.e. Sh{v(t)}[n] = v(nh).

The remainder of this paper is organized as follows. In
Section II, we show that the design problem is equivalent to
a model-matching problem. Design procedures for IIR and
FIR synthesis filters are presented in Section III and IV,
respectively. Robustness of the designed system against delay
estimates is presented in Section V. We show experimental re-
sults in Section VI. Finally, we give conclusion and discussion
in Section VII.
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Fig. 4. The hybrid (analog input digital output) subsystemG of K. Note
that the sampling interval of all channels ish.

II. EQUIVALENCE OFK TO A MODEL-MATCHING

PROBLEM

In this section, we show that there exists a finite-dimensional
digital linear time-invariant systemK that has the same
H∞ norm with K. We demonstrate this in three steps. In
Section II-A, we convertK into an infinite-dimensional digital
system. Next, in Section II-B, we convert the system further
into a finite-dimensional systemKd. Finally, in Section II-C,
we convertKd into a linear time-invariant system.

A. Equivalence ofK to a digital system

The idea is to show that the hybrid subsystemG (see Fig. 4)
of K is H∞ norm equivalent to a digital system. In Fig. 4,
we denote{di}N

i=1 the fractional parts of{Di}N
i=1. In other

words, we have0 ≤ di < h andmi ∈ Z such that

Di = mih + di (1 ≤ i ≤ N). (5)

In our mathematical derivation,mi, and henceDi, for 1 ≤
i ≤ N , can be negative, though in many practical applications,
Di are strictly greater than zero. Note that by working with
systemG, we need to compensate for the difference between
e−Dis ande−dis. These differences are analog delay operators
e−mihs that can beinterchangedwith the sampling operators
Sh to produce digital integer delay operatorsz−mi .

To find a H∞ norm equivalent digital system forG, we
adopt a divide-and-conquer approach: each channel ofG will
be shown to beH∞ norm equivalent to a digital system.
SinceΦ0(s) is strictly proper, there exist state-space matrices
{A0, B0, C0, 0} and state functionx0(t) such that

{
ẋ0(t) = A0x0(t) + B0f(t)
v0(t) = C0x0(t).

For 0 ≤ t1 < t2 < ∞, we can compute the future state
valuex0(t2) from a previous state valuex0(t1) as follows:

x0(t2) = e(t2−t1)A0x0(t1) +

∫ t2

t1

e(t2−τ)A0B0f(τ)dτ . (6)

Define linear operatorQ0 taking inputsu(t) ∈ L2[0, h) as

Q0u =

∫ h

0

e(h−τ)A0B0u(τ)dτ. (7)

Applying (6) usingt1 = nh and t2 = (n + 1)h we get

x0((n + 1)h) = ehA0x0(nh) + Q0f̃ [n], (8)
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where f̃ [n] denotes the portion off(t) on the interval
[nh, nh + h) translated to[0, h). In other words, we con-
sider the analog signalf(t) as a sequence{f̃ [n]}n∈Z with
f̃ [n] ∈ L2[0, h). The mapping fromf(t) into {f̃ [n]}n∈Z is
called thelifting operator [5, Section 10.1]. Clearly, the lifting
operator preserves the energy of the signals, that is,

‖f(t)‖2 = ‖f̃‖2 =

(
∞∑

n=−∞

‖f̃ [n]‖2
2

)1/2

,

where‖f̃ [n]‖2
2 :=

∫ (n+1)h

nh |f(t)|2dt.
Let G0 be the hybrid subsystem ofG with input f(t) and

outputy0[n] (see Fig. 4). An implication of (8) is thaty0[n] =
v0(nh) can be considered as the output of a digital system with
input f̃ [n] and statexd0[n] = x0(nh) as follows:

{
xd0[n + 1] = ehA0xd0[n] + Q0f̃ [n]

y0[n] = C0xd0[n].

Since the lifting operator preserves the norm, systemG0 is
H∞ norm equivalent to the systemG0 = {ehA0 , Q0, C0, 0}.

The same technique can be used for the remaining channels.
LetGi, for 1 ≤ i ≤ N , be the hybrid subsystem ofG with input
f(t) and outputyi[n] (see Fig. 4). Suppose that{Ai, Bi, Ci, 0}
is a state-space realization ofΦi(s) with state functionxi(t).
We define linear operatorsQi and Ri taking inputsu(t) ∈
L2[0, h) as

Qiu =

∫ h

0

e(h−τ)AiBiu(τ)dτ, (9)

and

Riu = Ci

∫ h−di

0

e(h−di−τ)AiBiu(τ)dτ. (10)

Similar to (8), we can obtain

xi((n + 1)h) = ehAixi(nh) + Qif̃ [n]. (11)

Applying (6) again witht1 = nh and t2 = (n + 1)h − di we
get

xi((n + 1)h − di) = e(h−di)Aixi(nh) +

+

∫ (n+1)h−di

nh

e((n+1)h−di−τ)AiBif(τ)dτ.

Sincevi(t) = Cixi(t − di) for all t, using t = (n + 1)h we
obtain

vi((n + 1)h) = Cie
(h−di)Aixi(nh) + Rif̃ [n]. (12)

From (11) and (12) we see thatyi[n] = vi(nh) can be
considered as the output of a digital system with inputf̃ [n]

and statexdi[n] =

[
xi(nh)
vi(nh)

]
as follows:






xdi[n + 1] =

[
ehAi 0

Cie
(h−di)Ai 0

]

︸ ︷︷ ︸
Adi

xdi[n] +

[
Qi

Ri

]

︸ ︷︷ ︸
Bi

f̃ [n]

yi[n] = [0, 1]︸ ︷︷ ︸
Cdi

xdi[n].

(13)

Since the lifting operator preserves the norm, systemGi isH∞

norm equivalent to the systemGi = {Adi, Bi, Cdi, 0}.
Finally, we note that the systemG is the vertical concatena-

tion of subsystems{Gi}N
i=0. Since each subsystemGi is H∞

norm equivalent to the systemGi with the same input̃f [n],
for 0 ≤ i ≤ N , the systemG is alsoH∞ norm equivalent to
the vertical concatenation systemG of subsystems{Gi}N

i=0.
We summarize the result of this Section in Proposition 1.

Proposition 1: The systemG is H∞ norm equivalent to the
infinite-dimensional digital system

G =

[
Ad B

Cd 0

]
, (14)

whereAd, B, Cd are determined as




Ad = diagN+1

(
ehA0 , Ad1, . . . , AdN

)

B = [QT
0 BT

1 . . . BT
N ]T

Cd = diagN+1(C0, [0, 1], . . . , [0, 1]).
(15)

In the above equations, and in the remainder of the paper,
we denotediagk(α1, α2, . . . , αk) the matrix with αi in the
diagonal, for1 ≤ i ≤ k, and0 elsewhere, where{αi}k

i=1 can
be scalars, vectors, or matrices.

B. Equivalence ofK to a finite-dimensional digital system

Proposition 1 shows thatG is H∞ norm equivalent to an
infinite-dimensional digital systemG. Next, we convertG
further into some finite-dimensional digital systemGd.

Proposition 2: Let B∗ be the adjoint operator ofB andBd

be a square matrix such that

BdB
T
d = BB∗. (16)

The finite-dimensional digital system Gd(z) ⇔
{Ad, Bd, Cd, 0} has the sameH∞ norm withG:

‖Gd‖∞ = ‖G‖∞. (17)

Proof: The productBB∗ is a linear operator character-
ized by a square matrix of finite dimension (the computation of
BB∗ is given in Appendix). HenceGd(z) ⇔ {Ad, Bd, Cd, 0}
is a finite-dimensional digital system. The proof of (17) can
be found in [5, Section 10.5].

Proposition 2 claims that, for all analog signalsf(t), there
exists a digital signalu[n] having the same energy asf(t)
such that[y0, . . . , yN ]T = Gdu. The dimensionnu of u[n] is
equal to the number of rows ofAd (see Proposition 1), i.e.,

nu = n0 + n1 + . . . + nN + N, (18)

whereni is the number of rows ofAi, for 0 ≤ i ≤ N . Since
we want to minimize the worst induced error over all inputs
f(t) of finite energy, we also need to minimize‖Gd‖∞ for
all inputsu[n] (having the same energy withf(t)).

At this point, we take into account the integer delay oper-
ators{z−mi}N

i=0 to obtain a digital systemKd that has the
sameH∞ norm asK.

Proposition 3: Let Cdi be thei-th row of the(N + 1)-row
matrix Cd (see Proposition 1), andHi(z) be the multi-input
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y0[n]
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xN [n]
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↑M FN(z)
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−
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. . .. . .. . . . . .

Fig. 5. TheH∞ norm equivalent digital systemKd of K (see Proposition 3).
Here {Hi(z)}N

i=0
are rational transfer functions defined in (19). Note that

the inputu[n] is of nu dimension.

up[n] W (z)

H(z) F (z)

−
ep[n]

Fig. 6. The equivalent LTI error systemK(z) (see Theorem 1). Note that the
systemK(z) is Mnu input M output, the transfer matricesW(z), H(z)
are of dimensionM × Mnu, andF (z) is of dimensionM × M .

single-output rational function that outputsyi[n] from input
u[n], for 0 ≤ i ≤ N . The systemHi(z) can be computed as

H i(z) = z−mi

[
Ad Bd

Cdi 0

]
(0 ≤ i ≤ N). (19)

As a result, systemK is equivalent to the multiple-input one-
output digital systemKd(z) illustrated in Fig. 5.

C. Equivalence ofK to a linear time-invariant system

The finite-dimensional digital systemKd is not linear time-
invariant (LTI) because of the presence of upsampling and
downsampling operators(↑M), (↓M). We apply polyphase
techniques [28], [29] to makeKd an LTI system.

Let H0,j(z), for 0 ≤ j ≤ M − 1, be the polyphase
components of filterH0(z). In other words,

H0(z) =

M−1∑

j=0

zjH0,j(z
M ). (20)

We also denoteup[n] andep[n] the polyphase versions of
u[n] and e[n]. Note that‖up‖2 = ‖u‖2 and ‖ep‖2 = ‖e‖2.
Hence, by working in the polyphase domain,Kd(z) is con-
verted into an LTI system with the sameH∞ norm.

Proposition 4: The digital error systemKd(z) is equivalent
to the LTI system

K(z) = W (z) − H(z)F (z) (21)

with inputup[n] and outputep[n]. In (21),H(z) andF (z) are
standard polyphase matrices of{Hi(z)}N

i=1 and{F i(z)}N
i=1,

and

(W (z))i,j =

{
H0,j−i(z) if 1 ≤ i ≤ j ≤ M
zH0,M+j−i(z) if 1 ≤ j < i ≤ M.

(22)

Proof: The proof uses standard polyphase tech-
niques [28], [29], hence omitted here.

Figure 6 shows the equivalent digital, LTI error system
K(z). The transfer function matrixF (z) is to be designed.

up[n]
P (z)

F (z)

ep[n]

Fig. 7. The induced error systemK(z) of the form of the standard problem
in H∞ control theory with inputup[n] output ep[n]. We want to design
synthesis systemF (z) to minimize‖K‖∞.

State-space realizations ofH(z) and W (z) are given in
Theorem 1 using state-space realizations{AHi

, BHi
, CHi

, 0}
of {Hi(z)}N

i=0 (it can be easily verified that theD-matrix of
Hi(z) is a zero-matrix).

Theorem 1:The original induced error systemK has an
H∞ norm equivalent digital, LTI systemK(z) = W (z) −
F (z)H(z) (see Fig. 6); that is,

‖K‖∞ = ‖W (z) − F (z)H(z)‖∞, (23)

where F (z) is the polyphase matrix of{Fi(z)}N
i=1 to be

designed. State-space realizations ofW (z) andH(z) can be
computed as follows:

AW = AM
H0

BW = [AM−1
H0

BH0
, AM−2

H0
BH0

, . . . , BH0
]

CW = [(CH0
)T , (CH0

AH0
)T , . . . , (CH0

AM−1
H0

)T ]T

(DW )ij =

{
CH0

Ai−j−1
H0

BH0
if 1 ≤ j < i ≤ M,

0 else
.

(24)
and

AH = diagN (AM
H1

, . . . , AM
H1

)

(BH)ij = AM−j
Hi

BHi
, for 1 ≤ i ≤ N, 1 ≤ j ≤ M

CH = diagN (CH1
, . . . , CHN

)
DH = 0.

(25)

Proof: We give here the proof for (24). The proof for
Eq. (25) can be derived similarly. Consider the transfer func-
tion H00(z) in the block(1, 1) of W (z) (see Proposition 4):

H00(z) =

∞∑

i=1

CH0
AiM−1

H0
BH0

z−i

=

∞∑

i=1

CH0

(
AM

H0

)i−1(
AM−1

H0
BH0

)
z−i

=

[
AM

H0
AM−1

H0
BH0

CH0
0

]
.

The state-space representation of the block(1, 1) of W (z)
is in agreement with (24). The same technique can be applied
for the remaining blocks.

III. D ESIGN OFIIR FILTERS

A. Conversion to the standardH∞ control problem

The problem of designingF (z) to minimize ‖K‖∞ (see
Fig. 6) has a similar form to the model-matching form which
is a special case of thestandard problemin H∞ control
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theory [9], [12]. Figure 7 shows the systemK(z) in the
standard form. The systemP (z) of Fig. 7 has a state-space
realization derived from ones ofW (z) andH(z) as

[
AP BP

CP DP

]
=




AW 0
0 AH

BW 0
BH 0

CW 0
0 CH

DW −I
DH 0


 . (26)

Solutions to the standard problem have existing software,
such as MATLAB’s Robust Control Toolbox [6], to facilitate
the optimization procedures.

B. Design procedure

• Inputs: Rational transfer functions{Φi(s)}N
i=0 (strictly

proper), positive fractional delays{Di}N
i=1, the system

tolerance delaym0 ≥ 0, the sampling intervalh > 0, the
superresolution rateM ≥ 2.

• Outputs: IIR synthesis filters{Fi(z)}N
i=1 or equivalently

polyphase matrixF (z).

1) Let Di = mih + di for 1 ≤ i ≤ N as in (5).
2) Compute a state-space realization{Ai, Bi, Ci, 0} of

Φi(s) for 0 ≤ i ≤ N .
3) Compute the systemGd = {Ad, Bd, Cd, 0} as in Propo-

sition 1 and 2.
4) Compute a state-space realization ofHi(z), for 0 ≤ i ≤

N , as in Proposition 3.
5) Compute the state-space realization ofW (z) andH(z)

as in (24) and in (25) of Theorem 1.
6) Compute the state-space realization ofP (z) from H(z)

andW (z) as in (26).
7) Design a synthesis systemF (z) using existingH∞

optimization tools.

IV. D ESIGN OFFIR FILTERS

A. Conversion to a linear matrix inequality problem

In this section, we present a design procedure to synthesize
FIR filters {Fi(z)}N

i=1. For some practical applications, FIR
filters are preferred to IIR filters for their robustness to noise
and computational advantages.

We first derive a state-space realization{AF , BF , CF , DF }
of the polyphase matrixF (z) of {Fi(z)}N

i=1 based on the
coefficients of{Fi(z)}N

i=1. Assuming that the synthesis FIR
filters {Fi(z)}N

i=1 are of maximum lengthnM > 0, for 1 ≤
i ≤ N , we denote

Fi(z) = di0 + di1z
−1 + di2z

−2 + . . . + di,nM−1z
−nM+1,

and

Cij = [di,j+M di,j+2M . . . di,j+(n−1)M ].

The polyphase systemF (z) of {Fi(z)}N
i=1 has a state-space

realization{AF , BF , CF , DF } as




AF = diagM (An, . . . , An)
BF = diagM (Bn, . . . , Bn)
(CF )ij = Cji (0 ≤ i ≤ M − 1 and1 ≤ j ≤ N)
(DF )ij = dji (0 ≤ i ≤ M − 1 and1 ≤ j ≤ N),

(27)

where matrixAn ∈ R
n×n and vectorBn ∈ R

n are

An =




0 · · · · · · 0

1
. . .

...
...

. . .
. . .

...
0 · · · 1 0




, Bn =




1
0
...
0


 .

Note that, given the numbern, the matricesAF , BF do
not depend on{Fi(z)}N

i=1. Hence, designing{Fi(z)}N
i=1

is equivalent to finding the matricesCF , DF to mini-
mize K(z). The systemK(z) has a state-space realization
{AK , BK , CK , DK} as follows:

K =




AW 0 0 BW

0 AH 0 BH

0 BF CH AF BF DH

CW −DF CH −CF DW − DF DH


 . (28)

We observe that the state-space matrices ofK(z) depend
on CF , DF in a linear fashion. Hence we can use the linear
matrix inequalities (LMI) [3], [10] techniques to solve forthe
matricesCF , DF .

Proposition 5: [22], [10] For a givenγ > 0, the system
K(z) satisfies‖K‖∞ < γ if and only if there exists a positive
definite matrixP > 0 such that




AT

KPAK − P AT
KPBK CT

K

BT
KPAK BT

KPBK − γI DT
K

CK DK −γI



 < 0. (29)

For any γ > 0, Proposition 5 provides us with a tool
to test if ‖K‖∞ < γ. Hence, we can iteratively decrease
γ until we get close to the optimal performance (within a
predefined performance tolerance). Available implementations
such as MATLAB’sLMI Control Toolbox[11] can facilitate
the design procedure.

B. Design procedure

• Inputs: Rational transfer functions{Φi(s)}N
i=0 (strictly

proper), positive fractional delays{Di}N
i=1, the system

tolerance delaym0 ≥ 0, the sampling intervalh > 0, the
superresolution rateM ≥ 2.

• Outputs: FIR synthesis filters{Fi(z)}N
i=1 or equivalently

polyphase matrixF (z).

1) Let Di = mih + di, for 1 ≤ i ≤ N , as in (5).
2) Compute a state-space realization{Ai, Bi, Ci, 0} of

Φi(s) for 0 ≤ i ≤ N .
3) Compute the systemGd = {Ad, Bd, Cd, 0} as in Propo-

sition 1 and 2.
4) Compute a state-space realization ofH i(z), for 0 ≤ i ≤

N , as in Proposition 3.
5) Compute the state-space realization ofW (z) andH(z)

as in (24) and in (25) of Theorem 1.
6) Design a synthesis systemF (z) using Proposition 5.

V. ROBUSTNESS AGAINSTDELAY UNCERTAINTIES

The proposed design procedures for synthesis filters assume
perfect knowledge of the delays{Di}N

i=1. In this section, we
show that the induced error systemK obtains nearly optimal
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f(t) W

∆ FΦ

−
e[n]

Fig. 8. The hybrid systemK and the uncertainty operator∆ caused by
delay estimate errors.

performance if the synthesis filters are designed using esti-
mates{D̂i}N

i=1 sufficiently close to the actual delays{Di}N
i=1.

We denote{δi}N
i=1 the delay jitters

δi = Di − D̂i, i = 1, 2, . . . , N, (30)

andδ be the maximum jitter

δ =
N

max
i=1

{|δi|}. (31)

For convenience, we also define operators

∆(s) = diagN (e−δ1s, . . . , e−δN s), (32)

Φ(s) = diagN (Φ1(s), . . . , ΦN (s)). (33)

The induced error systemK, see Fig. 3, can be rewritten as
in Fig. 8, whereW represents the high-resolution channel of
K, andF signifies the hybrid MIMO system composed of the
delay operators{e−D̂is}N

i=1, the sampling operatorsSMh, the
synthesis filters{Fi(z)}N

i=1, and the summation of all the low
resolution channels. The uncertainty operator∆ only affects
the low-resolution channels:

K = W −FΦ∆. (34)

It is easy to see that all the operators of the above equation,
in particularF , have boundedH∞ norm. Letω ∈ R

+ be an
arbitrary, but fixed, positive number. The following Lemma
gives a bound for the singular values ofI−∆(jω) andΦ(jω)
for each frequencyω.

Lemma 1:The maximum singular value ofI −∆(jω) and
Φ(jω) can be bounded as

σmax[I − ∆(jω)] ≤
√

2δ|ω|, (35)

and
{

σmax[Φ(jω)] ≤ CΦ/
√
|ω| if |ω| > ω

σmax[Φ(jω)] ≤ CΦ if |ω| ≤ ω,
(36)

whereCΦ is a constant depending onω and{Φi}N
i=1.

Proof: To show (35), observe that
(
I − ∆(jω)

)
·
(
I − ∆

∗(jω)
)

= diagN (2 − 2 cos(δ1ω), . . .

. . . , 2 − 2 cos(δNω)). (37)

Hence, the singular values of the operator
(
I − ∆(jω)

)
are

{
√

2 − 2 cos(δiω)}N
i=1. Using

1 − cos(x) ≤ |x|, x ∈ R, (38)

that can be easily verified, we indeed prove (35).
To show (36), it is sufficient to note thatΦ(jω) is a diagonal

operator with strictly proper rational functions in the diagonal.
Its maximum singular values hence decay at least as fast as

O(|ω|−1) when |ω| > ω, and are bounded when|ω| ≤ ω,
which in fact implies (36).

We use the result of Lemma 1 to derive the bound for the
composite operatorΦ− Φ∆ based onδ.

Proposition 6: The following inequality holds:

‖Φ− Φ∆‖∞ ≤ C
√

δ, (39)

for someC > 0.
Proof: Let u = Φf andg = (I − ∆)u, theng = (Φ −

∆Φ)f . Hence:

‖G(jω)‖2 = ‖
(
I − ∆(jω)

)
Φ(jω)F (jω)‖2

≤ σmax[I − ∆(jω)] · σmax[Φ(jω)] · ‖F (jω)‖2.

Using the result of Lemma 1 forω > ω we derive
∫

|ω|>ω

‖G(jω)‖2
2dω ≤

∫

|ω|>ω

2δ|ω| · C2
Φ

|ω| · ‖F (jω)‖2
2dω

≤ 4πδC2
Φ · ‖f‖2

2. (40)

Similarly, for ω ≤ ω, we can obtain
∫

|ω|≤ω

‖G(jω)‖2
2dω ≤

∫

|ω|≤ω

2δ|ω| · C2
Φ · ‖F (jω)‖2

2dω

≤ 4πδC2
Φω · ‖f‖2

2. (41)

From (40) and (41) we can easily obtain

‖g‖2 ≤ C · ‖f‖2, (42)

for
C = 2CΦ

√
(ω + 1). (43)

Equation (42) indeed implies (39).
The following theorem shows the robustness of the induced

error systemK against the delay jitters{δi}N
i=1.

Theorem 2:In the presence of delay estimate errors, the
induced error systemK is robust in the sense that itsH∞

norm is bounded as

‖K‖∞ ≤ ‖W −FΦ‖∞ +
√

δ · C · ‖F‖∞, (44)

whereδ is the maximum jitters andCΦ is defined as in (36).
Proof: Indeed:

‖K‖∞ = ‖W −FΦ∆‖∞
≤ ‖W −FΦ‖∞ + ‖FΦ−FΦ∆‖∞
≤ ‖W −FΦ‖∞ +

√
δ · C · ‖F‖∞.

A consequence of Theorem 2 is that the induced error
systemK is robust against the delay estimate errors{δi}N

i=1. In
fact, its performance is degraded from the design performance
‖W−FΦ‖∞, in the worst case, by an additional term of order
O(

√
δ).

VI. EXPERIMENTAL RESULTS

We present in Section VI-A an example of FIR filter
design. Experiments on IIR filter design can be found in
our conference paper [23]. In Section VI-B, we compare the
performance of the proposed method to existing methods.
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Fig. 10. The equivalent analysis filtersH0(z) of the first channel. Since
H0(z) takes multiple inputs, in this casenu = 4 inputs, thei-th input is
passed through filterH0i(z) for 1 ≤ i ≤ 4.

A. Example of FIR filter design

The experimental setting is as follows:

• We use two channels to double the resolution; that is,
M = N = 2.

• All functions Φi(s) = ω2
c/(s + ωc)

2 for ωc = 0.5 and
i = 0, 1, 2. Fig. 9 plots the Bode diagram of the transfer
function Φi(s).

• Input signal is a step function:

f(t) =

{
0 t < 0.3
1 t ≥ 0.3.

(45)

• m = 10, h = 1, D1 = 1.2, D2 = 0.6.
• Maximum filter length isnM = 22.
In Fig. 10, we show the equivalent filtersH0(z) of the

first channel. Note thatH i(z), for i = 0, 1, 2, take multiple
inputs (in this casenu = 4 inputs, hence4 filters for each
Hi(z) are required). The magnitude and phase response of the

0 0.2 0.4 0.6 0.8 1
−2000

−1500

−1000

−500

0

Normalized Frequency  (×π rad/sample)

P
ha

se
 (

de
gr

ee
s)

0 0.2 0.4 0.6 0.8 1
−10

−5

0

5

Normalized Frequency  (×π rad/sample)

M
ag

ni
tu

de
 (

dB
)

Fig. 11. The magnitude and phase response of synthesis FIR filters F1(z)
(dashed), andF2(z) (solid) designed using the proposed method.
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Fig. 12. The errore[n] (solid) plotted against the desired outputy0[n]
(dashed). TheH∞ norm of the system is‖K‖∞ ≈ 4%.

designed filtersF1(z), F2(z) are shown in Fig. 11. In Fig. 12,
we show the errore[n] of the induced system (solid) and the
desired outputy0[n] (dashed). TheH∞ norm of the system
is ‖K‖∞ ≈ 4%. Observe that the induced errore[n] is small
compared to the desired signaly0[n].

We also test the robustness ofK against jitters{δi}i=1,2.
The synthesis filters are designed forD̂1 = 1.2h and D̂2 =
0.6h, but the system uses inputs produced with jittered time
delaysD1, D2. Figure 13 shows theH∞ norm of the induced
errors plotted against jitters inδ1 (solid) andδ2 (dashed). The
errors are observed to be robust against delay estimate errors.
Note that the intersection of two curves (where no jitter is
present) is not necessary a local minima of either curves.

B. Comparison to existing methods

We compare the proposed method to an existing method,
called the Sinc method. The Sinc method tested here approxi-
mates the fractional delay operatore−Ds by an FIR filter using
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and of the Sinc method truncated to23 taps (dotted).

the function sinc(x) = sin(πx)/(πx):

F
(sinc)
D [n] = sinc

(
n − D

2h

)
,

with |n| ≤ Ncutoff = 11. Hence tested filters of the Sinc
method are of23 taps. Note that, in the formula above, the
sampling interval is2h.

The Sinc method filters the low resolution signalx1[n] by
the approximated FIR filterF (sinc)

D1
to get theevensamples

of y0[n], and filters the second low resolution signalx2[n] by
the approximated FIR filterF (sinc)

D2+h to get theodd samples of
y0[n]. In other words, the high resolution signal is obtained
by interleaving individually filtered low resolution channels.

Figure 14 compares the error of the proposed method to
the error of the Sinc method. Both sets of synthesis filters
have similar length (length23 for the Sinc method and length
22 for the proposed method). We observe that the proposed

TABLE I
PERFORMANCE COMPARISON IN ROOT MEAN SQUARE ERROR(RMSE),

MAXIMUM ERROR (MAX ), AND STEADY-STATE ERROR(SS). THE LENGTH
OF SYNTHESIS FILTERS ARE23 FOR THESINC METHOD AND 22 FOR THE

SEPARATION AND PROPOSED METHOD. FIRST THREE COLUMNS USE THE

STEP FUNCTION IN(45) AS INPUT. THE LAST TWO COLUMNS USE INPUT

f(t) = cos(0.3t) + cos(0.8t).

RMSE1 Max1 SS RMSE2 Max2

Sinc 0.0171 0.0765 -0.0143 0.0689 0.1777
Separation 0.0029 0.0293 0.0018 0.0092 0.0506
Proposed 0.0008 0.0023 0.0006 0.0019 0.0079

method shows a better performance, especially around the
discontinuity.

The improved performance of the proposed technique in
Fig. 14 is due to two reasons. First, replacing fractional
delays{e−Dis}N

i=1 by equivalent analysis filters{Hi(z)}N
i=1

enhances the results. Second, the use ofH∞ optimization
allows the system to perform even for inputs that are not
necessarily bandlimited.

We also compare the proposed method to a second method,
called the Separation method. This method, similar to the Sinc
method above, obtains the high resolution signal by inter-
leaving individually processed low resolution channels. What
distinguishes the Separation method from the Sinc method is
that the Separation method approximates the fractional delay
operatore−Ds by an FIR operator designed to minimize the
H∞ norm of an induced error system [22].

Figure 15 compares the error of the proposed method and
the Separation method, all synthesis filters are of length 22.
Again, the proposed method hence yields a better performance.
This is expected as the synthesis filters are designed together,
allowing effective joint processing of all low resolution signals.

Table I shows the comparison of the three methods for two
inputs of different characteristics: a step function as in (45) and
a bandlimited functionf(t) = cos(0.3t)+cos(0.8t). Synthesis
filters of 23 taps are used for the Sinc method and of 22 taps
are used for the Separation and proposed methods. The errors
are compared in terms of the root mean square error (RMSE),
the maximum value (Max), and the average value in steady-
state regime (SS) when the step function in (45) is used as
input. As observed in Fig. 14 and Fig. 15, in the steady-state
regime, the system errors are periodic (with period 2). Hence
the errors alternate between two values; the steady-state error
in Table I is computed as the average of these two values. As
can be seen, the proposed method consistently outperforms
existing methods.

Another method worth mentioning is the method proposed
by Shu et al. [26], in which digital synthesis filters are
designed to minimize theH∞ norm of a hybrid filter bank
with rational analysis filters. Both the method proposed by
Shu et al. and ours convert a hybrid system to a digital
system and usingH∞ optimization to design the synthesis
filters. However, Shu el al. consider only rational analysis
filters whereas we consider fractional delays. Hence, TableI
also offers an indirect comparison of both methods, where
fractional delay operators are approximated as in the Sinc and
Separation methods.
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VII. C ONCLUSION AND DISCUSSION

In this paper, we designed digital synthesis filters for a hy-
brid multirate filter bank with fractional delays, with potential
applications in multichannel sampling. We showed that this
hybrid system isH∞-norm equivalent to a digital system.
The equivalent digital system then can be used to design
stable synthesis filters, using model-matching or linear matrix
inequality methods. We also showed the robustness of the
induced error system in the presence of delay estimate errors.
Experimental results confirmed the superior performance of
the proposed method compared to existing methods.

A limitation of the proposed method is the lack of an explicit
solution for the systemF (z) or the synthesis filter{Fi(z)}N

i=1.
This drawback can be compensated with the wide availability
of design implementations. Moreover, the design is performed
only once for all input signals.

For future work, we would like to investigate the relation-
ship between the upsampling rateM and the number of low
resolution channelsN to guarantee a predefined performance.
Another direction is to design synthesis filters taking into
account the uncertainties in the first place, using traditional
robust control techniques [7].

MATLAB code for filter design procedures and experiments
in this paper can be downloaded from the MATLAB Central
(www.mathworks.com/matlabcentral).

APPENDIX

COMPUTATION OF THE NORM OFBB∗

We present how to compute the norm of the productBB∗.
The adjoint operators of{Qi}N

i=0 and{Ri}N
i=1 are:

(Q∗
i x)(t) = BT

i e(h−t)AT
i x (46)

(R∗
i x)(t) = 1[0,h−di)B

T
i e(h−di−t)AT

i CT
i x. (47)

Hence, the adjoint operator ofBi is B∗
i = [Q∗

i , R
∗
i ] and the

adjoint operator ofB is B∗ = [Q∗
0, B

∗
1, . . . , B

∗
N ]. Lemma 2

provides a formula to compute the productBB∗.

Lemma 2:The operatorBB∗ is a linear operator charac-
terized by a symmetric matrix∆ = (∆ij)

N
i,j=0 with:

∆ij =





Q0Q
∗
0, if i = j = 0

Q0B
∗
j =

[
Q0Q

∗
j Q0R

∗
j

]
, if 0 = i < j

BiB
∗
j =

[
QiQ

∗
j QiR

∗
j

RiQ
∗
j RiR

∗
j

]
, if 0 < i ≤ j

∆T
ji, if i > j.

Each block ∆ij is composed by components of forms
QiQ

∗
j , QiR

∗
j andRiR

∗
j that can be computed as:

QiQ
∗
j = M ij(h) (48)

QiR
∗
j = edjAj M ij(h − dj)C

T
j (49)

RiR
∗
j =

{
Cie

(dj−di)AiM ij(h − dj)C
T
j , if di < dj

CiM ij(h − di)e
(di−dj)A

T
i CT

j , if di ≥ dj ,
(50)

where

M ij(t) :=

∫ t

0

eτAiBiB
T
j eτAT

j dτ. (51)

Proof: We show here the proof of (50), the proof of (48)
and (49) are similar. Consider the casedi < dj . For anyx of
appropriate dimension we have:
(
RiR

∗
j

)
x = Ci

∫ h−di

0

e(h−di−τ)AiBi(R
∗
jx)(τ)dτ

=
(
Cie

(dj−di)AiM ij(h − dj)C
T
j

)
x.

Hence ifdi < dj we indeed verify:

RiR
∗
j = Cie

(dj−di)AiM ij(h − dj)C
T
j .

The proof is similar for the case wheredi ≥ dj .
Finally, note that M ij(t) can be efficiently computed

as [19]:
M ij(t) = eAitπ12(t),

whereπ12(t) is the block(1, 2) of the matrix:
[

π11(t) π12(t)
0 π22(t)

]
= exp

([
−Ai BiB

T
j

0 AT
j

]
t

)
.
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