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Abstract—This paper is motivated by multichannel sampling f(¢) 4%{)0(5) H Sh, + ffffffffffff = yo[n]

applications. We consider a hybrid filter banks consisting fa set

of fractional delays operators, slow A/D converters with diferent (a) The desired high-rate system.

antialiasing filters, digital expanders, and digital syntresis filters o

(to be designed). The synthesis filters are designed to minine f@) %6 D ©1(s) Snth % ””””” ~a1[n]
the maximum gain of a hybrid induced error system. We

show that the induced error system is equivalent to a digital : i
system. This digital system enables the design of stable shesis 46_%5 ®2(s) Snn % ””””” >3 [n]

filters using existing control theory tools such as model-nahing
and linear matrix inequalities. Moreover, the induced error is
robust against delay estimate errors. Numerical experimets

show the proposed approach yields better performance comped _Dns o [V —
to existing techniques. %6 N > N(S)H Mh % >z N (1]

Index Terms—Multichannel sampling, sampled-data control, (b) The low-rate system.

Hoo optimization, model-matching, linear matrix inequality, Fig 1. (a) The desired high-rate system, (b) the low-ratetesy. The
polyphase, fractional delay, filter design, hybrid filter banks. fast-sampled signajo[rn] can be approximated using slow-sampled signals
{ziln]}}Y,

I. INTRODUCTION

This paper is motivated by multichannel sampling applicas1[n] — ﬂ@a 1
tions. Figure 1(a) shows the model of a fast analog-to-aigit
(A/D) converter used to obtaindesiredhigh-resolution signal. za[n] F(2) a@a 21 Yo[n]
An analog input signaf(¢) is convolved with an antialiasing
filter ¢o(¢) (also known as the sampling kernel function)

whose Laplace transform &, (s). The output of the convolu- " ﬂ@ﬁ M1

tion is then sampled at small sampling interkalThe desired

high-resolution signal is denoted lyy[n] = (f * ¢o) (nh) for

n € 7. Fig. 2.  Approximation of thehigh-resolutionsignal from low-resolution

; ; _ ; ; signals using anV-input M -output digital system¥'(z) and interleaving its
Figure 1(b) depICtS howactual low-resolution S|gnals outputs. This polyphase structure is used for its efficieany its ability to

{zi[n]}, are sampled using slow A/D converters. The sam@ep the computation in low-rate.

analog inputf(¢) is sampled in parallel usingV slow A/D

converters. In the-th channel, forl < i < N, the input

f(¢t) is first convolved with a functionp;(¢) (with Laplace the same clock speed of slow A/D converters; the high-

transform ®;(s)) before being delayed byD; > 0 (to rate output is obtained only at the final step by interleaving

compensate for different time arrivals). The low-rate sign samples (also known as a polyphase transform [28], [29]).

zi[n] = (f*¢;) (nMh — D;), for n € Z, can be used to More specifically, we minimize the errors (using a criterion

synthesize the high-resolution signaln| of Fig. 1(a). defined later) of ehybrid induced error systen’C shown in
The goal of the paper is to design aN-input M- Fig. 3, where{F;(z)}X, are equivalent synthesis filters such

output digital systemF(z), see Fig. 2, that synthesizeghat theirA/ x N polyphase matrix ig'(z) of Fig. 2:

the high-resolution signajg[n] using low-resolution signals (Fi(z) Fa(z).. Fx(z)]=[1 ='...="MH]FEM). (1)

{x;[n]}X_,. This implementation can be done in parallel in
Note that the high-rate signah[n] is approximated with
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Fig. 3. The hybrid induced error systekd with analog inputf(t) and digital outpute[n]. We want to design synthesis filte{s";(2)}}¥., based on the

i=

transfer function{®;(s)}¥ ,, the fractional delay{D;}¥ ;, the system delay toleranceo, the sampling intervah, and the super-resolution rafel to
minimize theH.. norm of the induced error systefd. Note that the synthesis filter bank is shown here in paratieicture with filters{ #;(z)}¥, for
symmetry, but for actual implementation it is more efficiémtuse polyphase structure wifi(z) as shown in Fig. 2.

want to design a corresponding optimal synthesis polyphdsé > 1. HenceH is the space of transfer matrices that

matrix F'(z), or equivalently a filter banKF;(z)}¥ ,, so that are stable in the bounded-input bounded-output sense. The

the resulting system depicted in Fig. 3 can be subsequerly, norm of G(z) is defined as the maximum gain of the

put in operation for arbitrary input signafgt). A special case corresponding system. If a syste@, analog or digital, has

of this multichannel sampling setup is calléohe-interleaved input w and outputy, the H., norm of G is [9]

A/D converterswhere ®,;(s) = ®4(s) and D; = ih for

i = 1,2,...,N. Then the synthesis filter bank can simply |Glloc = sup {HyH? Y = Gu, [lufls = 1}’ ®3)

interleave samples, i.eF;(z) = z¢. Multichannel sampling

extends time-interleaved A/D converters by allowing misrha

in sampling kernels before slow A/D converters [8]. Moregve Il (
|2 =

where the norms are regular Euclidean ndfiif that is,

. 1/2
> va[n]|2>

n=—oo

in many cases, the time delay®;} ,, although they can be
measured [2], [14], [15], [30], cannot be controlled. Under
these conditions, the multichannel sampling setup stuitiedfor digital signalsz[n], and
this paper can be ideally applied. . 1/2

We note that many practical systems, such as electrical, |2 = (/ ||m(t)|2dt>
mechanical, and electromechanical systems, can be modeled —0
by differential equations [18, Chapter 1]. Their Laplaa@n8- for analog signalsc(t).
forms are thus rational functions of ford(s)/B(s) for some The use ofH., optimization framework, originally pro-
polynomialsA(s) and B(s). In the contrary, fractional delay posed by Shenoy et al. [25] for filter bank designs, offers
operatorse~Pi* are never rational ifD; # 0, though when powerful tools for signal processing problems. In our case,
D; is an integer multiple of, operatore="* can be pushed using the’., optimization framework, the induced error is
after the sampling operatdt, to become an integer delay (inuniformly small over all finite energy inputg(t) € £2(R)
the digital domain). Working with fractional delay openeo (j.e., |£(t)]l2 < o). Furthermore, no assumptions ¢ft),
e~ Pis is necessary, though nontrivial, to keep intersampiich as band-limitedness, are necessary. We minimize the

behaviors of the input signals. worst induced error over all finite energy inpufét). This
Problem formulation.We consider the hybrid systeif is important since many practical signals are not banddichit
illustrated in Fig. 3. The'{ . norm of K is defined as such as images with discontinuities at edges [27]. Finally,
lle]l2 since H, optimization is performed in the Hardy space, the
[Klloo :=  sup { }7 (2) designed filters are guaranteed to be stable.
rerziz0 U fll2

The paper’s main contributions are twofold. First, we use
where||e]|2 is thely norm of e[n] and || f|2 is the Ly, norm sampled-data control techniques to convert the desigrigarob
of f(t). We want to design (IIR or FIR) synthesis filtersfor K into a H,, norm equivalent finite-dimensional model-
{F;(2)}X, to minimize ||K||«. The inputs of our algorithms matching problem. The conversion enables the design syn-
consist of the strictly proper transfer functiop®; (s)} ., the thesis filters, IIR or FIR, to minimize thé{,, norm of K.
positive fractional delay$D;}Y ,, the system delay toleranceThe norm equivalence property reduces the induced errors
mg > 0, the sampling interval > 0, and the upsampling-ratecompared to methods that approximate the fractional delays
M > 2. by IR or FIR filters [17], [24], [32], [16]. IIR synthesis

In the design of the synthesis filté#;(2)} Y ,, the system filters are designed using available solutions to the model-
performance is evaluated using tie,, approach [9], [12], matching problem [9], [12]. To design FIR filters, we use
[26]. In the digital-domain, we work on the Hardy spacéinear matrix inequality (LMI) methods [1], [3]. AlthoughlR
Ho that consists of all complex-value transfer matri€&s) filter designs using LMI methods have been proposed for other
which are analytic and bounded outside of the unit circlgroblems [31], [21], [22], to our knowledge, only IIR filter



t
designs are proposed for related problems [23], [14], [26], Py (s) vo(®) - S, P >yo[n]

[4]. The second main contribution, shown in Section V, is

the robustness of the designed induced error sy#feagainst F(t)— 1 (s) —dis v1(t) - 77777 ]

delay estimate errors.
Related workHerley and Wong addressed the problem of

the sampling and reconstruction of an analog signal from a s on(t) o
periodic nonuniform set of samples assuming that the input On(s) e ” ~unln]

S|gnaI§ have fixed frequency support [13]‘ Marz_|I|ar_10 anlqg 4. The hybrid (analog input digital output) subsystémof K. Note
Vetterli also addressed the problem of reconstructing éadig that the sampling interval of all channelsfis

signal from a periodic nonuniform set of samples using Feyuri

transform [20]. However, in both cases, the authors only

considered a restricted set of input signals that are baitelil. Il. EQUIVALENCE OF L TO A MODEL-MATCHING
Moreover, they only consideredhtional delays, that is, the PROBLEM

set of samples is the set left after discarding a uniform set . . . S .
: L . ; In this section, we show that there exists a finite-dimeradion
of samples in a periodic fashion (the ratio between the delay. . . U )
igital linear time-invariant systen¥ that has the same

and the sample intervals is a rational number, hence the na,p?% norm with . We demonstrate this in three steps. In
rational delays). Jahromi and Aarabi considered the proble . °° ) pS.

o N - ; Section II-A, we converiC into an infinite-dimensional digital
estimating the delay$D;};' ; and of designing analysis and : .
2 Tl ; system. Next, in Section II-B, we convert the system further
synthesis filters to minimize thE ., norm of an induced error

system [14]. However, the authors only considered inteqle;rto a finite-dimensional systed . Finally, in Section II-C,

delays orapproximationof fractional delays by IIR or FIR e convertKy into a linear time-invariant system.
filters. Shu et al. addressed the problem of designing the
synthesis filters for a filter bank to minimize tl¢,, norm A, Equivalence ok to a digital system

of an induced system [.26]' _Their problem was Si.m”‘?“ to The idea is to show that the hybrid subsyst@r(see Fig. 4)
the problem considered in this paper, except that it did n8]1 K is H., norm equivalent to a digital system. In Fig. 4,

consider the fractional delays but a rational transfer fionc N . N
) . . e denote{d;}:' ; the fractional parts of D;}:' .. In other
instead. Nagahara et al. synthesized IIR and FIR filters 16 e{d:}izy P £Di}imy

approximate fractional delays usiri§, optimization [21], words, we havé) < d; < h andm; € Z such that

[22]. Although their problem is not multirate, the resuléthin D; =mih+d; (1<i<N). (5)
can be considered as a special case of our problem when
M =N =1. In our mathematical derivationn;, and henceD;, for 1 <

N, can be negative, though in many practical applications,

. . g <
Throughout this paper, we adopt the following conventlon%—_ are strictly greater than zero. Note that by working with

An (analog or digital) single-input single-output transfienc- .
tion G is written in regular font, an (analog or digital) multi—SyStemg’ we need to compensate for the difference between

input and/or multi-outpu’ is written in bold, and a hybrid e?j;fnde . These dlfferencgs are analog .delay operators
systemg is written in calligraphic font. The notation e~ that can _b(_—:mte_rchangeleth the sampllng operators
Sp, to produce digital integer delay operatars™:.
To find a H., norm equivalent digital system fag, we
Al B adopt a divide-and-conquer approach: each channél fil
G = {T’T} or G={A,B,C,D} (4) be shown to beH,, norm equivalent to a digital system.
Since®y(s) is strictly proper, there exist state-space matrices
{4y, By, Cy, 0} and state functiom,(t) such that

is us_ed to denote a state-space representation of a s¢stem @o(t) = Aoxo(t) + Bof(t)
that isG(s) = D + C(sI — A)~! B for an analog system or vo(t) = Como(t).

G(z) = D+C(zI—A)~!B for a digital system [12]. We write

scalars in regular font as, and vectors in bold as. In our For0 < t; < t2 < oo, we can compute the future state
figures, solid lines illustrate analog signals, and dasiveb| valuexo(t2) from a previous state value,(t,) as follows:
are intended for digital ones. We dendig for the sampling to

operator byh; i.e. S,{v(t)}[n] = v(nh). xo(tg) = et 00 (4,) + / et A B f(1)dr. (6)

The remainder of this paper is organized as follows. In o

Section II, we show that the design problem is equivalent to Define linear operato@,, taking inputsu(t) € £3[0,h) as
a model-matching problem. Design procedures for IIR and 5

FIR synthesis filters are presented in Section Il and 1V, Qou = / e(h_T)AOBou(T)dT. 7)
respectively. Robustness of the designed system agailast de 0

estimates is presented in Section V. We show experimental fplying (6) usingt; = nh andt, = (n + 1)h we get

sults in Section VI. Finally, we give conclusion and dis¢oss _

in Section VII. xo((n + 1)h) = eoxq(nh) + Qo fn], (8)



where f[n| denotes the portion off(¢) on the interval

[nh,nh + h) translated to[0, k). In other words, we con-

sider the analog signaf(t) as a sequencéf[nl}nez with
fln] € L2[0,h). The mapping fromf(t) into {f[n]}nez is

Since the lifting operator preserves the norm, sysfeiis H .,
norm equivalent to the syste®; = {A4;, B;, Cq:,0}.

Finally, we note that the systegis the vertical concatena-
tion of subsystem:{gi}f\’zo. Since each subsystef is Ho.

called thelifting operator [5, Section 10.1]. Clearly, the liftingnorm equivalent to the systel®; with the same inpuff|n],

operator preserves the energy of the signals, that is,

o 1/2
> IIf[nHI%) ,

n=—oo

If @2 = IF]l2 = <

where|| f[n][|3 == [0 £(t)[2dt.

Let Gy be the hybrid subsystem &f with input f(¢) and
outputyo[n] (see Fig. 4). An implication of (8) is thag[n] =

for 0 < i < N, the systeny; is alsoH,, horm equivalent to
the vertical concatenation syste@ of subsystemgG;} Y .
We summarize the result of this Section in Proposition 1.

Proposition 1: The systeny is H., horm equivalent to the
infinite-dimensional digital system

vo(nh) can be considered as the output of a digital system witthere A4, B, C; are determined as

input f[n] and staterq[n] = xo(nh) as follows:
{ zaoln+1] = e omgn] +Qyfln]
voln] = Cozxaoln].

Since the lifting operator preserves the norm, systamis
Hoo NOrm equivalent to the syste@, = {42, Q,, Co, 0}.

[ A4| B
G= [WH} ! (14)
Ag = diagN+17§€hA°, Aty ..., Aan)
B = [Q; Bj ByI" (15)
Cqy = diagy,,(Co,[0,1],...,[0,1]).

In the above equations, and in the remainder of the paper,
we denotediag,, (a1, s, ..., ax) the matrix witha; in the

The same technique can be used for the remaining channglagonal, forl < i < k, and0 elsewhere, wheréa;}*_, can

LetgG;, for1 <i < N, be the hybrid subsystem gfwith input
f(t) and outputy; [n] (see Fig. 4). Suppose thgt;, B;, C;, 0}
is a state-space realization ©f(s) with state functione;(¢).
We define linear operator®, and R; taking inputsu(t) €
L2[0,h) as

h
Qu= [ " Bu(ryar ©
0
and
h—d;
Ru = C’i/ eh=di=m) A By (1) dr. (10)
0
Similar to (8), we can obtain
z;((n + 1)h) = "z (nh) + Q, fln). (11)

Applying (6) again witht; = nh andty = (n + 1)h — d; we
get

zi((n+ 1)h —d;) = "4z (nh) +

+ / e((”J“l)h*di7T)AiBif(7')d7'.
nh

Sincevi(t) = CiiL‘i(t —
obtain

d;) for all ¢, usingt = (n+ 1)h we

vi((n + 1)h) = Cie" =44z (nh) + R; fln). (12)

From (11) and (12) we see thgt[n] = v;(nh) can be
considered as the output of a digital system with inpst]

and staterq;[n] = [ :51((22)) } as follows:
ehAi . ~
zaln+1] = [ Celh—di)A; 8 } @ gi[n] + { % ] fn]
Aai B;
yiln] = wwdi[n]-
Cai
(13)

be scalars, vectors, or matrices.

B. Equivalence of to a finite-dimensional digital system

Proposition 1 shows thaf is H., norm equivalent to an
infinite-dimensional digital systends. Next, we convertG
further into some finite-dimensional digital syste®y.

Proposition 2: Let B* be the adjoint operator d8 and By
be a square matrix such that

B,BY = BB*. (16)
The finite-dimensional digital system G4(z) =
{Aq4, B4, C4,0} has the samé{., norm with G:

[Gllsc = 1G]l co- (17)

Proof: The productBB™ is a linear operator character-
ized by a square matrix of finite dimension (the computation o
BB* is given in Appendix). Henc&';(z) < {Aq4, B4, Cq,0}
is a finite-dimensional digital system. The proof of (17) can
be found in [5, Section 10.5]. [ ]

Proposition 2 claims that, for all analog signglg), there
exists a digital signak[n] having the same energy g%¢)
such thaflyo, . ..,y~n]|’ = G4u. The dimensiom,, of u[n] is
equal to the number of rows of,; (see Proposition 1), i.e.,

Ngy=mng+n1+...+ny +N, (18)

wheren; is the number of rows ofi;, for 0 < i < N. Since
we want to minimize the worst induced error over all inputs
f(¢t) of finite energy, we also need to minimi#jé&= || for

all inputsu[n] (having the same energy with(t)).

At this point, we take into account the integer delay oper-
ators{z~™:}Y / to obtain a digital systenk, that has the
sameH ., norm ask..

Proposition 3: Let Cy; be thei-th row of the (N + 1)-row
matrix C,; (see Proposition 1), an#if;(z) be the multi-input
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in Hoo control theory with inputu,[n] output e,[n]. We want to design
Fig. 5. TheH., norm equivalent digital systet ; of K (see Proposition 3). Synthesis systen'(z) to minimize || K||co.
Here {H;(2)}}, are rational transfer functions defined in (19). Note that
the inputu[n] Is of n, dimension.
State-space realizations df (z) and W (z) are given in
e W (z)f-mmmmmeee - ep(n] Theorem 1 using state-space realizatipdss,, By, , Crr,, 0}
3 i of {H;(2)}Y, (it can be easily verified that thB-matrix of
‘ I H,(z) is a zero-matrix).
B H(z) [ F(z) oo Theorem 1:The original induced error systeif has an

Ho norm equivalent digital, LTI systenk(z) = W (z) —
Fig. 6. The equivalent LTI error syste#if(z) (see Theorem 1). Note that the i . i
systemK(z) is Mn,, input M output, the transfer matrice®’(z), H(z) F(z)H(z) (see Fig. 6); that is,
are of dimensionV x Mn,, and F(z) is of dimensionM x M. ||IC|| _ ||W(z) . F(Z)H(Z)H (23)
oo [o.oh]

_ _ _ _ where F(z) is the polyphase matrix of F;(2)}Y, to be
single-output rational function that outpugsln] from input designed. State-space realizations%fz) and H (z) can be
u[n], for 0 <i < N. The systemH;(z) can be computed ascomputed as follows:

() = —mi | _Ad | Ba <i< Aw = AM
Hi(z)==z [—’W 5 } (0<i<N). (19) B _ [AﬁngHo, AM2gL B
As a result, systenC is equivalent to the multiple-input one- Cw = [(Cuy)", (CyAmn,)", .., (Cu, Ay, """
output digital systenk 4(z) illustrated in Fig. 5. (D) = { CHOAZ[TIBHO if1<j<i<M,
Whi = 0 else

C. Equivalence oK to a linear time-invariant system (24)

The finite-dimensional digital systeil ; is not linear time- and
invariant (LTI) because of the presence of upsampling and An = diagN(A%u”-’A%l)
downsampling operator§ M), (|M). We apply polyphase  (Br)i; = Ay ?'Bu,, forl<i<N1<j<M
techniques [28], [29] to maké ,; an LTI system. Cu = diagy(CH,,--.,CHy)

Let Hy (z), for 0 < j < M — 1, be the polyphase Du = 0.
components of filted ((z). In other words, (25)

M—-1

- Proof: We give here the proof for (24). The proof for
Hy(z) = Z 2/ Hoy(="). (20)  £q. (25) can be derived similarly. Consider the transfercfun
=0 tion Ho(z) in the block(1,1) of W (z) (see Proposition 4):

We also denota:,[n] ande,[n] the polyphase versions of -

u[n] ande[n]. Note that|ju,|l2 = ||ull2 and |ley|l2 = |le]|2- _ iM—1 —i

Hence, by working in the polyphase domai,,(z) is con- Hoo(2) ;CHOAHO Bro

verted into an LTI system with the sanié,, norm.
Proposition 4: The digital error systenk(;(z) is equivalent

to the LTI system

K(z) = W(z) - H()F(2) (21)

o (1) (4

A%o | A%(?lBHO
Cu, |0 '

with inputu,[n] and outpuk,[n]. In (21), H(z) andF'(z) are
standard polyphase matrices off;(2)} Y, and {F;(2)}Y,,
and

The state-space representation of the blpick ) of W (z)
is in agreement with (24). The same technique can be applied

) for the remaining blocks. ]
Hoyj,i(z) if 1§ZS]SM

(W(2))i; = { cHopreji(z) fl1<j<i<m @2

I1l. DESIGN OFIIR FILTERS

Proof: The proof uses standard polyphase tecit- Conversion to the standaf., control problem
niques [28], [29], hence omitted here. [ | The problem of designind”(z) to minimize || K|~ (see
Figure 6 shows the equivalent digital, LTI error systerfrig. 6) has a similar form to the model-matching form which
K (z). The transfer function matri#'(z) is to be designed. is a special case of thetandard problemin ., control



theory [9], [12]. Figure 7 shows the systed{(z) in the where matrix4,, € R"*" and vectorB,, € R™ are
standard form. The systed®(z) of Fig. 7 has a state-space 0 i i 0

realization derived from ones aWV (z) and H(z) as _ _ 1
AW 0 BW 0 An = L B : ) Bn =
[ Cp|Dp |~ Cw 0 Dy -1 (26) 0 --- 1 0 0
0 Cu Dy 0 Note that, given the numbet, the matricesAr, Br do

Solutions to the standard problem have existing softwamet depend on{F;(z)}¥,. Hence, designing{F;(z)}¥,
such as MATLAB's Robust Control Toolbox [6], to facilitateis equivalent to finding the matrice€'r, Dy to mini-

the optimization procedures. mize K (z). The systemK (z) has a state-space realization
{Ak,Bk,Ck, Dk} as follows:
B. Design procedure Aw 0 0 Bw
« Inputs: Rational transfer function§®;(s)}Y., (strictly _ 0 An 0 Bu
o . i=0 K = . (28)
proper), positive fractional delaygD;}Y ,, the system 0  BpCu  Ar BrDg
tolerance delayno > 0, the sampling intervat > 0, the Cw —DrCy —Cr | Dw — DrDy

superresolution raté/ > 2.
« Outputs: IIR synthesis filterg F;(z)} ¥ ; or equivalently
polyphase matrixF'(z).

We observe that the state-space matriced&kdt) depend
on Cr,Dr in a linear fashion. Hence we can use the linear
matrix inequalities (LMI) [3], [10] techniques to solve ftre

1) LetD; =m;h+d; for 1 <i < N as in (5). matricesCr, Dp.
2) Compute a state-space realizatiga;, B;,C;,0} of  Proposition 5: [22], [10] For a giveny > 0, the system
®;(s) for 0 <i < N. K () satisfies| K || < ~ if and only if there exists a positive
3) Compute the systeld = {Aq4, Ba, C4,0} as in Propo- definite matrixP > 0 such that
sition 1 and 2. T T T
4) Compute a state-space realizationFf(z), for 0 < i < gIT(IP;ﬁK P g?ig}{ T %? <0, (29)
N, as in Proposition 3. o K Do e 5 '
5) Compute the state-space realizatioVBf z) and H(z) K K 7
as in (24) and in (25) of Theorem 1. For any~y > 0, Proposition 5 provides us with a tool
6) Compute the state-space realizationt:) from H(z) o test if | K|l.c < 7. Hence, we can iteratively decrease
andW (z) as in (26). _ o v until we get close to the optimal performance (within a
7) Design a synthesis systedi(z) using existing™e predefined performance tolerance). Available impleméntat
optimization tools. such as MATLAB’sLMI Control Toolbox[11] can facilitate

the design procedure.
IV. DESIGN OFFIR FILTERS

A. Conversion to a linear matrix inequality problem B. Design procedure

In this section, we present a design procedure to synthesizg Inputs: Rational transfer functiong®;(s)}Y., (strictly

FIR filters {F;(z) fvzl. For some practical applications, FIR proper), positive fractional delaysD;}Y ,, the system
filters are preferred to IIR filters for their robustness taseo tolerance delayn > 0, the sampling intervat > 0, the

and computational advantages. superresolution rat@/ > 2.

We first derive a state-space realizatior, Br,Cr,Dr} o Outputs: FIR synthesis filter§ F;(z) }¥., or equivalently
of the polyphase matrix(z) of {F;(z)}Y, based on the polyphase matrixF(z).
coefficients of{ F;(2)}¥,. Assuming that the synthesis FIR 1) LetD; = m;h +d;, for 1 <i < N, as in (5).

filters {F; ()}, are of maximum lengtmM > 0, for 1 < 2) Compute a state-space realizati¢r;, B;, C;,0} of
1 < N, we denote ®;(s) for 0 <i < N.
Fi(2) = dip + dinz~ "+ dinz2 + .+ dypas_1z- "M, 3) Compute the systel®@,; = { A4, By, C4,0} as in Propo-
’ sition 1 and 2.
and 4) Compute a state-space realizatiorFbf(z), for 0 < i <
Cij = et dijoons - digoinovad- N, as in Proposition 3. o
’ § ’ 5) Compute the state-space realizatioVBf =) and H (z)
The polyphase systeifi(z) of { F;(z)}X, has a state-space as in (24) and in (25) of Theorem 1.
realization{Ar, Br,Cr, Dr} as 6) Design a synthesis systeRi(z) using Proposition 5.
Ap = diagy (4An,...,4,)
By — diagy (Bn, ..., Bn) V. ROBUSTNESS AGAINSTDELAY UNCERTAINTIES
(Crp)ij = Cj (0<i<M-—1andl<j<N) The proposed design procedures for synthesis filters assume
(Dp)ij = dj (0<i<M-—1andl <j<N), perfect knowledge of the delays;}Y ;. In this section, we

(27) show that the induced error systeéthobtains nearly optimal



f(@) = ************ ,@,,,, e[n]

Fig. 8.
delay estimate errors.

performance if the synthesis filters are designed using esti

mates{D,}Y ; sufficiently close to the actual delay®,} ,.
We denote(s;}Y , the delay jitters

The hybrid systenkC and the uncertainty operatah caused by

O(|lw|™!) when |w| > @, and are bounded whejw| < @,
which in fact implies (36). ]

We use the result of Lemma 1 to derive the bound for the
composite operato® — ®A based or.

Proposition 6: The following inequality holds:

1@ — A < TV, (39)

for someC > 0.
Proof: Letuw = @f andg = (I — A)u, theng = (® —
A®)f. Hence:

R GGz = (T = A(jw)) ®(jw) F(jw)ll2
51’ ZDi—Di, 1= 1,2,...,N, (30) S O'max[I—A(ju})] -amax[<1>(jw)] . HF(]L«))”Q
andd be the maximum jitter Using the result of Lemma 1 fav > @ we derive
= N _ 2
6 = max{|oi}. 6D [ GGl < [ ol T PG e
) ) |w|>@ |w|>@ w
For convenience, we also define operators < 47802 - ||f)2. (40)
_ : —01s —0NS
A(s) = diagy(e™™% ..., e7™), (32) Similarly, for w < @, we can obtain
®(s) = diagn(P1(s),...,Pn(s)). (33) , B ) ,
. . tomas |GG < [ 9Bl GG PGB
The induced error systefd, see Fig. 3, can be rewritten as /|,|<z lw|<w
in Fig. 8, where)V represents the high-resolution channel of < 4702w - || f)2. (41)
K, andF signifies the hybrid MIMO system composed of the _ _
delay operatorg§e 25} | the sampling operators,,;, the ~ From (40) and (41) we can easily obtain
synthesis filter{ F; ()}, and the summation of all the low lglla < T - [If]l2 42)
resolution channels. The uncertainty operatoronly affects - ’
the low-resolution channels: for
C=2Cp/(@+1). 43
K=W - FaA. (34) eV @+1) (43)
Equation (42) indeed implies (39). ]

_ Itis easy to see that all the operators of the above equationypg fo|lowing theorem shows the robustness of the induced
in particular 7, have bounde@{., norm. Letw € R* be an error systemk against the delay jitterés; } Y ,.
Al

arbitrary, but fixed, positive number. The following Lemma thagrem 2:1n the presence of delay estimate errors, the

gives a bound for the singular valuesbf A (jw) and®(jw)
for each frequency.

Lemma 1:The maximum singular value df— A (jw) and
®(jw) can be bounded as

Omax [ — A(jw)] < 2S|W|v (35)
and
Omax[P(Jw)] < Co/+/|w] if lw>w (36)
Omax[P(Jw)] < Co if jw| <,
whereCy is a constant depending anand {®;} ;.
Proof: To show (35), observe that
(I-A(w)) - (I-A"(jw)) = diagy(2—2cos(diw),...
.oy2—=2cos(0nw)). (37)

Hence, the singular values of the operatdr— A(jw)) are
{2 — 2cos(d;w)} ;. Using

1—cos(z) <|z|], zeR, (38)

that can be easily verified, we indeed prove (35).

induced error systeniC is robust in the sense that ifd
norm is bounded as

IKlloo < W = F®loo + V3T - | Floo,

(44)

wheres is the maximum jitters and's is defined as in (36).

Proof: Indeed:
[Klloe = [W—-F2A|

W= F®loc + [|[FE - FRA| s

< W= F®| o + V3T | Fle.

IN

[ |
A consequence of Theorem 2 is that the induced error
systemk is robust against the delay estimate erfarg? ;. In
fact, its performance is degraded from the design perfocman
[W—F®||~, in the worst case, by an additional term of order
O(W53).

VI. EXPERIMENTAL RESULTS
We present in Section VI-A an example of FIR filter

To show (36), it is sufficient to note thét(jw) is a diagonal design. Experiments on |IR filter design can be found in

operator with strictly proper rational functions in the glismal.

our conference paper [23]. In Section VI-B, we compare the

Its maximum singular values hence decay at least as fastpgesformance of the proposed method to existing methods.
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The magnitude and phase response of the transfetidon®(s)

modeling the measurement devices. We ®sés) = ®(s) for : = 0,1, 2.
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The equivalent analysis filte® (=) of the first channel. Since Fig. 12.

H(z) takes multiple inputs, in this case, = 4 inputs, thei-th input is

passed through filteH;(z) for 1 < < 4.

A. Example of FIR filter design
The experimental setting is as follows:

« We use two channels to double the resolution; that is,

M =N =2.

« All functions @;(s) = w?/(s + w.)? for w. = 0.5 and
i=0,1,2. Fig. 9 plots the Bode diagram of the transfe

function @, (s).
« Input signal is a step function:

0 t<0.3

f(t)_{ 1 t>0.3.
e m=10,h=1,D; =1.2,Dy = 0.6.
o Maximum filter length isnM = 22.

(45)
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Fig. 11. The magnitude and phase response of synthesis R fil; (=)

(dashed), and"z(z) (solid) designed using the proposed method.

The error (solid) vs the high resolution signal (dashed)
1.2 T T T T T T T

0.8 / 4

0.6 B

02 ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40
sample

The errore[n] (solid) plotted against the desired outpys|[n]
(dashed). Thé{ norm of the system i§K| o ~ 4%.

designed filterd (), F»(z) are shown in Fig. 11. In Fig. 12,
we show the erroe[n] of the induced system (solid) and the
desired outputyy[n] (dashed). TheH,, norm of the system
S [|K[|oc ~ 4%. Observe that the induced errefn] is small
compared to the desired signal[n].

We also test the robustness &f against jitters{d; };—1 2.
'Il'he synthesis filters are designed fﬁﬁ = 1.2h and lA)Q =
0.6h, but the system uses inputs produced with jittered time
delaysD,, D-. Figure 13 shows th&{., norm of the induced
errors plotted against jitters iy (solid) andd, (dashed). The
errors are observed to be robust against delay estimateserro
Note that the intersection of two curves (where no jitter is
present) is not necessary a local minima of either curves.

In Fig. 10, we show the equivalent filtet (z) of the B. Comparison to existing methods

first channel. Note thaH ;(z), for i = 0, 1,2, take multiple

We compare the proposed method to an existing method,

inputs (in this caser, = 4 inputs, hencet filters for each called the Sinc method. The Sinc method tested here approxi-
H (z) are required). The magnitude and phase response of thates the fractional delay operator”* by an FIR filter using



0.054

0.052

0.05F

0.048

TABLE |
PERFORMANCE COMPARISON IN ROOT MEAN SQUARE ERROERMSE),
MAXIMUM ERROR (MAX), AND STEADY-STATE ERROR(SS). THE LENGTH
OF SYNTHESIS FILTERS ARE23 FOR THESINC METHOD AND 22 FOR THE
SEPARATION AND PROPOSED METHODFIRST THREE COLUMNS USE THE
STEP FUNCTION IN(45) AS INPUT. THE LAST TWO COLUMNS USE INPUT
f(t) = cos(0.3t) + cos(0.8t).

20.046

—0.044

RMSE; Max: SS RMSE; | Max.

Sinc 0.0171 | 0.0765 | -0.0143 | 0.0689 | 0.1777
Separation| 0.0029 | 0.0293 | 0.0018 | 0.0092 | 0.0506
Proposed | 0.0008 | 0.0023 | 0.0006 | 0.0019 | 0.0079

0.042

0.04

0.038

0.036

-0.15

-0.2

-0.1 -0.05 0.05 0.1 0.15

e 0
jitter

0.2

method shows a better performance, especially around the
discontinuity.

The improved performance of the proposed technique in
Fig. 14 is due to two reasons. First, replacing fractional
delays{e~Pi*}¥ | by equivalent analysis filter6H ()},

Fig. 13. The norm|K||s of the induced error system plotted against jiter€nhances the results. Second, the useHgf optimization

41 (solid) andé2 (dashed). The system’s robustness against jiierand 62

is guaranteed by Theorem 2.
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Fig. 14. Performance comparison of the error of the propaosettiod (solid)

The proposed method (solid) vs the Sinc method (dashed)
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10 20 30 40
sample

and of the Sinc method truncated 28 taps (dotted).

the function sin¢r) = sin(rz)/(7x):

sinc) . D
Fé, [n] = smc(n — %),

50

allows the system to perform even for inputs that are not
necessarily bandlimited.

We also compare the proposed method to a second method,
called the Separation method. This method, similar to the Si
method above, obtains the high resolution signal by inter-
leaving individually processed low resolution channelshaty
distinguishes the Separation method from the Sinc method is
that the Separation method approximates the fractionalydel
operatore—P* by an FIR operator designed to minimize the
H, norm of an induced error system [22].

Figure 15 compares the error of the proposed method and
the Separation method, all synthesis filters are of length 22
Again, the proposed method hence yields a better perforenanc
This is expected as the synthesis filters are designed ®geth
allowing effective joint processing of all low resolutioigsals.

Table | shows the comparison of the three methods for two
inputs of different characteristics: a step function agis) @nd
a bandlimited functiory (¢t) = cos(0.3t) +cos(0.8t). Synthesis
filters of 23 taps are used for the Sinc method and of 22 taps
are used for the Separation and proposed methods. The errors
are compared in terms of the root mean square error (RMSE),
the maximum value (Max), and the average value in steady-
state regime (SS) when the step function in (45) is used as
input. As observed in Fig. 14 and Fig. 15, in the steady-state
regime, the system errors are periodic (with period 2). ldenc
the errors alternate between two values; the steady-state e
in Table I is computed as the average of these two values. As

with |n| < Newopr = 11. Hence tested filters of the Sinccan be seen, the proposed method consistently outperforms
method are of23 taps. Note that, in the formula above, thexisting methods.

sampling interval i2h.

The Sinc method filters the low resolution sigraln] by py Shu et al. [26], in which digital synthesis filters are
the approximated FIR filter;"" to get theevensamples designed to minimize thé{.. norm of a hybrid filter bank
of yo[n], and filters the second low resolution signaln] by with rational analysis filters. Both the method proposed by
the approximated FIR fiItng;ZZ) to get theodd samples of Shu et al. and ours convert a hybrid system to a digital
yo[n]. In other words, the high resolution signal is obtainegystem and using<{., optimization to design the synthesis

by interleaving individually filtered low resolution chagls.

Another method worth mentioning is the method proposed

filters. However, Shu el al. consider only rational analysis

Figure 14 compares the error of the proposed method fibers whereas we consider fractional delays. Hence, Thble
the error of the Sinc method. Both sets of synthesis filteadso offers an indirect comparison of both methods, where
have similar length (lengtB3 for the Sinc method and lengthfractional delay operators are approximated as in the Sidc a
22 for the proposed method). We observe that the propos&dparation methods.
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The proposed method (solid) vs the Separation method (dashed)

Lemma 2:The operatorBB™* is a linear operator charac-

oo | | | | terized by a symmetric matrid = (A;;)N,_, with:
0.015 ! 1 i
oot ] Qo Q5. if i=j=0
’ | \ * * * : . .
0.005| ! | ;\\ | A NB; = %G, QORJ}’ 0=i<j
L S S S A A S ij = . Q.Q; QR; . o
L B* = : <
_ 0 — B, B; RQ' RR' | if0<i<y
2 o005t Vo | 1 AT ’ ’ if 1>
o “ | jio 7
-oo1r ' i Each block A;; is composed by components of forms
-0.015} ‘(w 1 Q,Q;,Q;R; and R, R} that can be computed as:
|
-0.02} \[J ] QzQ;k = M;(h) (48)
‘ .
~0.025¢ ) 1 Q.R, = e M;;(h—d;)CT (49)
_ r ‘ ‘ ‘ _d)A, :
0035 10 20 30 40 50 RR* — Ciels dT')AY'Mij(h - dj)CJT’ if d; < dj(50)
sample it CiM i;(h — di)e(difdﬂA?CjT, if d; > dj,
Fig. 15. Error comparison between the proposed methoddjsatid the Where

Separation method (dotted).

VII. CONCLUSION AND DISCUSSION

Mij(t) :

¢
) T
/ e BiBfeTAJ‘ dr.
0

(51)

Proof: We show here the proof of (50), the proof of (48)

In this paper, we designed digital synthesis filters for a hnd (49) are similar. Consider the cate< d;. For anyz of
brid multirate filter bank with fractional delays, with pate@l appropriate dimension we have:
applications in multichannel sampling. We showed that this
hybrid system isH.,-norm equivalent to a digital system.

h—d;
(RE)e = G / =D B (R ) (7)dr
The equivalent digital system then can be used to design

0

j—di)A;
stable synthesis filters, using model-matching or lineatrima = (Oie(d] WA M (h— dj)CjT)I'

inequality methods. We also showed the robustness of th
induced error system in the presence of delay estimateserror
Experimental results confirmed the superior performance of
the proposed method compared to existing methods.

ence ifd; < d; we indeed verify:
R;R; = Ciel W4 M j(h — d;)CF .

L : . .. The proof is similar for the case whede > d;. [ |
A I!m|tat|on of the proposed method is t_hellack of an J(\a[xphcn Finally, note thatM,;(f) can be efficiently computed
solution for the systen¥'(z) or the synthesis filtef F;(z) }5Y ;. as [19]:

This drawback can be compensated with the wide availability
of design implementations. Moreover, the design is peréatm
only once for all input signals.

Mij (t) = eAi’tﬂlg(t),

wherem2(t) is the block(1,2) of the matrix:

ship between the upsampling rat¢ and the number of low

For future work, we would like to investigate the relation- [

resolution channeld’ to guarantee a predefined performance.
Another direction is to design synthesis filters taking into

account the uncertainties in the first place, using traaditio
robust control techniques [7].

MATLAB code for filter design procedures and experiments
in this paper can be downloaded from the MATLAB CentraI[Z]

(www.mathworks.com/matlabcentral).

APPENDIX
COMPUTATION OF THE NORM OFBB*

We present how to compute the norm of the prodBd3™*.
The adjoint operators ofQ,}Y , and{R;}Y , are:
(Qix)(t) =
(Rjz)(t) =
Hence, the adjoint operator @; is B; = [Q;, R]] and the

adjoint operator ofB is B* = [Q{, B7, ..., By]. Lemma 2
provides a formula to compute the produsiB*.

BiTe(hft)AiTa: (46)

(h=di=0AT Ty (47)

Lon—a,) Bl e

mi(t) mi2(t) } — exp ([ 0 ' AJT]

O 22 (t)
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