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A Mapping-Based Design for Nonsubsampled
Hourglass Filter Banks in Arbitrary Dimensions
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Abstract—Multidimensional hourglass filter banks decompose
the frequency spectrum of input signals into hourglass-shaped
directional subbands, each aligned with one of the frequency
axes. The directionality of the spectral partitioning makes these
filter banks useful in separating the directional information in
multidimensional signals. Despite the existence of various design
techniques proposed for the 2-D case, to our best knowledge,the
design of hourglass filter banks in 3-D and higher dimensions
with finite impulse response (FIR) filters and perfect reconstruc-
tion has not been previously reported. In this paper, we propose
a novel mapping-based design for the hourglass filter banks
in arbitrary dimensions, featuring perfect reconstruction, FIR
filters, efficient implementation using lifting/ladder structures,
and a near-tight frame construction. The effectiveness of the
proposed mapping-based design depends on the study of a set
of conditions on the frequency supports of the mapping kernels.
These conditions ensure that we can still get good frequency
responses when the component filters used are nonideal. Among
all feasible choices, we then propose an optimal specification for
the mapping kernels, which leads to the simplest passband shapes
and involves the fewest number of frequency variables. Finally,
we illustrate the proposed techniques by a design example in3-D,
and an application in video denoising.

Index Terms—multidimensional transforms, directional filter
banks, hourglass filter banks, filter design, directional decompo-
sition.

I. I NTRODUCTION

Two-dimensional (2-D) filter banks with hourglass-shaped
passband supports have been extensively studied in the past
[1]–[6]. As shown in Figure 1(a), these filter banks decom-
pose the 2-D frequency spectrum into two hourglass-shaped
subbands, whose dominant directions are aligned with the two
frequency axes. The directionality of the passband supports
makes the hourglass filter banks, also commonly known as
the fan filter banks, useful in analyzing the directional infor-
mation in 2-D signals. Furthermore, these filter banks serveas
important building blocks of the widely used 2-D directional
filter banks [7]–[9], which achieve higher angular resolution
through a tree-structured concatenation of the hourglass filter
banks together with resampling operations.

In this paper, we study the hourglass filter banks in higher
dimensions. In 3-D, for example, the proposed filter banks
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Fig. 1. (a) The frequency partitioning of 2-D hourglass (a.k.a. fan) filter
banks; (b) The frequency support of one of the 3-D hourglass filters. The
passbands of the other two hourglass filters are just rotatedversions of this
one.

divide the spectrum into three directional subbands, whose3-
D hourglass-shaped passband supports (shown in Figure 1(b))
are natural extensions of their 2-D counterparts (Figure 1(a)).
In the generald-D (d ≥ 2) case, the proposed hourglass filter
banks decompose signals intod directional subbands, whose
passband supports will be made precise in Section II.

Due to the shape of their frequency partitioning, the pro-
posed hourglass filter banks can effectively decompose mul-
tidimensional signals into directional subbands aligned with
different frequency axes. As shown in Figure 2, the analy-
sis/synthesis filter bank structure allows different directional
subbands to be processed (e.g. enhanced or suppressed) inde-
pendently, and then recombined together at the reconstruction
stage. Furthermore, if the hourglass filter banks satisfy perfect
reconstruction, then there is no signal distortion in the absence
of subband processing.

There is one more motivation for the study of multidi-
mensional hourglass filter banks. Analogous to the 2-D case,
the hourglass filter banks in 3-D and higher dimensions are
found to be important ingredients in the recently proposed
multidimensional directional filter banks (NDFB) [10], which
decompose signals into “thinner” directional subbands by
using the hourglass filter banks followed by an iterative tree-
structured filter bank. The resulting subband filters of NDFB
are supported on rectangular-based pyramid-shaped regions,
which radiate out from the origin at3 × 2l (l ≥ 0) different
orientations and tile the entire frequency space. Previous
studies [11]–[13] have shown that multidimensional filters
with similar type of directional passbands can be useful in
a wide range of applications, including video processing, and
seismic imaging.

Figure 2 shows the block diagram of the proposed hourglass
filter banks in 3-D. We can observe that, unlike traditional
critically sampled filter banks, the hourglass filter banks dis-
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Fig. 2. The nonsubsampled hourglass filter bank in 3-D. The ideal frequency-
domain supports of the component filters are hourglass-shaped regions, with
their corresponding dominant directions aligned with theω1, ω2, andω3 axes,
respectively. Note that there is no sampling operation in the filter bank.

cussed in this paper are nonsubsampled, i.e., without down-
sampling or upsampling operations. This difference in filter
bank structure is in part due to the following fact [14], [15]:
it is impossible to implement the multidimensional hourglass-
shaped frequency partitioning with acritically sampledfilter
bank, except for the 2-D case. Another important reason for
us to consider this redundant construction is that the lack of
sampling operations in the hourglass filter banks appears tobe
crucial in simplifying the design of subsequent iterative filter
banks needed in the multidimensional directional filter banks.
We refer to [10] for details.

Various design techniques have been proposed in the lit-
erature for the hourglass filter banks in 2-D, either critically
sampled [1]–[4] or nonsubsampled [5], [6]; and in 3-D, but
without perfect reconstruction [11], [13]. However, to ourbest
knowledge, studies on hourglass filter banks in 3-D and higher
dimensions with perfect reconstruction properties have not
been reported until recently. In [10], we proposed a design
of multidimensional hourglass filter banks based on frequency
domain techniques. The drawback of that design is that the
resulting filters do not have rationalz-transforms. The filtering
operations then have to be implemented in the Fourier domain
by first taking the FFT of the input signal and then multiplying
it with the frequency values of the filters. In practice, thisFFT-
based implementation often requires a large memory space
(especially in 3-D and higher dimensional cases), and can
cause long buffer delays which are undesirable for applications
such as video processing.

In this work, we propose a novel mapping-based design for
the hourglass filter banks in arbitrary dimensions, featuring
perfect reconstruction, finite impulse response (FIR) filters,
efficient implementation using lifting/ladder structures[16],
[17], and a near-tight frame construction. Compared with the
frequency-domain implementation, the FIR filters allow the
filtering operations to be carried out in the spatial domain with
only partial input signal available in the memory, a property
potentially favorable to real-time applications and hardware
implementations.

The outline of the paper is as follows. Section II provides a
formal definition of the passband supports of hourglass filter
banks in arbitrary dimensions, which serves as the foundation
for subsequent discussions. We propose our mapping-based

filter bank design in Section III, and study the conditions on
suitable passband supports of mapping kernels in Section IV.
The goal of these conditions is to ensure that the resulting
overall filters still have good frequency responses when the
component filters used are nonideal. Since suitable mapping
kernels are not unique, we propose an optimal specification
for the kernels, which, among all possible choices, leads tothe
simplest passband shapes and involves the fewest number of
frequency variables. The two ingredients of the mapping-based
design, i.e., the 1-D polynomials and mapping kernels, are
designed in Section V. These designs endow the filter banks
with additional properties, including an efficient lifting/ladder-
based implementation and a near-tight frame construction.
Finally, to illustrate the proposed design scheme, we present
a numerical example for the hourglass filter bank in 3-D, and
an application in video denoising. We conclude the paper in
Section VI.

II. PASSBAND GEOMETRY OFMULTIDIMENSIONAL

HOURGLASSFILTERS

A. Notations

Before proceeding, we indicate some notational conventions
that will be used in the following. Throughout the paper,d
represents the dimension of the filters under consideration.
We are interested in cases whend ≥ 2. We use lower-case
letters, such asx[n], to denoted-D discrete filters, where
n = (n1, n2, . . . , nd)

T is an integer vector. Correspondingly,
X(ejω) stands for the Fourier transform ofx[n], with ω =
(ω1, . . . , ωd)

T . We use script letters, e.g.X , to represent the
passband supports of filter frequency responses, and denote1X (ω) as the indicator function defined onX , i.e.,1X (ω) = 1
if ω ∈ X and1X (ω) = 0 otherwise.

We useΛ ⊆ {1, 2, . . . , d} to represent an arbitrary subset
of frequency indices, whose cardinality is written as|Λ|. For
any positive real numberα, the value⌊α⌋ denotes the largest
integer less than or equal toα, while ⌈α⌉ denotes the smallest
integer greater than or equal toα.

B. The Passband Supports of Hourglass Filter Banks

The following is a precise definition of the passband sup-
ports of the proposed hourglass filter banks in arbitraryd-D
cases.

Definition 1: The d-D (d ≥ 2) nonsubsampled hourglass
filter bank consists ofd analysis filters{Hi(e

jω)}d
i=1 and d

synthesis filters{Gi(e
jω)}d

i=1. The ideal passband supports
Hi and Gi of the ith analysis/synthesis filter pair,Hi(e

jω)
andGi(e

jω), are

Hi = Gi
def
= {ω ∈ (−π, π]d : |ωi| = max

1≤j≤d
|ωj |}+2πZ

d. (1)

Note that 2πZ
d def

= {2πn : n ∈ Z
d} in (1) represents

the 2π-periodicity of frequency responses. Since the analysis
and synthesis filters have the same passband supports, we will
concentrate on the analysis filters in the following discussions.

In the 2-D and 3-D cases, we can easily verify that the def-
inition in (1) indeed specifies the hourglass-shaped passband
supports as shown in Figure 1(a) and Figure 1(b), respectively.
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In the generald-D case, it follows from (1) that theith filter
Hi(e

jω) only selects frequencies that are closer to theith
frequency axis than to any other axis. Therefore, the proposed
hourglass filter banks ind-D can decompose the frequency
spectrum intod directional subbands, each aligned with one
of the frequency axes.

From the definition given in (1), we can easily verify the
following result, which will be used in the derivation of our
proposed mapping-based filter bank design.

Lemma 1:Let Λ ⊆ {1, 2, . . . , d} be a subset of indices
and denoteHΛ as the union of all frequency regionsHi with
i drawn fromΛ. Then

HΛ
def
=
⋃

i∈Λ

Hi (2)

= {ω ∈ (−π, π]d : max
i∈Λ

|ωi| = max
1≤j≤d

|ωj |} + 2πZ
d.

III. A M APPING-BASED DESIGN FOR THEHOURGLASS

FILTER BANKS

In this section, we deal with the filter design of the
multidimensional nonsubsampled hourglass filter banks. The
goal is to find a set of FIR filters{hi[n]}d

i=1 and{gi[n]}d
i=1,

such that their frequency responses are good approximations
of the ideal hourglass filters as defined in (1), and that, without
any subband processing in Figure 2, the perfect reconstruction
condition is satisfied, i.e.,

d∑

i=1

Hi(e
jω)Gi(e

jω) = 1. (3)

Thanks to the nonsubsampled structure of the hourglass filter
banks, the above condition is much milder than the usual per-
fect reconstruction conditions required by critically sampled
filter banks [18], [19].

A. Design of Two-Channel Nonsubsampled Filter Banks Using
Mapping

A common approach to the design of nonseparable multi-
dimensional filters is based on mapping (i.e. transformation
of variables) [20]–[22], [2]. Although the mapping approach
imposes certain restrictions on the kind of filters we can
get, it brings many important advantages, including, as we
will demonstrate later, efficient implementation and extendable
general design for arbitrary dimensions. These advantagescan
be especially useful in higher dimensional (e.g.d ≥ 3) cases.

For the sake of completeness, we briefly explain the basic
idea of this mapping approach for the two-channel, nonsub-
sampled case as follows: first, we design 1-D polynomials
f1(x), f2(x) (for the analysis part) ande1(x), e2(x) (for the
synthesis part) that satisfy the Bézout’s identity:

f1(x) e1(x) + f2(x) e2(x) = 1. (4)

Meanwhile, we control the shape of the polynomials so that
fi(x) ≈ ei(x) for i = 1, 2, and that

f1(1) ≈ f2(−1) ≈ 1, and f1(−1) ≈ f2(1) ≈ 0. (5)

H{1,2,3}

H1 H{2,3}

H2 H3

(a) The 3-D case

H{1,2,3,4}

H{1,2}

H1 H2

H{3,4}

H3 H4

(b) The 4-D case

Fig. 3. Construction of the multichannel hourglass filter banks through a
cascade of two-channel mapped filter banks.

The details of how to find these polynomials will be given
in Section V. We refer readers to Figure 8 for an example of
these polynomials.

Next, we find a mapping kernelK(ejω), which is the
Fourier transform of some multidimensional zero phase FIR
filter. Now the key step in the mapping-based design is to
substitute the variablex in the polynomials withK(ejω) and
define the analysis filtersFi(e

jω) and synthesis filtersEi(e
jω)

as

Fi(e
jω) = fi

(
K(ejω)

)
and Ei(e

jω) = ei

(
K(ejω)

)
, (6)

for i = 1, 2.
Several nice properties come from this mapping of variables.

First, the Bézout’s identity (4) of the 1-D polynomials ensures
that the perfect reconstruction condition in (3) (withHi and
Gi replaced byFi andEi) is satisfied with arbitrary choices of
K(ejω). Meanwhile, same as the kernelK(ejω), the resulting
multidimensional filtersFi(e

jω) and Ei(e
jω) in (6) are still

FIR, and have zero phase.
To control frequency responses, we can design the mapping

kernel such thatK(ejω) ≈ 1 for ω ∈ K andK(ejω) ≈ −1 for
ω ∈ KC , whereK ⊆ R

d is the desired passband support of the
filter bank, andKC is the complement ofK. It then follows
from the shape of the polynomials specified in (5) that the
mapped filters in (6) can be written asF1(e

jω) ≈ E1(e
jω) ≈1K andF2(e

jω) ≈ E2(e
jω) ≈ 1KC , where1K and1KC are

the indicator functions onK andKC , respectively.

B. Extension to the Multichannel Case

The nonsubsampled hourglass filter banks discussed in this
paper haved channels in the generald-D case. To extend the
mapping technique to the multichannel cases, we propose to
use a cascade of two-channel filter banks.

The idea can be explained by the tree graph in Figure 3(a)
for the 3-D case. Recall from Lemma 1 that the entire 3-D
spectrum can be written as the union of all three hourglass-
shaped supportsHi, for i = 1, 2, 3. Now, starting from the root
of the tree, which is denoted asH{1,2,3}, we first use a two
channel mapped filter bank, with a suitable kernelK1(e

jω), to
divide the spectrum into two parts:H1 andH{2,3}. Leaving the
first node alone, we then attach another two-channel mapped
filter bank, with a different kernelK2(e

jω), to further divide
H{2,3} into H2 andH3.

Assume the polynomials used in the analysis part of the
mapped filter banks aref1(x) and f2(x), then the resulting
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analysis filters are

H1(e
jω) = f1(K1(e

jω)),

H2(e
jω) = f2(K1(e

jω)) f1(K2(e
jω)), (7)

H3(e
jω) = f2(K1(e

jω)) f2(K2(e
jω)),

and the synthesis filters take similar forms. Note that the above
strategy can be easily generalized to higher dimensional cases.
For example, we show in Figure 3(b) the cascade structure for
the 4-D hourglass filter bank, which decomposes the spectrum
into four hourglass subbands, with two levels of decomposition
and three different two-channel mapped filter banks. In the
generald-D case, the proposed cascade tree for frequency
partitioning is built up, in a recursive fashion, as follows:

Procedure 1:We start with a tree containing a single node,
whose corresponding frequency support is the entire spectrum.

(1) For any leaf node in the current tree, we can write the
frequency support of the equivalent filter at that node as
a regionHΛ defined in (2). Note that in the beginning,
we haveΛ = {1, 2, . . . , d} and henceHΛ = R

d. Unless
Λ is a singleton set (i.e.,|Λ| = 1), we will use a two-
channel mapped filter bank to further split the node into
two child nodes. The goal is to divide the frequency
supportHΛ into two smaller regionsHΛ1 andHΛ\Λ1

,
whereΛ1 ⊂ Λ. To achieve a balanced filter bank, we
chooseΛ1 to be the set of the first⌊|Λ|/2⌋ indices in
Λ.

(2) Repeat step (1) until all leaf nodes in the tree are
supported on the hourglass-shaped regionsHi for i =
1, 2, . . . , d.

We can easily verify that the above cascade scheme consists
of ⌈log2(d)⌉ levels of decomposition and usesd− 1 different
two channel filter banks.

There are several advantages in using the proposed cascade
scheme. First, it simplifies the problem of designing ad-
channel multidimensional filter bank to the more tractable
task of designingd − 1 two-channel mapped filter banks.
As long as each two-channel filter bank achieves perfect
reconstruction with zero phase FIR filters, the resultingd-
channel filter banks also have perfect reconstruction with zero
phase FIR filters. Second, as we can see from Figure 3, filters
resulting from the cascade scheme automatically come with
a tree-structured factorization. This form of implementation
often requires fewer arithmetic operations than a direct parallel
implementation of the same filter bank.

IV. PASSBAND SUPPORTS OF THEMAPPING KERNELS

A. Intuition and Motivation

The cascading scheme described in Procedure 1 can be
intuitively interpreted as a “cake-cutting” process. As shown
in Figure 3, the original frequency spectrum — a cube-shaped
“cake” — is cut into two pieces at a time by a sequence
of two-channel filter banks. One important remaining task in
the design is to specify the passband support of each filter
bank (i.e. where to make the cut at each step), so that the
resulting overall filters indeed achieve the desired hourglass-
shaped passband supports.

Fig. 4. The 2-D frequency responseH3,a(ej(ω1,ω2,π/3)) of a 3-D FIR
filter designed by using an incorrect mapping kernel.

The 2-D case is simple and straightforward, since we just
need to use a single two-channel filter bank, whose frequency
support is uniquely determined. However, it becomes more
interesting when we construct 3-D and higher dimensions
hourglass filter banks.

For example, let us consider the 3-D case with a two-level
cascading structure given in Figure 3(a). As specified by the
frequency dividing scheme, in the first level, we use a two-
channel mapped filter bank with a mapping kernel supported
on H1. (Recall that{Hi, i = 1, 2, 3} represent the hourglass-
shaped frequency supports defined in (1).) As a result, we get
two filters, whose Fourier transforms can be approximated by1H1(ω) and1H2∪H3(ω), respectively. In the second level of
Figure 3(a), we need to further divide the filter1H2∪H3(ω)
by using another two-channel filter bank; and it is at this step
that we have more options.

One possible choice is to chooseKa
def
= H2 as the passband

support of the mapping kernel used by the second filter bank.
Applied after the filter1H2∪H3(ω) from the previous level,
this second filter bank will then generate two equivalent filters
as

H2,a(ejω) ≈ 1H2∪H3(ω)1H2(ω) = 1H2(ω), and

H3,a(ejω) ≈ 1H2∪H3(ω)1HC
2
(ω)

= 1H2∪H3(ω)1H1∪H3(ω) = 1H3(ω).

(8)

However, another possible choice is to use

Kb
def
= {ω ∈ (−π, π]d : |ω2| ≥ |ω3|} + 2πZ

d (9)

as the passband support of the mapping kernel. We will show
in Section IV-C that the resulting equivalent filters in thiscase
can also be written as

H2,b(e
jω) ≈ 1H2∪H3(ω)1Kb

(ω) = 1H2(ω) and

H3,b(e
jω) ≈ 1H2∪H3(ω)1KC

b
(ω) = 1H3(ω).

(10)

From (8) and (10), it seems that bothKa or Kb can lead
to filters that are “approximately” supported on the hourglass-
shaped supportsH2 andH3, and hence either one of them can
be used as the passband support of the second mapped filter
bank. However, this is true only when all the filters are ideal;
in fact, the two choices make a big difference in practice, when
we use nonideal filters.

For example, Figure 4 shows a 2-D slice of the 3-D
frequency responseH3,a(ejω) of an FIR filter, designed by
using the first choiceKa. Notice that the 2-D slice, taken
at ω3 = π/3, are supposed to display a lowpass response.
However, we can see from the figure that the actual 2-
D response contains lots of undesirable out-of-band energy.
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Fig. 5. Illustration of problems when the frequency supportof the mapping
kernel is not chosen appropriately.

In sharp contrast, we will show both analytically (see Sec-
tion IV-C) and by numerical examples (see Figure 9) thatKb,
the second choice for the passband support, can lead to FIR
filters with much better frequency localization.

For easy visualization, we explain the above problem by an
analogous 1-D example illustrated in Figure 5. LetF (1D)(ejω)
(shown in solid lines in Figure 5(a)) be a 1-D filter approximat-
ing the ideal indicator function1[0.2π,0.8π] (shown in dashed
lines). Analogous to the situation in our cascaded hourglass
filter banks, we want to use a two-channel mapped filter bank
to decompose the original passband (F (1D) = [0.2π, 0.8π])
into F (1D)

1 = [0.2π, 0.5π] and F (1D)
2 = [0.5π, 0.8π]. Now

suppose the passband support of the mapping kernel is chosen
to be K(1D) = [0.2π, 0.5π]. We plot in Figure 5(b) the two
component filtersF (1D)

1 (ejω) and F
(1D)
2 (ejω) resulting from

this mapping kernel, and in Figure 5(c) one of the equiva-
lent filtersF (1D)(ejω)F

(1D)
2 (ejω) obtained after applying the

mapped filter bank. We can see from Figure 5(c) that, although
most of the subband energy is concentrated on the desired
passband[0.5π, 0.8π], there is a large bump at0.2π. We can
reduce the width of the bump by employing sharper filters.
However, as long as the filter responses are not ideal indicator
functions, the magnitude of the bump can not be reduced. On
the other hand, if we change the support of the mapping kernel
to K(1D) = [c, 0.5π] for any 0 ≤ c ≤ 0.1π, then the resulting
filter responses will not contain any undesirable bump.

The above discussions on 3-D and 1-D examples offer two

important insights: first, in searching for suitable mapping
kernel supports, we cannot use the (overly) simplified indicator
functions to model the frequency responses of practical filters;
second, suitable mapping kernels are not unique (see the 1-D
example). Consequently, there is also the problem of picking
the “optimal” one among all suitable choices. We address the
first issue in Section IV-B and propose solutions to the second
problem in Section IV-C, both for the generald-D (d ≥ 2)
cases. In particular, we will show that the mapping kernelKb

defined in (9) is the optimal choice in the 3-D case.

B. General Conditions for the Passband Supports of Mapping
Kernels

In this section, we derive the general conditions for mapping
kernels, under which we can still get good frequency responses
when the component filters used are nonideal. Complementary
to the previous geometrical intuitions, we introduce and em-
ploy some additional algebraic notations here. These notations
not only provide a more rigorous ground for our derivation,
but more importantly, allow us to obtain general results that
are valid for arbitrary dimensional cases.

As shown in Figure 3, we can associate any node in the
proposed cascade filter bank tree with an index setΛ. For
example, for the node denoted byH{3,4} in Figure 3(b), we
haveΛ = {3, 4}. The equivalent filterFΛ(ejω) at nodeΛ is
obtained as the product of all filters along the path from the
root leading to that node. DenoteFΛ as the ideal passband
support ofFΛ(ejω), then according to Procedure 1, our design
requires that

FΛ = HΛ =
⋃

i∈Λ

Hi. (11)

If the nodeΛ is not at the bottom of the tree, we then
subsequently decomposeFΛ(ejω) by a two-channel mapped
filter bank with a mapping kernelK(ejω), and generate two
equivalent filters for the two child nodesΛ1 andΛ \Λ1 at the
next level as

FΛ1(e
jω) = FΛ(ejω)F1(e

jω) (12)

and
FΛ\Λ1

(ejω) = FΛ(ejω)F2(e
jω), (13)

whereΛ1 is a subset ofΛ as chosen in Procedure 1;F1 andF2

are the two component filters of the two-channel mapped filter
bank defined in (6). As shown in Section III-A, ifK is the
ideal passband support of the mapping kernelK(ejω), then the
component filters satisfyF1(e

jω) ≈ 1K(ω) and F2(e
jω) ≈1KC (ω).

Our question now becomes: how do we chooseK so that
the two resulting equivalent filtersFΛ1 andFΛ\Λ1

in (12) and
(13) achieve the required passband supports

FΛ1 = HΛ1 and FΛ\Λ1
= HΛ\Λ1

, (14)

respectively?
The answer would be straightforward if all filters are ideal

indicator functions on their passbands: we can simply choose
K = HΛ1 , and verify (14) by substituting each filter in (12)
and (13) with the corresponding indicator function. However,
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we know from previous discussions that this simple solution
will lead to problems in practice, when we use nonideal filters.

Given the magnitude frequency response|X(ejω)| of a
filter, we use two numbersǫ and δ to measure how close
|X(ejω)| is to the indicator function1X (ω) as follows:

sup
ω /∈∂X+Bδ

∣
∣|X(ejω)| − 1X (ω)

∣
∣ ≤ ǫ, (15)

where∂X is the set of boundary points of the passband support
X , and Bδ

def
= {ω : ‖ω‖ ≤ δ} is the d-D ball of radius

δ. For example, ifX is the 2-D hourglass-shaped support
shown in Figure 1(a), then its boundary∂X consists of the two
diagonal linesω1 = ±ω2. Note that in (15),ǫ characterizes
the maximum variation (i.e. ripple) of the frequency response
in the passband and stopband; whileδ measures the width of
the transition band∂X + Bδ.

As illustrated in Figure 6 for the 1-D case, we can rewrite
|X(ejω)| satisfying (15) as

|X(ejω)| = 1X (ω) + Eǫ(ω) + T∂X+Bδ
(ω), (16)

whereEǫ(ω) belongs to a class of functions whose maximum
absolute values are less thanǫ; T∂X+Bδ

belongs to a class of
bump functions supported on the transition band and defined
as

{f(ω) : supp (f) ⊆ ∂X + Bδ and |f(ω)| =
1

2
for ω ∈ ∂X}.

It is to be noted that, instead of being some exact functions,
the termsEǫ(ω) and T∂X+Bδ

in (16) should be interpreted
as instances from two classes of functions, which are used
to characterize the in-band ripple and the transition band of
|X(ejω)|, respectively.

Applying the notation introduced in (16), we can rewrite
the zero phase equivalent filter at nodeΛ as FΛ(ejω) =1HΛ(ω) + Eǫ(ω) + T∂HΛ+Bδ

(ω); and the two component
filters from the two-channel mapped filter bank asF1(e

jω) =1K(ω) + Eǫ(ω) + T∂K+Bδ
(ω) and F2(e

jω) = 1KC (ω) +
Eǫ(ω)+T∂KC+Bδ

(ω), respectively. For simplicity of notation,
we use the same parametersǫ andδ for all three filters.

Lemma 2:For small values ofǫ and δ, the zero phase
equivalent filters at nodesΛ1 and Λ \ Λ1 as defined in (12)
and (13) can be written as

FΛ1(e
jω) ≈ 1HΛ∩K(ω) + 2 Eǫ(ω)

+ T∂(HΛ∩K)+Bδ
(ω) +

1

2
T∂HΛ∩∂K+Bδ

(ω),
(17)

and

FΛ\Λ1
(ejω) ≈ 1HΛ∩KC (ω) + 2 Eǫ(ω)

+T∂(HΛ∩KC)+Bδ
(ω) +

1

2
T∂HΛ∩∂K+Bδ

(ω).
(18)

Proof: See Appendix A.
Recall from (14) that our goal is to haveFΛ1(e

jω) ≈1HΛ1
(ω) and FΛ\Λ1

(ejω) ≈ 1HΛ\Λ1
(ω). It follows imme-

diately from (17) that we needHΛ ∩ K = HΛ1 , which then
also guarantees thatHΛ ∩ KC = HΛ\Λ1

. Next, we observe
that there are two terms in (17) related to the transition
band of the frequency response. However, we know that the
transition can only happen at the boundary of the desired

passbandHΛ ∩ K, since otherwise the frequency response
would contain an out-of-band bump (e.g. see Figure 5(c)).
Therefore, we must have∂HΛ ∩ ∂K ⊆ ∂(HΛ ∩ K) = ∂HΛ1 .
Based on the same reasoning, we can derive from (18) that
∂HΛ ∩∂K ⊆ ∂(HΛ ∩KC) = ∂HΛ\Λ1

. In summary, we reach
the following design requirements:

Condition 1: For the two filtersFΛ1(e
jω) andFΛ\Λ1

(ejω)
to be well-localized on their desired passband regions, the
passband supportK of the mapping kernel must satisfy the
following two conditions:

HΛ ∩ K = HΛ1 , and (19)

∂HΛ ∩ ∂K ⊆ ∂HΛ1 ∩ ∂HΛ\Λ1
, (20)

whereHΛ, HΛ1 , andHΛ\Λ1
are the frequency regions defined

in (2).
Intuitively, the equality in (19) implies thatK “cuts” HΛ1

out of HΛ; the boundary condition given in (20) further
requires that the “cut” should only happen at the location
where the boundaries ofHΛ1 and HΛ\Λ1

intersect. The
purpose of condition (20) is to ensure that the resulting
frequency responses will be free of out-of-band bumps even
if the component filters used in the design are nonideal.
For example, we can verify that the kernelK(1D) shown in
Figure 5(b) only satisfies (19) but not (20) (after replacing
HΛ and HΛ1 with their respective 1-D counterpartsF (1D)

andF (1D)
1 ); consequently, one of the resulting filters contains

an undesirable bump in Figure 5(c).

C. The Simplest Constructions of the Passband Supports

Condition 1 provides the general characterization for the
passband supports of all mapping kernels that can be used in
our design. However, as we learn from the 1-D example shown
in Figure 5, suitable mapping kernels for a given problem are
generally not unique. In the following, we propose a particular
class of kernel passband supports, which not only satisfy both
design requirements in Condition 1 but also have the simplest
shapes among all possible choices.

Let Λ be a node in the cascade tree of the hourglass filter
banks. To decomposeΛ into its child nodesΛ1 andΛ\Λ1, we
use a two-channel mapped filter bank, whose mapping kernel
is supported on

KΛ,Λ1 = {ω ∈ (−π, π]d : max
i∈Λ1

|ωi| = max
j∈Λ

|ωj |} + 2πZ
d.

(21)
Proposition 1: KΛ,Λ1 satisfies the two design requirements

given in (19) and (20). Moreover, supposeK is another
passband support that satisfies (19) and (20), then for any
boundary facetB of KΛ,Λ1 ,

∅ 6= B ∩HΛ ⊆ ∂K. (22)

Proof: See Appendix B.
Despite being ad-dimensional region, the passband support

KΛ,Λ1 defined above can be fully specified by only|Λ|
frequency variables{ωi}i∈Λ. Therefore, in terms of implemen-
tation, we only need to design a|Λ|-dimensional filter (with
|Λ| ≤ d) to achieve the passbandKΛ,Λ1 . For example, in the
4-D case shown in Figure 3(b), we need to use three different
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ωω ωω
X X

∂X + Bδ

∂X + Bδ

2ǫ
1
2

1
2

|X(ejω )| 1X (ω) Eǫ(ω) T∂X+Bδ
(ω)

Fig. 6. Decomposition of the magnitude response|X(ejω )| as the sum of the indicator function1X (ω), the in-band ripple termEǫ(ω), and the bump
function T∂X+Bδ

(ω) at the transition band.

two-channel filter banks to split the cascade tree. However,
only the one in the first level of decomposition is a 4-D filter
bank; the other two used in the second level are both 2-D filter
banks, operating on the(ω1, ω2) and (ω3, ω4) signal planes,
respectively.

Furthermore, for any other suitable passband supportK,
the expression in (22) states that a nonempty portion of any
boundary facet ofKΛ,Λ1 must also belongs to the boundary of
K. It then follows thatK must have at least the same number
of boundary facets asKΛ,Λ1 and consequently involves at least
the same number of frequency variables. In other words,KΛ,Λ1

has the simplest shape among all possible choices and can be
represented by the fewest number of frequency variables. In
this sense, the proposed passband supportKΛ,Λ1 is the optimal
solution to our design requirements.

As an application of Proposition 1, we can now establish
the optimality of the passband supportKb given in (9), by
realizing that it is just a special 3-D case ofKΛ,Λ1 with d = 3,
Λ = {2, 3}, andΛ1 = {2}.

V. 1-D POLYNOMIALS , MAPPING KERNELS, AND DESIGN

EXAMPLES

In principle, the mapping-based design method proposed in
Section III works for any combination of 1-D polynomials
and multidimensional mapping kernels, as long as they satisfy
the conditions given in (4), (5) and (21), respectively. In this
section, we describe several special choices of the polynomials
and kernels that offer some additional desirable properties.

A. 1-D Polynomials Built from Monomial Lifting/Ladder
Stages

The Bézout (i.e. perfect reconstruction) condition givenin
(4) implies that the two polynomialsf1(x) and f2(x) in the
analysis part are coprime, and hence we can always factor
f1(x) and f2(x) into lifting/ladder structures [16], [17] by
using the Euclidean algorithm. In our design, we take one
step further by imposing the prediction and update filters in
the lifting/ladder structures to be monomials, i.e., we let
[
f1(x)
f2(x)

]

=

[
1 0

cn · x 1

]

×
[
1 cn−1 · x
0 1

]

· · ·

×
[

1 0
c2 · x 1

]

×
[
1 c1 · x
0 1

]

×
[

k
1
2k

]

,

(23)

wherek andc1, . . . , cn are free parameters. A similar form of
factorization was used by Cunha et al. [6] in the design of the
2-D nonsubsampled contourlet transform.

For oversampled filter banks with perfect reconstruction,
the synthesis part for a given analysis part is not uniquely
determined. In particular, adapting a general result in [23,
Theorem 4.1], we can show that all synthesis polynomials
e1(x) and e2(x) providing perfect reconstruction for the
analysis polynomials given in (23) can be written as
[
e1(x)
e2(x)

]

=

[
1 −cn x
0 1

]

×
[

1 0
−cn−1 x 1

]

· · ·

×
[
1 −c2 x
0 1

]

×
[

1 0
−c1 x 1

]

×
[

1+u(x)
2k

k (1 − u(x))

]

,

(24)

whereu(x) is an arbitrary polynomial. In our design, we use
a particular pair of synthesis polynomials by settingu(x) ≡ 0.
We can check from (23) and (24) that, for this special case,

[
f2(−x)
f1(−x)

]

=

[
0 1
1 0

] [
f1(−x)
f2(−x)

]

=

[
e1(x)
e2(x)

]

.

Since e1(x) = f2(−x) and e2(x) = f1(−x), the frequency
responses in the synthesis part are now complementary to
those in the analysis part; consequently, we then just need
to design the two analysis polynomialsf1(x) and f2(x) to
achieve the desired shapes.

An important advantage in using the factorization in (23)
and (24) is computational efficiency. Recall that in our map-
ping based design, multidimensional filters are obtained by
replacingx in 1-D polynomials with multidimensional map-
ping kernelsK(ejω). From (23) and (24) (withu(x) ≡ 0),
any two-channel stage of the multidimensional filter bank
can be implemented by a lifting/ladder structure shown in
Figure 7. Note that we actually depict a more generalized
form of mapping in the figure, where each lifting/ladder
stage can employ a different mapping kernelKi(e

jω) (for
i = 1 . . . n), and hence allowing for more design flexibility.
Perfect reconstruction is still achieved in this case, since each
lifting/ladder stage in the analysis part can be independently
inverted by the corresponding stage in the synthesis part.
Compared with direct implementation, the scheme in Figure 7
can substantially reduce the number of arithmetic operations.
We can easily verify the following result:

Proposition 2: Supposen is the number of lifting stages
in (23), d is the dimension of the filter bank, and all the
kernels Ki(e

jω) (for i = 1 . . . n) are d-D filters of size
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Analysis Synthesis

k

k1
2k

1
2k

x[n] x̂[n]

c1K1(e
jω) c1K1(e

jω)
c2K2(e

jω)c2K2(e
jω)

Fig. 7. The lifting/ladder implementation of a two-channelmapped filter bank, whose analysis and synthesis parts are specified by (23) and (24) (with
u(x) ≡ 0), respectively. Note that we can use a different mapping kernel at each lifting/ladder stage.

m × m × . . . × m
︸ ︷︷ ︸

d

. The lifting/ladder implementation shown

in Figure 7 requiresO(nmd) arithmetic operations per input
sample; while a direct implementation of the same filter
bank requiresO(nd(m− 1)d) arithmetic operations per input
sample.

We can see that the improvement in computational effi-
ciency becomes more significant, when we work with higher
dimensional signals, i.e., when the dimensionalityd increases.

To satisfy the shape requirement (5) for 1-D polynomials,
we impose the constraints thatf1(−1) = f2(1) = 0 and
f1(1) = 1. Note that f2(−1) = 1 is then automatically
guaranteed by the perfect reconstruction condition. Under
these constraints, we can writek, c1 and c2 as functions of
the other parameters. For example, whenn = 4, we have

k =
1 + c3 + c3c4

2
, c1 =

(1 + c3c4)
2 − c2

3

2
, (25)

and
c2 =

−1 − c4

1 + c3 + c3c4
. (26)

As discussed below, the remaining degrees of freedom from
c3 andc4 can then be explored to endow additional properties
to the filter bank.

B. Hourglass Filter Banks as Near-Tight Frames

The connection between nonsubsampled filter banks with
the frame expansion of signals has been extensively studied
in the past. Here we first briefly recall several appropriate
results, and then propose a simple design criterion to make
sure that the resulting hourglass filter banks are approximately
tight frames. Readers unfamiliar with the frame theory in the
context of oversampled filter banks are referred to [23], [24]
and the references within for more details.

If a nonsubsampled filter bank achieves perfect reconstruc-
tion, then its analysis and synthesis parts implement a frame
decomposition and a frame reconstruction, respectively. The
lower and upper frame bounds for the decomposition frame,
denoted byAE andBE , can be calculated as [23], [24]

AE = inf
ω

d∑

i=1

|Hi(e
jω)|2 and BE = sup

ω

d∑

i=1

|Hi(ω)|2,

(27)
where {Hi(e

jω)} are the d analysis filters. Similarly, the
frame boundsAR and BR for the reconstruction frame can

be calculated by replacingHi(e
jω) in the above equations

with the synthesis filtersGi(e
jω).

The frames becometight when BE

AE
= BR

AR
= 1, which

is equivalent to requiring that the analysis filters be power
complementary, i.e.,

∑d
i=1|Hi(ω)|2 = const. Due to their

optimality in noise reduction as well as numerical stability
in reconstruction [24], [25], tight frames are often desirable
in many applications. However, similar to the classical result
on 1-D linear phase filters [18, p. 338], we can also show
that the power complementary constraint cannot be met by
multidimensional zero phase FIR filters, except for some trivial
choices. Now since the resulting hourglass filters from our
mapping-based design are always FIR with zero phase, we can
only try to approximate the tight frame condition, by making
BE

AE
≈ BR

AR
≈ 1.

However, directly working withBE

AE
and BR

AR
can be difficult,

since by (27) and (7), these ratios involve both the 1-D
polynomials and the specific mapping kernels we use. In our
design, we propose to minimize a simple upper bound of
the ratios, which only depends on the 1-D polynomials. This
choice is justified by the following result, whose proof is given
in Appendix C.

Proposition 3: Suppose the 1-D polynomials used in the
design are chosen such thate1(x) = f2(−x) and e2(x) =
f1(−x). Meanwhile, supposesup

ω

|K(ejω)| ≤ 1 holds for all

mapping kernelsK(ejω). The frame bounds of the resulting
d-D hourglass filter bank satisfy

1 ≤
√

BE

AE

BR

AR
≤
(

max
|x|≤1

(
f2
1 (x) + f2

2 (x)
)
)2⌈log2(d)⌉

Remark 1:By designing the 1-D polynomials to make the
quantity max

|x|≤1

(
f2
1 (x) + f2

2 (x)
)

close to 1, we can effectively

“sandwich” the ratios of the frame bounds. As a result, we
have AE ≈ BE and AR ≈ BR, and hence the resulting
frames are close to being tight. Meanwhile, the assumption
that sup

ω

|K(ejω)| ≤ 1 is always satisfied by mapping kernels

designed in Section V-C based on Bernstein polynomials.
Following the above design criterion and applying the

relations given in (25) and (26), we then just need to solve an
unconstrained nonlinear optimization problem

argmin
c3,c4

max
|x|≤1

(
f2
1 (x) + f2

2 (x)
)
,

with two free variables. Table I shows the optimized pa-
rametersc1, . . . , c4 and K (obtained using the MATLAB
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TABLE I
THE DESIGNED LIFTING/LADDER COEFFICIENTS ACHIEVING NEAR-TIGHT FRAME CONSTRUCTIONS.

n k c1 c2 c3 c4 max
|x|≤1

`

f2
1 (x) + f2

2 (x)
´ BE

AE

BR

AR

3 0.658454 0.449785 −0.759355 0.316907 1.0109 1.018 1.021
4 0.696635 0.276516 −0.566602 0.498169 −0.210571 1.0008 1.003 1.002

x

f1(x)
f2(x)
f2
1 (x) + f2

2 (x)

-1 -0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

Fig. 8. Designed 1-D polynomialsf1(x) andf2(x) which lead to near tight
frames.

optimization toolbox) and the corresponding maximum values
of f2

1 (x) + f2
2 (x) for |x| ≤ 1. Meanwhile, we also show the

actual values of the frame bound ratiosBE

AE
and BR

AR
, computed

by (27), of two 3-D hourglass filter banks built from the
reported 1-D polynomials. We can see that the frame bound
ratios are fairly close to1, and hence the designed filter banks
are close to being tight frames.

In principle, we can make the frame bound ratios arbitrarily
close to1 by increasing the number of lifting/ladder stages
n, or equivalently the degrees of the polynomialsf1(x) and
f2(x). However, through mapping, this will in turn increase the
spatial support sizes of the resulting multidimensional filters.
In practice, we usually prefer filters that are more compactly
supported in space, and hence a practical constraint in our
design is that we can only use a small number of lifting/ladder
stages.

Figure 8 shows the polynomialsf1(x) andf2(x) for n = 4
with their parameters taken from Table I. We can see that
f1(x) is approximately a reversed version off2(x), i.e.,
f1(x) ≈ f2(−x). Since the synthesis polynomials are defined
ase1(x) = f2(−x) ande2(x) = f1(−x), it then follows that
fi(x) ≈ ei(x) for i = 1, 2, i.e., the analysis and synthesis
filters are approximately equal to each other. In other words,
the designed filter bank is approximately self-inverting.

C. Mapping Kernels Based on Multivariate Bernstein Polyno-
mials

As shown in Section IV-C, we need to design FIR mapping
kernels achieving the passband supports given in (21). For
simplicity of exposition, we only consider kernels with the
following support regions

Kn,m = {ω ∈ (−π, π]d : max
i≤m

|ωi| = max
j≤n

|ωj |}+2πZ
d, (28)

for some integersm and n with 1 ≤ m < n ≤ d. Note that
the general kernels with supports defined in (21) can always
be obtained from (28) through a change of variables.

There can be several ways to construct the FIR kernels with
supports regions approximating (28). One choice is to use an
FFT-based iterative design procedure proposed by Cetin and
Ansari [26], [27], which leads to approximately equiripple
frequency responses. In our design, we choose to use an
approach based on multivariate Bernstein polynomials [28]–
[30], mainly due to its simplicity provided by the available
closed-form solutions.

The generalN th-order Bernstein polynomials withn vari-
ables are defined as [31, p.122]

B(p ; x1, x2, . . . , xn) =
N∑

k1=0

N∑

k2=0

· · ·
N∑

kn=0

p(
k1

N
,
k2

N
, . . . ,

kn

N
)

×
n∏

i=1

(
N

ki

)

xki

i (1 − xi)
N−ki , (29)

where the polynomial coefficientsp(k1

N , . . . , kn

N ) are the sam-
ple values of a continuous functionp(x1, . . . , xn) supported
on the unit cube[0, 1]n. By making the following change of
variables,xi → sin2(ωi

2 ) (or equivalentlyxi → − 1
4zi(1 −

z−1
i )2 in the z-domain), we can convert the polynomial

B(p ; x1, x2, . . . , xn) in (29) into a zero phase FIR filter
K(ejω) with support size(2N + 1) × . . . × (2N + 1)

︸ ︷︷ ︸

n

.

To approximate the desired passband supportKn,m given
in (28), we adopt a simple solution in our design by choosing
the polynomial coefficients to be

p(x1, x2, . . . , xn) =







1 if max
i≤m

xi > max
m<i≤n

xi

0 if max
i≤m

xi = max
m<i≤n

xi

−1 otherwise

. (30)

Table II displays the first two 3-D Bernstein polynomials
obtained from (29) and (30) (withm = 1 andn = 3). After the
change of variables, the resulting mapping kernelK(ejω) will
have a maximally-flat frequency response, which converges to
the desired ideal function21Km,n

(ω) − 1 with the increase
of the orderN . We omit here further description of these
properties and refer readers to [28]–[30] for more details.

D. Design Example: 3-D Hourglass Filter Bank

In this example, we apply the proposed design techniques to
construct an hourglass filter bank in 3-D. The 1-D polynomials
f1(x) andf2(x) used in the design are generated from three
lifting/ladder stages, whose coefficients are listed in Table I
(under n = 3). Recall from Figure 3(a) that we need to
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TABLE II
3-D BERNSTEIN POLYNOMIALS OF THE FIRST AND SECOND ORDER USED IN THE DESIGN OF MAPPING KERNELS.

N B(p ;x1, x2, x3)
1 −x3 + x2x3 − x2 + x1

2
2x2

1x2x2
3 + 2x1x2

2x2
3 + 2x2

1x2
2x3 − 4x2

1x2x3 − 2x2
1x2

2x2
3 + 2x1 − 2x2 − 2x3 + x2

3 + x2
2 − x2

1
+2x2

1x2 − 2x1x2
2 + 4x2x3 − 2x2

2x3 + 2x2
1x3 − 2x2x2

3 + x2
2x2

3 − 2x1x2
3

Fig. 9. Frequency responses of the designed 3-D filters. Top row (from
left to right): the isosurfaces of three hourglass filtersH1(ejω ), H2(ejω ),
andH3(ejω ). Bottom row (from left to right): 2-D slicesH1(ej(ω1,0,ω3)),
H2(ej(π/2,ω2,ω3)), andH3(ej(ω1,ω2,π/3)).

use two mapping kernels to split the cascade tree. The first
kernel, i.e., the one dividing the original spectrum intoH1 and
H{2,3}, is a 3-D filter; while the second kernel which further
dividesH{2,3} is a 2-D filter operating on the(ω2, ω3) signal
plane. All mapping kernels are designed using 3-D Bernstein
polynomials according to (29) and (30). For simplicity, they
all have the same orderN = 6, though it is possible to use a
different N for each kernel.

The resulting 3-D hourglass filters in the analysis part have
support sizes as37 × 37 × 37, 25 × 61 × 61, and25 × 49 ×
49, respectively. Note that the actual implementation of the
filter bank is based on the lifting/ladder structure illustrated
in Figure 7 and, as shown in Proposition 2, takes much fewer
number of arithmetic operations than a direct implementation
with filters of the above sizes.

Figure 9 presents the frequency responses of the designed 3-
D hourglass filters. Only the analysis filters are shown and the
synthesis filters are very similar. On the top row of Figure 9
are the isosurfaces of the three filters, which closely resemble
the ideal hourglass shapes. On the bottom row are several 2-
D slices of the 3-D frequency responses. Depending on the
locations of the cutting planes, the 2-D slices can have fan-
shaped, trapezoid-shaped, or lowpass-shaped responses.

The orderN of the Bernstein polynomials for mapping
kernels can be used as a parameter to control the frequency
responses of the 3-D hourglass filters. Figure 10 shows the
1-D slices ofH3(e

jω), designed by using different values of
N . We can see that, by choosing a largerN , we can always
sharpen the resulting frequency responses, but of course atthe
cost of increasing the spatial support sizes of the filters.

ω1/π

|H
3
(e

j
(ω

1
,0

,π
/
4
)
)|

-1 -0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

Fig. 10. 1-D frequency responses (taken alongω2 = 0 andω3 = 0.4π) of
H3(ejω ) obtained by choosing the order of the Bernstein polynomial to be
N = 6, 9, 12, 15, and18. LargerN leads to shaper frequency responses.

W_XW_Y

W
_Z

Fig. 11. The isosurface of the frequency support of one surfacelet subband.
The 3-D hourglass filter bank designed in Section V-D is used to construct
the surfacelet transform.

E. Multidimensional Directional Filter Banks and Video De-
noising

An important application of the hourglass filter banks
studied in this paper is the construction of multidimensional
directional filter banks (called the surfacelet transform in
[10]). We show in Figure 11 the isosurface of the frequency
support of one surfacelet subband, which is obtained by
the concatenation of a multiscale pyramid, a 3-D hourglass
filter bank such as the one designed in Section V-D, and
a sequence of critically sampled checkerboard filter banks
[10]. Compared to the frequency supports of the hourglass
filters, the 3-D surfacelet filter bank provides a much finer
directional partitioning of the frequency spectrum, and thus
offering higher angular resolution.

Finally, we demonstrate a potential application of the 3-
D hourglass filter bank and its generalization — the sur-
facelet transform — to video processing. Figure 12(a) and
Figure 12(b) display a single frame from the image sequence
“Coast Guard” and its noisy version contaminated by zero-
mean white Gaussian noise. Applying the surfacelet transform
to the noisy video, we then try to reduce the noise by first
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(a) Original frame (b) Noisy frame (PSNR = 18.62 dB)

(c) Surfacelet-FIR (PSNR = 26.75 dB)(d) Surfacelet-FREQ (PSNR = 26.84
dB)

(e) DTWT (PSNR = 26.09 dB) (f) UDWT (PSNR = 25.99 dB)

Fig. 12. Comparisons of video denoising results by using different trans-
forms. The PSNR values are averaged across the entire image sequence.

truncating the transform coefficients with a fixed threshold,
and then taking the inverse transform via the synthesis filter
bank. See [10] for more details on this simple denoising
scheme.

In Figure 12(c) and Figure 12(d), we use Surfacelet-FIR
and Surfacelet-FREQ to differentiate between the denoising
results from two versions of the surfacelet transform: the
former uses the hourglass filters designed in Section V-D,
while the latter uses hourglass filters designed in the frequency
domain [10]. For benchmark, we also show in Figure 12(e)
and Figure 12(f) the results obtained by using the real-valued
dual-tree wavelet transform (DTWT) [32], [33] and the 3-D
undecimated wavelet transform (UDWT).

We can see that Surfacelet-FIR and Surfacelet-FREQ share
fairly similar performance. The advantage of using Surfacelet-
FIR is that the hourglass filter banks can be implemented
by FIR filters. Among DTWT, UDWT, and Surfacelet-FIR,
the surfacelet transform using filters designed in this paper
outperforms the other two 3-D transforms by a large margin

(up to 0.76 dB) on the test sequence, which suggests the
potential of the surfacelet transform in video processing.

VI. CONCLUSIONS

In this paper, we proposed a novel mapping-based design
for multidimensional nonsubsampled hourglass filter banks,
featuring perfect reconstruction, finite impulse responsefilters,
efficient implementation using lifting/ladder structures, and a
near-tight frame construction. A key advantage of the design
is that it is easily extended to arbitrary dimensions. As an
important issue in the proposed mapping-based scheme, we
study conditions on the class of mapping kernels which lead
to good frequency responses when the filters used are nonideal.
Among all possible choices, we then propose an optimal
specification for the kernels that leads to the simplest passband
shapes and involves the fewest number of frequency variables.
In addition to the video denoising example shown in the paper,
we envision that the designed multidimensional hourglass
filter banks would find applications in various areas that
involve the directional analysis of multidimensional volumetric
data, including seismic image processing and medical image
analysis.

APPENDIX

A. Proof of Lemma 2

We can expand the first equivalent filterFΛ1(e
jω) as

follows:

FΛ1(e
jω)

= FΛ(ejω)F1(e
jω)

= (1HΛ(ω) + Eǫ(ω) + T∂HΛ+Bδ
(ω))

· (1K(ω) + Eǫ(ω) + T∂K+Bδ
(ω))

= 1HΛ∩K(ω) + Eǫ(ω)F1(e
jω) + Eǫ(ω)

(
FΛ(ejω) − Eǫ(ω)

)

︸ ︷︷ ︸

in-band ripples

+ 1HΛ(ω) T∂K+Bδ
(ω) + 1K(ω) T∂HΛ+Bδ

(ω)
︸ ︷︷ ︸

first transition band

+ T∂HΛ+Bδ
(ω) T∂K+Bδ

(ω)
︸ ︷︷ ︸

second transition band

. (31)

For the term related to in-band ripples, we have
|Eǫ(ω)F1(e

jω)+Eǫ(ω)
(
FΛ(ejω) − Eǫ(ω)

)
| ≤ ǫ(1+ǫ)+ǫ(1+

2ǫ) = ǫ(2 + 3ǫ). Based on the assumption thatǫ ≪ 1, we can
omit the second-order term and get

Eǫ(ω)F1(e
jω) + Eǫ(ω)

(
FΛ(ejω) − Eǫ(ω)

)
≈ 2 Eǫ(ω). (32)

Note thatEǫ(ω) in both sides of the equation above represent
different instances of a class of functions.

We can rewrite the first term on transition band in (31) as
T(HΛ∩(∂K+Bδ))∪(K∩(∂HΛ+Bδ))(ω). For δ ≪ 1, the support of
this bump function can be approximated as

(HΛ ∩ (∂K + Bδ)) ∪ (K ∩ (∂HΛ + Bδ))

≈ ((HΛ ∩ ∂K) + Bδ) ∪ ((K ∩ ∂HΛ) + Bδ)

= (HΛ ∩ ∂K) ∪ (K ∩ ∂HΛ) + Bδ

= ∂(HΛ ∩ K) + Bδ. (33)
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Similarly, for δ ≪ 1, we can rewrite the second term on
transition band in (31) as

T∂HΛ+Bδ
(ω) T∂K+Bδ

(ω) ≈ 1

2
T∂HΛ∩∂K+Bδ

(ω). (34)

Substituting the corresponding terms in (31) with (32), (33),
and (34), we get the expression in (17). The expression for
the second equivalent filterFΛ\Λ1

(ejω) in (18) can also be
obtained by following the same line of derivations as above,
and using the fact that∂(KC) = ∂K.

B. Proof of Proposition 1

We first show thatKΛ,Λ1 indeed satisfies the conditions
given in (19) and (20). Due to the periodicity of the passband
supports, we only consider the situations whenω ∈ (−π, π]d.

Condition (19) can be verified as follows:

HΛ ∩ KΛ,Λ1

= {max
i∈Λ

|ωi| = max
1≤i≤d

|ωi|} ∩ {max
i∈Λ1

|ωi| = max
i∈Λ

|ωi|}

= {max
i∈Λ1

|ωi| = max
1≤i≤d

|ωi|} = HΛ1 .

For the boundary condition in (20), we first notice that,
equivalent to the formulation given in Lemma 1, we can
also write HΛ = {max

i∈Λ
|ωi| ≥ max

i∈ΛC
|ωi|}, where ΛC def

=

{1, 2, . . . , d} \Λ is the complement ofΛ. It then follows that
the boundary ofHΛ can be calculated as∂HΛ = {max

i∈Λ
|ωi| =

max
i∈ΛC

|ωi|}. Similarly, ∂KΛ,Λ1 = {max
i∈Λ1

|ωi| = max
i∈Λ\Λ1

|ωi|}.

Now we have

∂HΛ ∩ ∂KΛ,Λ1

= {max
i∈Λ

|ωi| = max
i∈ΛC

|ωi|} ∩ {max
i∈Λ1

|ωi| = max
i∈Λ\Λ1

|ωi|}

= {max
i∈Λ1

|ωi| = max
i∈Λ\Λ1

|ωi| = max
i∈ΛC

|ωi|}

⊂ {max
i∈Λ1

|ωi| = max
i∈ΛC

1

|ωi|} ∩ { max
i∈Λ\Λ1

|ωi| = max
i∈(Λ\Λ1)C

|ωi|}

= ∂HΛ1 ∩ ∂HΛ\Λ1
.

To verify (22), we first write, without loss of generality, any
boundary facetB of KΛ,Λ1 as

B = {ωi0 = max
i∈Λ1

|ωi| = max
j∈Λ\Λ1

|ωj | = ωj0},

for somei0 ∈ Λ1 andj0 ∈ Λ \ Λ1. We can then check that

B ∩HΛ

= {ωi0 = max
i∈Λ1

|ωi| = max
j∈Λ\Λ1

|ωj | = ωj0}

∩ {max
i∈Λ

|ωi| = max
1≤i≤d

|ωi|}

⊂ {max
i∈Λ1

|ωi| = max
i∈ΛC

1

|ωi|}

is a nonempty boundary facet ofHΛ1 , but lies within the
interior ofHΛ. For anyK that satisfies the design requirement
(20), the conditionHΛ ∩ K = HΛ1 implies that∂HΛ1 ⊆
∂HΛ ∪ ∂K, i.e., any boundary facet ofHΛ1 must either come
from ∂HΛ or ∂K. SinceB ∩HΛ belongs to a boundary facet
of ∂HΛ1 but lies in the interior ofHΛ, it must be from∂K,
i.e., B ∩HΛ ⊆ ∂K.

C. Proof of Proposition 3

Applying the Cauchy-Schwarz inequality to the perfect
reconstruction condition of the filter bank yields

1 =

d∑

i=1

Hi(e
jω)Gi(e

jω)

≤
(

d∑

i=1

|Hi(e
jω)|2

)1/2( d∑

i=1

|Gi(e
jω)|2

)1/2

,

(35)

for all ω. Since the filter bank uses FIR filters, all the frequency
responses are then continuous functions, whose minimum and
maximum values can always be achieved. In particular, we can
find someω0 such that

d∑

i=1

|Hi(e
jω0)|2 = min

ω

d∑

i=1

|Hi(e
jω)|2 = AE .

Evaluating (35) at frequencyω0 leads to

1 ≤
√

AE

(
d∑

i=1

|Gi(e
jω0)|2

)1/2

≤
√

AE

√

BR.

Similarly, we can show that1 ≤
√

BE

√
AR. Combining

these two inequalities, we get1 ≤ √
AEBEARBR, which

implies that

1 ≤
√

BE

AE

BR

AR
≤ BE BR. (36)

In calculatingBE = max
ω

∑d
i=1|Hi(ω)|2, recall that the

analysis filtersHi(e
jω) are obtained as a concatenation of two-

channel filter banks whose component filters are of the form
f1(K(ejω)) and f2(K(ejω)). In the 2-D (i.e. two-channel)
case, sincesup

ω

|K(ejω)| ≤ 1, then

BE = max
ω

(
f2
1 (K(ejω)) + f2

2 (K(ejω))
)

≤ max
|x|≤1

(
f2
1 (x) + f2

2 (x)
)
.

(37)

Meanwhile, sincee1(x) = f2(−x) and e2(x) = f1(−x), we
have1 = f1(0)e1(0) + f2(0)e2(0) = 2f1(0)f2(0) ≤ f2

1 (0) +
f2
2 (0), and therefore

max
|x|≤1

(
f2
1 (x) + f2

2 (x)
)
≥ 1. (38)

In the generald-D case, we have a total of⌈log2(d)⌉ levels
of concatenation of two-channel filter banks. Applying (37)
and (38), and by induction, we get

BE = max
ω

d∑

i=1

|Hi(ω)|2 ≤ max
|x|≤1

(
f2
1 (x) + f2

2 (x)
)⌈log2(d)⌉

.

(39)
Similarly, we can show that

BR = max
ω

d∑

i=1

|Gi(ω)|2 ≤ max
|x|≤1

(
f2
1 (x) + f2

2 (x)
)⌈log2(d)⌉

.

(40)
Linking the inequalities in (36), (39) and (40) leads to the

result in the proposition.
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