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Abstract—The limitations of commonly used separable ex-
tensions of one-dimensional transforms, such as the Fourie
and wavelet transforms, in capturing the geometry of image
edges are well known. In this paper, we pursue a “true” two-
dimensional transform that can capture the intrinsic geomérical
structure that is key in visual information. The main challenge
in exploring geometry in images comes from the discrete nate
of the data. Thus, unlike other approaches, such as curvelgt
that rst develop a transform in the continuous domain and
then discretize for sampled data, our approach starts with a
discrete-domain construction and then studies its convemnce
to an expansion in the continuous domain. Specically, we
construct a discrete-domain multiresolution and multidirection
expansion using non-separable Iter banks, in much the sameay
that wavelets were derived from Iter banks. This construction
results in a exible multiresolution, local, and directional image
expansion using contour segments, and thus it is named the
contourlettransform. The discrete contourlet transform has a fast
iterated Iter bank algorithm that requires an order N operations
for N-pixel images. Furthermore, we establish a precise link
between the developed Iter bank and the associated contiraus-
domain contourlet expansion via a directional multiresoluion
analysis framework. We show that with parabolic scaling and
suf cient directional vanishing moments, contourlets achieve the
optimal approximation rate for piecewise smooth functionswith
discontinuities along twice continuously differentiable curves.
Finally, we show some numerical experiments demonstratinthe
potential of contourlets in several image processing appations.

Index Terms—sparse representation, wavelets, contourlets,
Iter banks, multiresolution, multidirection, contours, geometric
image processing.

I. INTRODUCTION

Ef cient representation of visual information lies at the

representation has to be obtained by structured transfanuhs
fast algorithms.

For one-dimensional piecewise smodignals, like scan-
lines of an imagewaveletshave been established as the right
tool, because they provide an optimal representation feseth
signals in a certain sense [1], [2]. In addition, the wavelet
representation is amenable to ef cient algorithms; in joattr
it leads to fast transforms and convenient tree data strestu
These are the key reasons for the success of wavelets in
many signal processing and communication applications; fo
example, the wavelet transform was adopted as the transform
for the new image-compression standard, JPEG-2000 [3].

However, natural images are not simply stacks of 1-D
piecewise smooth scan-lines; discontinuity points (idges)
are typically located alongmoothcurves (i.e. contours) owing
to smooth boundaries of physical objects. Thus, naturajésa
containintrinsic geometrical structureshat are key features
in visual information. As a result of a separable extension
from 1-D bases, wavelets in 2-D are good at isolating the dis-
continuities atedge pointsbut will not “see” the smoothness
along thecontours In addition, separable wavelets can capture
only limited directionalinformation — an important and unique
feature of multidimensional signals. These disappoinbeg
haviors indicate that more powerful representations aeglee
in higher dimensions.

To see how one can improve the 2-D separable wavelet
transform for representing images with smooth contours,
consider the following scenario. Imagine that there are two
painters, one with a “wavelet”-style and the other with a new
style, both wishing to paint a natural scene. Both paintepha
a re nement technique to increase resolution from coarse to
ne. Here, ef ciency is measured by how quickly, that is with

heart of many image processing tasks, including COMPMSSIHG\y few brush strokes, one can faithfully reproduce the scen

denoising, feature extraction, and inverse probldifigiency
of a representation refers to the ability to capture sigaint

information about an object of interest using a small descri
tion. For image compression or content-based image ratriev
the use of an ef cient representation implies the compagne
of the compressed le or the index entry for each image
in the database. For practical applications, such an eftci¢
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Wavelet New scheme

Fig. 1. Wavelet versus new scheme: illustrating the suéeess nement

by the two systems near a smooth contour, which is shown akladbrve
separating two smooth regions.

Consider the situation when a smooth contour is being
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painted, as shown in Figure 1. Because 2-D wavelets are cstarts with a discrete-domain construction and then sstitse
structed from tensor products of 1-D wavelets, the “waveletconvergence to an expansion in the continuous domain.
style painter is limited to using square-shaped brush sgok The outline of the rest of the paper is as follows. After
along the contour, using different sizes corresponding teviewing related work in Section Il, we propose in Sectibn |
the multiresolution structure of wavelets. As the resoluti a multiresolution and multidirection image expansion gsin
becomes ner, we can clearly see the limitation of the walvelenon-separable lter banks. This construction results inea-
style painter who needs to use many ne “dots” to capture thiele multiresolution, local, and directional image expans
contour! The new style painter, on the other hand, exploitssing contour segments, and thus it is nameddbetourlet
effectively the smoothness of the contour by making brustansform. It is of interest to study the limit behavior when
strokes with different elongated shapes and in a variety sifich schemes are iterated over scale and/or directionhwhic
directions following the contour. This intuition was fortized has been analyzed in the connection between lter banks, the
by Candes and Donoho in thaurveletconstruction [4], [5], iteration, and the associated wavelet construction [8],.38ch
reviewed below in Section II. a connection is studied in Section IV, where we establish

For the human visual system, it is well-known [6] that th@ precise link between the proposed lter bank and the
receptive elds in the visual cortex are characterized dade associated continuous-domain contourlet expansion imdyne
localized oriented and bandpass Furthermore, experimentsde ned directional multiresolution analysisramework. The
in searching for the sparse components of natural images papproximation power of the contourlet expansion is studtied
duced basis images that closely resemble the aforemedtioection V. We show that with parabolic scaling and suf cient
characteristics of the visual cortex [7]. This result suppthe directional vanishing moments, contourlets achieve ttgr
hypothesis that the human visual system has been tuned saggroximation rate for 2-D piecewise smooth functions with
to capture the essential information of a natural scenegusi@? (twice continuously differentiable) contours. Numerical
a least number of visual active cells. More importantlysthiexperiments are presented and discussed in Section VI.
result suggests that for a computational image represemtat
to be efcient, it should based on kcal, directional and II. BACKGROUND AND RELATED WORK
multiresolutionexpansion.

Inspired by the painting scenario and studies related to th
human visual system and natural image statistics, we igenti
a “wish list” for new image representations:

Consider a general series expansionfby]gﬁ:1 (e.g. a
Gurier or wavelets basis) for a given sigahs:

X
) ) ) ) f= Ch n: 1)
1) Multiresolution. The representation should allow im- n=1
ages to be successively approximated, from coarse t
ne resolutions.
2) Localization. The basis elements in the representati
should be localized in both the spatial and the frequen

OThe error decay of thbestM -term approximatiomprovides
a measurement of the ef ciency of an expansion. The best
rm approximation (also commonly referred toramlinear
%proximation[l]) using this expansion is de ned as
X

domains.
3) Critical sampling. For some applications (e.g., com- i = Ch n; (2)
pression), the representation should form a basis, or a N2y

frgme_wnh_small redundancy. . . wherely is the set of indexes of th# -largestjc,j. The
4) Directionality. The representation should contain basis . : .
qﬁuahty of the approximated functidfi, relates to hovsparse

elements oriented at a variety of directions, much mo . T, :
ﬁ e expansion byf ng,_, is, or how well the expansion

than the few directions that are offered by separable h o i f foi
wavelets. compacts the energy df into a few coef cients.

. - Recently, Candes and Donoho [4], [5] pioneered a new
5) Anisotropy. To capture smooth contours in images, the L . . . R
. : : . éxpansion in theontinuoustwo-dimensional spacR* using
representation should contain basis elements using . . . . .
curvelets This expansion achieves essentially optimal approx-

variety of elongated shapes with different aspect r‘Fmor?r'lation behavior for 2-D piecewise smooth functions that

Among these desiderata, the rst three are successfullye C2 except for discontinuities along§? curves. For this
provided by separable wavelets, while the last two requitgass of functions, the bedfl -term approximation error (in
new constructions. Moreover, a major challenge in capurim ,-norm square)kf M k3 using curvelets has a decay
geometry and directionality in images comes fromdiserete rate of O((log M )3M 2) [5], while for wavelets this rate
nature of the data: the input is typically sampled images O(M ') and for the Fourier basis it i©(M 2) [1],
de ned on rectangular grids. For example, directions oth¢z]. Therefore, for typical images with smooth contours, we
than horizontal and vertical look very different on aregiaiar expect a signi cant improvement of a curvelet-like method
grid. Because of pixelization, the notion of smooth consoubver wavelets, which is comparable to the improvement of
on sampled images are not obvious. For these reasons, unlielets over the Fourier basis for one-dimensional pieszw
other transforms that were initially developed in the contius smooth signals. Perhaps equally important, the curvelet co
domain and then discretized for sampled data, our approaghuction demonstrates that it is possible to develop aimapt

representation for images with smooth contours viaxed
10r we could consider the wavelet-style painter gsoantillist! transform.
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The curvelet transform was developed initially in tben- for natural images by rst applying a multiscale transform,
tinuous domairj4] via multiscale Itering and then applying a followed by a local directional transform to gather the fgar
block ridgelet transform [9] on each bandpass image. Ltter, basis functions at the same scale into linear structures. In
authors proposed treecond generation curvelet transfoffj essence, we rst use a wavelet-like transform éolgedetec-
that was de ned directly via frequency partitioning withaus- tion, and then a local directional transform fmntour segment
ing the ridgelet transform. Both curvelet constructionguiee  detection. Interestingly, the latter step is similar to gogpular
a rotation operation and correspond to a 2-D frequency p&teugh transform [21] for line detection in computer vision.
tition based on the polar coordinate. This makes the curvele With this insight, we proposeddouble lter bankstructure
construction simple in the continuous domain but causes tfsee Figure 7) [22] for obtaining sparse expansions forcglpi
implementation for discrete images — sampled on a rectanguimages having smooth contours. In this double lter bank,
grid — to be very challenging. In particular, approachingeal the Laplacian pyramid [23] is rst used to capture the point
sampling seems dif cult in such discretized constructions discontinuities, and then followed by a directional Ilteartk

The reason for this dif culty, we believe, is because thf4] to link point discontinuities into linear structureshe
typical rectangular-sampling grid imposaprior geometry to overall result is an image expansion using basic elemdgds li
discrete images; e.g. strong bias toward horizontal anticeér contour segments, and thus are nanwedtourlets In par-
directions. This fact motivates our development of a diomal ticular, contourlets have elongated supports at varioatesgc
multiresolution transform like curvelets, bulirectly in the directions, and aspect ratios. This allows contourletsfto e
discrete domainwhich results in the contourlet constructiorciently approximate a smooth contour at multiple resohgio
described in this paper. We would like to emphasize that much the same way as the new scheme shown in Figure 1.
although curvelet and contourlet transforms have somdasimiln the frequency domain, the contourlet transform provides
properties and goals, the latter is not a discretized versfo multiscale and directional decomposition.
the former. More comparisons between these two transformane would like to point out that the decoupling of multiscale
are provided at the end of Section IV. and directional decomposition stages offers a simple and

Apart from curvelets and contourlets, there have recentlyxible transform, but at the cost of a small redundancy (up
been several approaches in developing ef cient repreienta to 33%, which comes from the Laplacian pyramid). In a more
of geometrical regularity. Notable examples are band@l®is recent work [25], we developedaitically sampledcontourlet
the edge-adapted multiscale transform [11], wedgelet$, [1&ansform, which we calCRISP-contourletsising a combined
[13], and quadtree coding [14]. These approaches typicaitgrated nonseparable Iter bank for both multiscale anéc
require an edge-detection stage, followed byedaptiverepre- tional decomposition.
sentation. By contrast, curvelet and contourlet reprediemts
are xed transforms. This feature allows them to be easil
applied in a wide range of image processing tasks, similar
wavelets. For example, we do not have to rely on edge detecOne way to obtain a multiscale decomposition is to use the
tion, which is unreliable and noise sensitive. Furthermare Laplacian pyramid (LP) introduced by Burt and Adelson [23].
can bene t from the well-established knowledge in transfor The LP decomposition at each level generates a downsampled
coding when applying contourlets to image compression (elgwpass version of the original and the difference between
for bit allocation). the original and the prediction, resulting in a bandpasgena

Several other well-known systems that provide multiscafégure 2(a) depicts this decomposition process, whre
and directional image representations include: 2-D Gaband G are called (lowpass) analysis and synthesis lters,
wavelets [15], the cortex transform [16], the steerableapyrrespectively, and/ is the sampling matrix. The process can
mid [17], 2-D directional wavelets [18], brushlets [19],dan be iterated on the coarse (downsampled lowpass) signat Not
complex wavelets [20]. The main differences between the#t in multidimensional Iter banks, sampling is repreteh
systems and our contourlet construction is that the previoby sampling matrices; for example, downsamptifg] by M
methods do not allow for a different number of directiongields xq[n]= x[Mn ], whereM is an integer matrix [8].
at each scale while achieving nearly critical sampling. In A drawback of the LP is the implicit oversampling. How-
addition, our construction employs iterated lter banksiigh ever, in contrast to the critically sampled wavelet scheme,
makes it computationally efcient, and there is a precisthe LP has the distinguishing feature that each pyramid leve
connection with continuous-domain expansions. generates onlgnebandpass image (even for multidimensional
cases), and this image does not have “scrambled” frequencie
This frequency scrambling happens in the wavelet Iter bank
when a highpass channel, after downsampling, is folded back
into the low frequency band, and thus its spectrum is re écte
A. Concept In the LP, this effect is avoided by downsampling the lowpass

Comparing the wavelet scheme with the new scheme shoalmannel only.
in Figure 1, we see that the improvement of the new schemen [26], we studied the LP using the theory of frames
can be attributed to the grouping of nearby wavelet coefand oversampled Iter banks. We showed that the LP with
cients, since they are locally correlated due to the smasthnorthogonal Iters (that is, the analysis and synthesis réte
of the contours. Therefore, we can obtain a sparse expansawe time reversalh[n] = g[ n], and g[n] is orthogonal

%o Pyramid frames

IIl. DISCRETEDOMAIN CONSTRUCTION USINGFILTER
BANKS
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Fig. 2. Laplacian pyramid. (a) One level of decompositiohe Dutputs are a coarse approximatajn ] and a differenceo[n ] between the original signal
and the prediction. (b) The new reconstruction scheme ferLtiplacian pyramid [26].

to its translates with respect to the sampling lattice Nby) m @ Yo @ m
provides aight framewith frame bounds are equal to 1. In this N N i

case, we proposed the use of the optimal linear recongiructk *—] R

(H—
using the dual frame operator (or pseudo-inverse) as shown E @ Y1 @ E T
in Figure 2(b). The new reconstruction differs from the usua N\ N

method, where the signal is obtained by simply adding back ] ) - ) ] ]
the difference to the prediction from the coarse signal, aff o o eTsona spectu parton uitg quncutr barks it
was shown [26] to achieve signi cant improvement over theer. Q is a quincunx sampling matrix.

usual reconstruction in the presence of noise.

C. lterated directional Iter banks

Bamberger and Smith [24] constructed a 2-D direction
Iter bank (DFB) that can be maximally decimated while
achieving perfect reconstruction. The DFB is ef ciently-im §
plemented via am-level binary tree decomposition that lead
to 2' subbands with wedge-shaped frequency partitioning as @) ()
shown in Figure 3(a). The original construction of the DFB in _ _ _ o _
[24] involves modulating the input mage and using quincurle, 5, EX2e 5 heeing bt ot e ke ormperaen
lter banks with diamond-shaped lIters [27]. To obtain theimage after a shearing operation.
desired frequency patrtition, a complicated tree expandiiey
has to be followed for ner directional subbands (e.g., S8

for details). sampling matrices were shown [29] to have the following
In [29], we proposed a new construction for the DFB thatiagonal forms

avoids modulating the input image and has a simpler rule (
for expanding the decomposition tree. Our simplied DFB W _ diag2' 1;2) for0 k< 2' 1 3
is intuitively constructed from two building blocks. Thest K7 diag2;2' 1) for2d 1 k< 2; )

building block is a two-channel quincunx Iter bank [27] kit

fan lters (see Figure 4) that divides a 2-D spectrum into twavhich means sampling is separable. The two sets correspond

directions: horizontal and vertical. The second buildingck to the mostly horizontabnd mostly verticalset of directions,

of the DFB is ashearingoperator, which amounts to justrespectively.

reordering of image samples. Figure 5 shows an applicationFrom the equivalent parallel view of the DFB, we see that

of a shearing operator where a45 direction edge becomesthe family

a vertical edge. By adding a pair of shearing operator and its n o]

inverse (“unshearing”) to before and after, respectivelivo- d(k')[n S(k')m] ; (4)

channel lter bank in Figure 4, we obtain a different directal 0 ke2im2z?

frequency partition while maintaining perfect reconstime.  obtained by translating the impulse responses of the elguitva

Thus, the key in the DFB is to use an appropriate combinatiggnthesis Iters D" over the sampling lattices by\”,

of shearing operators together with two-direction pamtof provides abasis for discrete signals in?(Z?). This basis

quincunx Iter banks at each node in a binary tree-strudureexhibits both directional and localization propertiegyfe 6

Iter bank, to obtain the desired 2-D spectrum division agemonstrates this fact by showing the impulse responses of

shown in Figure 3(a). For details, see [29] (Chapter 3).  equivalent lters from an example DFB. These basis function
Using multirate identities [8], it is instructive to view dn have quasi-linear supports in space and span all directions

level tree-structured DFB equivalently ag'aparallel channel other words, the basis (4) resembles a local Radon transform

Iter bank with equivalent Iters and overall sampling mates and are calledRadonlets Furthermore, it can be shown [29]

as shown in Figure 3(b). Denote these equivalent (direatjonthat if the building block Iter bank in Figure 4 uses orthawad

synthesis Iters aD’ 0 k< 2, which correspond to the lters, then the resulting DFB is orthogonal and (4) becomes

subbands indexed as in Figure 3(a). The correspondinglbveem orthogonal basis.
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Fig. 3. Directional Iter bank. (a) Frequency partitioningherel = 3 and there ar@3 = 8 real wedge-shaped frequency bands. Subbands 0-3 cordespon
to the mostly horizontaldirections, while subbands 4—7 correspond to riestly verticaldirections. (b) The multichannel view of drevel tree-structured
directional Iter bank.

- * a - 3 nr bandpass
- o JERLY ErTE e I aaamEEE mEEmmmmE . p
- o E = directional
subbands
o .
-------- " " "
. .l . - Cl - l._.

bandpass
" " i ™ RS RS image directional
e, Rty "an, - . Bt n, '-.___- subbands

Fig. 6. Impulse responses of 32 equivalent lIters for thet malf channels, Fig. 7. The contourlet lter bank: rst, a multiscale decowsition into

corresponding to the mostly horizontal directions, of ae¥els DFB that tave bands by the Laplacian pyramid is computed, and theineational
uses the Haar lIters. Black and gray squares correspondltoand 1, lter bank is applied to each bandpass channel.
respectively. Because the basis functions resemble “lowzd”, we call them

Radonlets

a 1[n] into a coarser imaga; [n] and a detail imagé [n].

D. Multiscale and directional decomposition: the discret&ach bandpass imagg[n] is further decompose(ﬂ by an
contourlet transform l; -level DFB into 2/ bandpass directional image%g)[n],

— I T | H g H
Combining the Laplacian pyramid and the directional ek = 0:L:i20 1 The main properties ,Of the discrete
bank, we are now ready to describe their combination intocgntourlet transform are stated in the following thgorem.
double lter bank structure that was motivated in Sectiop 11 | h€0rem 1:in a contourlet lter bank, the following hold:
A. Since the directional Iter bank (DFB) was designed to 1) If both the LP and the DFB use perfect-reconstruction

In fact, with the frequency partition shown in Figure 3(a), operator.

low frequency would “leak” into several directional subdan ~ 2) If both the LP and the DFB use orthogonal lters, then
hence the DFB alone does not provide a sparse representation the discrete contourlet transform provides a tight frame
for images. This fact provides another reason to combine the  With frame bounds equal tb.

DFB with a multiscale decomposition, where low frequencies 3) The discrete contourlet transform has a redundancy ratio
of the input image are removed before applying the DFB. that is less thad=3.

Figure 7 shows a multiscale and directional decomposition4) Suppose ar; -level DFB is applied at the pyramidal
using a combination of a Laplacian pyramid (LP) and a level j of the LP, then _the basis images of the discrete
directional Iter bank (DFB). Bandpass images from the LP contourlet transform (i.e. the equivalent lters of the
are fed into a DFB so that directional information can be  contourlet Iter bank) have an essential support size of
captured. The scheme can be iterated on the coarse image, Width  C2 andlength CZ”_“ 2, _

The combined result is a double iterated Iter bank struetur 9) Using FIR lters, the computational complexity of the

namedcontourlet Iter bank which decomposes images into discrete contourlet transform ©(N) for N -pixel im-
directional subbands at multiple scales. ages.

Speci cally, let ag[n] be the input image. The output after Proof:
the LP stage is) bandpass imagelg[n]; j = 1;2;:::;J 1) This is obvious as the discrete contourlet transform is a
(in the ne-to-coarse order) and a lowpass imagg[n]. composition of perfect-reconstruction blocks.

That means, th¢-th level of the LP decomposes the image 2) With orthogonal lters, the LP is a tight frame with
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frame bounds equal tb [29], which means it preservesMoreover, the full binary tree decomposition of the DFB in

the l>-norm, orkaokg = szl kb kg + kay k%. Simi- the contourlet transform can be generalized to arbitrasg tr
larly, with orthogonal Iters the DFBF';S an orthogonalstructures, similar to thevavelet packetgeneralization of the
transform [29], which meankiy k3 = 2., lkcj('lki)kg' wavelet transform [30]. The result is a family of directibna

Combining these two stages, the discrete ‘contourl@ultiresolution expansions, which we calbntourlet packets
transform satis es the norm preserving or tight fram&igure 8 shows examples of possible frequency decomposi-
condition. tions by the contourlet transform and contourlet packets. |

3) Since the DFB is critically sampled, the redundandjarticular, contourlet packets allow ner angular resmiot
of the discrete contourlet tranqgorm is equal to th@ecomposition at any scale or direction, at the cost of apati
redundancy of the LP, which is+ szl (1=4) < 4=3. resolution. In addition, from Theorem 1, part 4, we see tlyat b

4) Using multirate identities, the LP bandpass channaltering the depth of the DFB decomposition tree at differen
corresponding to the pyramidal leviels approximately scales (and even at different orientations in a contoudekp
equivalent to ltering by a lter of size abou€;2 ets transform), we obtain a rich set of contourlets with etgri
C,2, followed by downsampling by2 ! in each Of support sizes and aspect ratios. This exibility allowet
dimension. For the DFB, from (3) we see that aftegontourlet transform and the contourlet packets to t srhoot
l; levels (;j  2) of tree-structured decomposition, thecontours of various curvatures well.
equivalent directional lters have support of width about |
C,2 and length about,2'i ! (also see Figure 6). Com- 2 ¢ 2 C: )
bining these two stages, again using multirate identities,
into equivalent contourlet lter bank channels, we see
that contourlet basis images have support of width about I 1,
C2 and length abou€2i*!i 2,

5) LetL, andLy4 be the number of taps of the pyramidal
and directional lters used in the LP and the DFB,
respectively (without loss of generality we can suppose
that lowpass, highpass, analysis and synthesis Iters’
have same length). With a polyphase implementation, @) (b)
the LP lter bank reqU|re$P=2 +_1 operations per 'nD_Ut Fig. 8. Examples of possible frequency decompositions leydbntourlet
samplée? Thus, for anN - pixel image, the complexity transform and contourlet packets.
of the LP stage in the contourlet lter bank is:

X i1

N 1 Lo +1 IV. CONTOURLETS ANDDIRECTIONAL
j=1 4 2 MULTIRESOLUTION ANALYSIS
4 L .
<N Lbegg (operations) (5) As for the wavelet Iter bank, the contourlet Iter bank

3 2 has an associated continuous-domain expansioh »fR?)
using thecontourlet functionslin this section, the connection

For the ?_FB’ Its bl:.'ld'ng blogk twto-chanlnel \l/:/(.etrhbznksbetween the discrete contourlet transform and the contisruo
requirest-q operations per input sampie. YWth aa 4,05 contourlet expansion will be made precisely via a new
level full binary tree decomposition, the complexity o

2 : >~ multiresolution analysis framework that is similar to thekl
the DFB ”_“_““p"es byl_. This holds_because the initial between wavelets and lter banks [2]. The new elements in
decomposition block in the DFB is followed by two

blocks at half rate, four blocks at quarter rate and Sthis .framework are mu_ltidirectioq and its cor_nbination with
on. Thus. the com,plexity of the DFB stage for bin no*n_ult|scale. For S|mpI|C|ty, we will on_ly consider the case
T with orthogonal lters, which leads to tight frames. The raor
pixel image is: general case with biorthogonal lters can be treated sirlyila
X 1 11

4 .

. N 2 Lqlj < §NLdmaxijg (operations) A Multiscale
(6) We start with the multiresolution analysis for the LP, which

Combining (5) and (6) we obtain the desired result. is similar to the one for wavelets. Suppose that the LP in the

m contourlet Iter bank uses orthogonal Iters and downsaingl

Since the multiscale and directional decomposition stage¥ 2 in each dimension (that meamé = diag2;2) in
are decoupled in the discrete contourlet transform, we chigure 2). Under certain regularity conditions, the lovgpas
have a different number of directions at different scaleSynthesis lterG in the iterated LP uniquely de nes a unique
thus offering a exible multiscale and directional expanrsi scaling function (t) 2 L>(R?) that satis es the following

two-scale equation [8], [2]

2Here we assume all lters are implemented non-separably. deotain X
lters, separable ltering (maybe in polyphase domain) i®spible and (t)y=2 gn] (2t n): @
requires lower complexity. n2z2
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Let detail subspace®v;, we rst show what happens when the
_ t 2n DFB is applied to the approximation subspates
in=21 —— j22Z;n22% (8 Proposition 2: Let
X
O] — (1 O] ) .
Then the familyf jng,,,. is an orthonormal basis for jiki n (t) = d[m  S'n] jm (t); (14)

an approximation subspadg at the scale? . Furthermore, m 222

fVig,, provides a sequence of multiresolution nested sulyr arbitrary but nite® |. Then the familyf J('k) WOnaze IS

spaces:::V; - Vi o Mo Vouo Voo, whereV - on guponormal basis of a directional subsp}a{fﬁg for each
is associated with a uniform grid of interva® 2 that S | ’
=0;:::;2 1. Furthermore,

characterizes image approximation at s@leThe difference
images in the LP contain the details necessary to increase th \/j_(k') = Vj.(';kl) Vj-(lzT<1+)1 ; (15)
resolution between two consecutive approximation sutespac ' ' '

I | 0.
Therefore, the difference images live in a subspagethat is Vik) ? Vg fork 6 k% and (16)
the orthogonal complement & inV; 1, or M1 |
VsV (17)
Vii=V Wi €) k=0

In [26] we show that the LP can be considered as an proof: This result can be proved by induction on the
oversampled Iter bank where each polyphase component gfimber of decomposition levelsof the DFB, in much the
the difference imagg[n] in Figure 2, together with the coarsesagme way as for the wavelet packets bases [30] (see also
imagea[n], comes from a separate lter bank channel witlp2]). we only sketch the idea of the proof here. Suppose

the same sam_pling matrix digg?2). Let Fi(z);0 i 3 hat ]('k)n On2z2 is an orthonormal basis of a subspace
be the synthesis lters for these polyphase componentssé’hc?/a) o

. . . ... To increase the directional resolution, an extra level of
are highpass lters. As for wavelets, we associate with ea%com osition by a pair of orthogonal lters is applied to
of these lters a continuous function() (t) where P yap 9 pp

the channel represented ln&') that leads to two channels

, X
D)y=2 fi[n] 2t n): (10) with equivalent ItersdS,® anddl,"") . This transforms the
n2z2 orthonormal basi$ ]('k) n On 272 into two orthonormal families
- [ [ -
Proposition 1 ([26]): Using () (t) in (10), let f j(;;i?n On2zz andf ,‘ 5k1:nOn2z2. Each of these families
. generate a subspace with ner directional resolution that
0 =21 O t _2’ n ; j22z:n22z% (11) satis es the “two-direction” equation (15). With this indtion,
bn 2 starting from an orthonormal basis j n gn222 of V;, we
i Mg . , obtain orthonormal bases for all directional subspaqé ,
Then, for scale? , f('J;ngo i 3:n2z2 IS a tight frame for hence (16) and (17). -

W; . For all scalesf j;'% Gi2z;0 i 3 n2z2 isatight frame for

L2(R?). In both cases, the frame bounds are equal to 1.
SinceW, is generated by four kernel functions (similar t

multi-wavelets), in general it isot a shift-invariant subspace. Applying the directional decomposition by the family (4)

Nevertheless, we can simulate a shift-invariant subspgce @to the detail subspad; as done by the contourlet trans-
denoting form, we obtain a similar result.
. Oy o0 i a 19 Proposition 3: Let «
pon+iq ()= 5 (1) ; (12) ](|k) 0= dm  sOn] m(0): (18)
wherek; are the coset representatives for downsampling by 2 m 272
in each dimension

0C. Multiscale and multidirection: the contourlet expansio

The family f J('k) nOn2z2 is a tight frame of a detail di-
ko=(0;0)"; ki =(1;0)"; ko =(0;1)";ks=(1;1)":  (ectional subspacwVy, with frame bounds equal to 1, for
eachk =0;:::;2" 1. Furthermore, the subspa (L) are
mutually orthogonal across scales and directions.

Proof: This result is obtained by applying Proposition 1

With this notation, the_ familyf_ iind,,22 associated to a
uniform grid of intervals2? ' 2 ! onR? provides a tight

frame forW; . to the subspaces in Proposition 2. ]
Figure 9(a) illustrates the detail directional subspa\lst‘;.%)
B. Multidirection in the frequency domain. The indexges k, and n specify

In the iterated contourlet Iter bank, the discrete basiy (4he scale, direction, and location, respectively. Note the
of the DFB can be regarded as a change of basis for thember of DFB decomposition levelscan be different at
continuous-domain subspaces from the multiscale anailysisdifferent scaleg, and in that case will be denoted by
the last section. Suppose that the DFBs in the contourlef o _

. The situation when the number of levelsof the iterated DFB goes
lter bank use orthogonal .Iters- AIthoggh n th_e C':'mou”eto in nity involves a regularity study for the DFB, which wWilbe treated
transform, the DFB is applied to the difference images or thk&ewhere.
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as
!
“)(t)— d[2n+ki] film]} 120em
i=0 n22z2 m 222 |
X X X 0 '
= d.’[2n + ki]fi[m  2n] 1m (1):
m2z2, i=0 n22z2
I {z }
(I)[m]
(22)

(1

The discrete lterw,’ is roughly equal to the summation of

generated by the contourlet transform which is illustradeda 2-D spectrum convolutions between the directional Itei( ) and bandpass

decomposition. (b) Sampling grid and approximate suppértantourlet
functions for a “mostly horizontal” subspacw 1’ For “mostly vertical”
subspaces, the grid is transposed.

Recall thatW; is not a shift-invariant subspace. However,

the following result establishes that its subspa\tq%) are,

Iters fi's, and thus it is a bandpass d|rect|onal Iter. It can
be veri ed that with orthogonal lIters in both the LP and the
DFB, foralll 2;j2Z7;0 k<2;n22?

KO

O K2, = kwkE = (23)

Integrating the multidirection analysis over scales weairbt

since they are generated by a single function and its transige following result for thecontourlet framesf L ,(R?).

tions.
Proposition 4: Let

0K d’m] jm (1): (19)
m 222

Then forl 2,

| | - |

Loo= Qa2 sn: (20)

Proof: The de nition of ;, in (11) implies that

j;m+n(t)= j;m(t [
pms2n(t) = m(t 2 2n).In other words, jm are

periodically shift-invariant with even shifts im. From (3)
we see that wheh 2, sampling byS(k')

Theorem 2:For a sequence of nite positive integers
fl] 9 i, the family

f jo;n (t);

is a tight frame ofl,(R?). For a sequence of nite positive
integersf; 92z the family

;)

i;k;n(t)gj jo;0 k 21 1;,n22z2 (24)

)

ikn (%220 k 21 1222 (25)

2n). Applying this to (12) we have is a tight frame ofL»(R?). In both cases, the frame bounds

are equal to 1.
Proof: This result is obtained by applying Proposition 3

is also even in to the following decompositions df »(R?) into mutual or-

each dimension. Thus, from (18) with a change of variabtBogonal subspaces:

we obtain
| |
pa®= dPm] 0, ()
72
=AM e 2 's{dn)
m 222
= j(:lk)(t 2 tsMn):
]
Therefore the translated family of;'k) :
" ) Q) i 1g() ©
= i
on (D= (20 757n) 222 (21)

is a frame of\N(') As a result, the subspaw( is de ned
ona rectangular grid with intervag*! 2 2l ord 2+l 2,

0 1
M
Lo(R) =V, @ wA; and
M i o
Lo(R?) = W, :
j2z

[ |

Finally, similar to the link between wavelets and Iter bank
[2], the following theorem precisely connects the continsto
domain expansions by contourlet functions in (24) and (25)
with the discrete contourlet transform in Section II-D.

Theorem 3:Supposeag[n] = H; |.,i areL,(R?) inner
products of a functionf (t) 2 L,(R?) with the scaling
functions at a scale. Furthermore, suppose the imaagn ]
is decgmposed by thg discrete contourlet transform intb-coe

depending on whether it is mostly horizontal or vertlcale(se]-hen

Figure 9(b)). The reason thﬁt] k nOn2z2 is an overcomplete
frame forW(k is because it uses the same sampling grid of9[N1= M Leanl;

the bigger subspac‘g(')l.k.

Subsututmg (10) |nto’(12) and then into (19), we can write

cients aJ[n],c]('g)[n] ,j=1:2:::;3Jand0 k< 20 1.
and c’n]=r "), it (26)
Proof: Suppose thaty, [n] = H; _+; 1ni and

k (t) directly as a linear combination of the scaling functions; :[n]is decomposed by the LP into the coarser imaga]
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and the detail imagég [n]. Then using (7), (10) and (12), it parabolic scalingrelation for curveswidth / length?. The

is easy to verify that same scaling relation has been used in the study of Fourier

. : integral operators and wave equations; for example, s€e [32

an]=H; L+jni; and Bn]=H; L 9 P q P de
Subsequently, using (19), the output of Brlevel DFB u=u(v)

given the input imagdy [n] can be written as

Cj(:lki)[n] = H; f_|i+)j;k; n i
[ |

The contourlet transform has several distinguishing festu

that are important to emphasize.

1) The contourlet expansions are de ned on rectangular
grids, and thus offer a seamless translation (as demon-
strated in Theorem 3) to the discrete world, where image (@
pixels are sampled on a rectangular grid. To achieve this
“digital-friendly” feature, the contourlet kernel funotis LP DFB Contourlet

J('k’) have to be different for different directioksand

cannot be obtained by simply rotating a single function.
This is a key difference between the contourlet and the Q % +

curvelet systems in [4], [5].

2) As a result of being de ned on rectangular grids, con-
tourlets have 2-D frequency partition on centric squares
(see Figure 8), rather than on centric circles for curvelets
[4], [5] and other systems de ned on polar coordinates.

3) Since the contourlet functions are de ned via iterated
Iter banks like wavelets, the contourlet transform has O * % =
fast Iter bank algorithms and convenient tree structures.

4) It is easy to see that with FIR Iters, the iterated )

contourlet lter bank leads to compactly supported con-

tourlet frames. More precisely, the contourlet functiofig. 10. Parabolic scaling relation for curves. (a) Theaegtilar supports
(1) h t of sizevidth C2i di th of the basis functions that t a curve exhibit the quadratitation: width /
ik n as support ot sizevi andleng length 2. (b) lllustrating the evolution of the support sizes of anmtet

C2*!i A. In other words, at each scale and directioriynctions that satisfy the parabolic scaling.
the set j(;'k‘;)n “tiles” the plane R? (see Fig-
ure 9(b)). n2z? The motivation behind the parabolic scaling is to ef cigntl

5) The contourlet construction provides a space-domdifProximate a smooth discontinuity curve by “laying” basis
multiresolution scheme that offers exible re nement<€lements with elongated supports along the curve (refdreo t

for the spatial resolution and the angular resolution (s&§"W Scheme in Figure 1). Suppose that the discontinuityecurv
remarks at the end of Section 11I-D). is suf ciently smooth — speci cally aC? curve, then locally

— by the Taylor series expansion — it can be approximated by
V. CONTOURLET APPROXIMATION AND COMPRESSION & parabollt_: curve. More precisely, with thg Iocal_ coordénat
setup as in Figure 10(a), we can readily verify that the

The proposed contourlet lter bank and its associategh ametric representation of the discontinuity curve sbey
continuous-domain frames in previous sections provide a

framework for constructing general directional multirkegion u(v) =v% whenv O (27)
image representations. Since our goal is to develop eftaxen 2

sparse expansions for images having smooth contours, ttie véhere is the local curvature of the curve. Hence, to t t68é
important issues are: (1) what conditions should we impodéscontinuity curve atne scalesthe widthw and the length
on contourlets to obtain a sparse expansion for that classl aff the basis functions have to satisfy

images; and (2) hc_)w can we (_jesign Iter ban_k_s that can lead to ).

contourlet expansions satisfying those conditions. Wesiciam w gl : (28)
the rst issue in this paper; the second one is addressed i

another paper [31]. nFor the contourlet frame in (24), we know that whenlan

level DFB is applied to the pyramidal scale, the contourlet

_ ) functions have support size @fidth C2 andlength

A. Parabolic scaling C2i*l 2 Hence to make the contourlet expansion satisfy the
In the curvelet construction, Candes and Donoho [4] poiparabolic scaling, we simply have to impose tha number

out that a key to achieving the correct nonlinear approximmat of directions is doubled at eventher ner scale. An example

behavior by curvelets is to select support sizes obeying tbesuch a frequency decomposition is shown in Figure 8(a).
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More precisely, suppose that at a scale we start with an of the associated Itewl((')[n] also had -order zeros along the
lj,-level DFB, then at subsequently ner scal@s(j <j o), lineus! 1+ us! > =0. This provides a condition for designing
the number of DFB decomposition levels is the contourlet Iter bank. In an extreme case, contourlet
_ . o A functions with ideal frequency response (i.e. with singety
Iy = 1jo + b(jo j)=2c; forj jo: (29) lters) have DVMs on every directioru such that the line

Figure 10(b) graphically depicts a contourlet frame sgtisfui! 1 + u2! » = 0 is outside their ideal angular frequency
ing the parabolic scaling. As can be seen in the two pyramidalpports (see Figure 9(a) and Figure 11). For FIR V«éP [n]
levels shown, as the support size of the basis elementasfd whenu; and u, are integers, the DVM condition is
the LP is reduced by four in each dimension, the numbeatis ed if thez-transforka(')(zl;22) can be factorized as
of directions of the DFB is doubled. Combining these two M)y iy Uy otigyL N
stages, the support sizes of the contourlet functions eviolv Wil(z1i22) = (1 2172°)" R(z1; 22): (31)

accordance to the desired parabolic scaling.

t, Lo

B. Directional vanishing moment
For the wavelet case in 1-D, the wavelet approximation Q

theory brought a novel condition into Iter bank design, .
which earlier only focused on designing Iters with good t 3 @1

frequency selection properties. This new condition resgiir
wavelet functions to have a suf cient number wénishing
moments or equivalently, thehighpass lIter in the wavelet
Iter bank must have enough “zeros at= 0. The vanishing-
moments property is the key for the sparse expansion dg- 11. lllustrating the directional vanishing moment dition in the

. . h si Is b | itivelv. atets space and Fourier domains. In the space domain (left), allstrown slices
p'_ecew's_e S_mOOt signals by wavelets [2]. Intuitive Y’ : of (t1;t2) have vanishing moments. In the frequency domain (right),
with vanishing moments are orthogonal to polynomial signal( ! 1;! 2) is “at” along the line u1! 1 + uz! 2 = 0. The hatched regions
and thus only a few wavelet basis functions around trgpresent the essential frequency suppor(dfy;! 2).

discontinuities points would “feel” these discontinugtiand :
lead to signi cant coef cients [33]. We note that the DVM property also holds in other 2-

In the contourlet case, our target for approximation g expansions. In particular, 2-D separable wavelets have

piecewise smooth images with smooth contours. The k ?ectional vanishing moments in the horizontal and vaitic
feature of these images is thahage edges are localized rections, which make wavelets especially good in capgri

in both location and direction More speci cally, a local horizontal and vertical edges. Ridgelets [9], which offer a

region around a smooth contour can be approximated by t Btimal r?pres‘?“t"?‘“on for 2-D.functions that are Smoo“?‘ﬁw
polynomial surfaces separated by a straight line. Thuss it [om a dls_contlnwty along a I_|ne, have directional vanigi
desirable that only few contourlet functions whose supzpoftnomentS in all but one direction.
intersect with a contouand align with the contour local L
direction would “feel” this discontinuity. One way to ache C. Contourlet approximation
this desideratum is to require all 1-D slices in a certain In this subsection we will show that a contourlet expansion
direction of contourlet functions to have vanishing monsentthat satis es the parabolic scaling and has suf cient DVMs
We refer this requirement as tidérectional vanishing moment (this will be de ned precisely in Lemma 1) achieves the
(DVM) condition. optimal nonlinear approximation rate for 2-D piecewigé

De nition 1 (Directional vanishing moment)A 2-D func- smooth functions with discontinuities alo@f smooth curves.
tion (t) is said to have arL-order directional vanishing As we will be interested in the asymptotic rates, not in the
moment in the direction = (uy;u,)T if all 1-D slices of that constants, we use the notatiap . b, when there exists a

function along the direction, y.,(r1) = (riu + rpu?) constantC such thata,  Chy. If &, . by andby . &,
whereu? =( uy;u;)T, havel vanishing moments: then we writea,  by.
Z, First, notice that since the contourlet expansion is a frame
" ;rz(rl)rfdrl =0; forallr,2 R; p=0;1;:::;L 1: the approximation error by keeping orlly coef cients as in
1 (2) obeys X
(30) kf - k. jcnj%: (32)

It can be shown that in the Fourier domain, the DVM
condition (30) is equivalent to requirind ! 1;!2) and its ) )
L 1 rst derivatives in the directionu to be zero along We consider compactly supported contourlets, which are
the lineuy! 1 + uy! , = 0 (see Figure 11). We refer to thisobtained from iterated contourlet Iter banks with FIR ls
equivalent DVM condition in the Fourier domain as havingrécall that for a contourlet frame (24) to satisfy the pafabo
“L-order zeros along the ling;! 1 + up! , =0 scaling,l; has to follow (29). For simplicity, we sgf = 0

For a contourlet function ]('k) () constructed from an iter- @dlo = 2.* This generates a contourlet frame that at seale
E_lted Itgr banl_( asin (2_2)' it has_ ap-order DVI(\{l) al?ng O,',”ec' 40ther values ofg only changes the constant but not the exponent in the
tion u if the discrete-time Fourier transfori, ’(e" *;€" 2)  approximation rate.

n62y
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(j < 0)has 2 =2 directions and each contourlet functiorregionA by
ik: n has support size ofidth 2 andlength  2=2. For
convenience, in this section the support size of a contgurle firn - Kjrnke aredA)
width and length is measured along the short and long A K K (35)
dimensions of the contourlet itself (see Figure 12) instefd Jikin 1 Hikn
the horizontal/vertical spacing as shown in Figure 9(bjsegha 2= 4k 3.

on Figure 9(b), we see that these two measures are related by fne 1)ong in (35) turns out to be critical for the desired

ratio betweeri and 2, and thus this change of measures doeg,oximation rate. Therefore we need to bound the integral
not affect our asymptotic analysis. Using (18) itcan be edri ¢ . w1 outsideregion A to be the same order. If we
that (also note that the support size 9k n is 2 27%) wemouerthe regiom, then we can consider the discontinuity
curve as a straight line of directianthat intersects the support
of ; k., With alengthd, .., . The following lemma, which is
proved in the appendix, provides a suf cient condition foet
contourlet function ;. ., to obtain the desired decay rate.

K jknke 2 3% (33)

Consider a functiori de ned on the unit squarfd; 1) that
is C2 except for discontinuities along @2 and nite length . K : ; D
curve S. We classify contourlets into type 1, whose support Lemma 1:Forp 1, suppose the scaling function2 C

. . . ion. +2) -
intersects withS; and type 2, whose support does not mtersegpd. the .contourlet funcUonL x has ap .2) order PVM "%"0'?9
a directionu that makes an angle with the discontinuity

with S. directionv, where
2= 2k(p 1)=(p+1) . (36)
TheE for everyf 2 C2 andr 2 R,
3 .
s rf(t) pren@dt Ko ke dP o (37)

Remark 1:The condition in Lemma 1 requires contourlets
to have DVMs on denser sets of directions at ner scales.
In particular, forp = 1, it requires that each contourlet
function jx has third-order DVMs on a set of directions with
maximum angular gap 22, which is the same order as
the essential angular support g in the frequency domain.
For largerp, this condition is relaxed at the cost of requiring
higher-order DVMs. This condition is satis ed with the idea
Fig. 12. Interaction between a contourlet (denoted by tlipse) and a f_requency response contqurlets as dlscussed_ at the end-of Se
discontinuity curve (denoted by the thick curve). tion V-B. At the moment, it remains as a conjecture that such
a condition can be obtained at the asymptote with compactly

For type 1 contourlets, ideally we would like only Ccm_supported contourlets. However, in practice, we only psece

tourlets that “align” with the discontinuity curv@ to produce up to a nite scale and Lemma 1 guu_jes us to constr_uct
. . . . contourlets to have DVMs on as many directions as possible,
signi cant coef cients. Therefore the key issue is to chara

terize the decay of type 1 coef cients as contourlets “tumespemally around the directions of discontinuity curvEsis

away from the direction 08. Let ;i » be the angle betweenStrategy was taken in [31].’ which Ieads_ to good_approxmatlo
the principal direction of a type 1 contourlefi n and the performance. An alternative strategy is to design conétsirl

local tangent directiow of S where the contourlet intersectsClose to having the ideal frequency response, and thus make

: i o i= directional moments approximately vanish.
=2
(s_ee Flgure 12). At §calé' » Since contourlets_ shan 2 With Lemma 1, combined with (35), we have the following
directions almost uniformly betweehand , within a square

block of size2=2 we can re-index these directions bywhere decay of type 1 contourlet coef cients indexed pyandk:

1 K. 2F2?sothat . K2=2 il - 29703 (38)
Letd; ., be the length of that intersects with the support | aqgition, since the discontinuity cur&has nite length,
of j gn- From Figure 12 we see that the number of type 1 coef cients with these indexes is

. . . — i=2p.
d=R2?) =27k L (34) Mg =Gpn 277K (39)
From (38), for a type 1 coef cient to have magnitude above
Let A denotes the hatched region in Figure 12, which is thethreshold , it is necessary th& . 2% 173 andj & log .

support region of ;. ., that contains the intersection wih = Thus, the number of type 1 coef cients with magnitude above
and is “sandwiched” between two lines parallemoBecause s

j_ .
dign 2=SIN g,

S is C?, using the Taylor expansion as in (27) (also see 3o 2§

) . ; > _ B
Figure 10(a)), the width oA |§ dj; Rin Thus., ysmg (33) m( ). M, 233 |0g( 1) (40)
and (34), we can bound the integral léf .. .i insidethe j =log k=1
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Using the last bound, we can writeas a function of the signi cant contourlet coef cients are successively ldzed
number of coef cientsam as in both location (contourlets intersect with the disconiin
curve) and direction (intersected contourlets with diect
close to the local direction of the discontinuity curve).ush

Therefore the sum square error due to discarding all excésing embedded tree structures for contourlet coef cieinas

(m). m 32(logm)32;

M largest type 1 coef cients satis es are similar to the embedded zero-trees for wavelets [36], we
can ef ciently index the retained coef cients using 1 bitrpe
Ei(M) j (m)j>. M 2(logM)*: (41) coef cient.
m>M Suppose that contourlet coef cients are uniformly quaadiz

Next, consider type 2 contourlets, whose support is iwvith step size = 2 L and coef cients with magnitude below
cluded in a region wheré is C2. For these contourlets, the are discarded. Instead of using xed length coding for the
corresponding coef cientsf; . »i behave as iff 2 C2. quantized coef cients, a slight gain (in the log factor, mat
Suppose that the scaling function has accuracyof order the exponent of the rate-distortion function) can be olgtein
2, which is equivalent to requiring the Ite@(e" ;€' 2) in by variable length coding. In particular, we use the bit plan
(7) to have a second-order zero(at ) [34], that is for all coding scheme [8] where coef cients with magnitude in the

PLP22Z;0 p+ps< 2 range(2' 1 -;2' L] are encoded withbits. Because of (40),
it L the number of coef cients in this range is (L 1)2%L D=3,
v, @, ; ()Y n addition, the total number of retained coef cientsNk .
@ @:G(e' ;¢ ?) 0 (42) " In addition, the total number of retained coef cientshi

L2253, Thus, the number of bitR needed for compression,

Then forf 2 C?, we have L \ : T
which is equal to the sum of indexing and quantization costs,

ki Pyfka (2)% (43) is bounded by
Thus, the sum squared error due to discarding all except R. M+ (L N2t D=3 | 22553 (46)
M 2 2 type 2 contourlet coef cients down to sca 11
satls es i ) The compression distortioB is equal to the sum of the
E2(M)  (2) M= (44) " truncation distortion in (45) and the quantization distort
Combining (41) and (44), and using (32), we obtain the D. M 2(ogM)3+M 2 L2 4=3 (47)
following result that characterizes the approximation poof
contourlets. Combining (46) and (47) we obtain the following result for

Theorem 4:Suppose that a compactly supported contourléte operational rate-distortion functi@(R) by contourlets.
frame (24) satis es the parabolic scaling condition (2%t Corollary 1: Under the assumption of Theorem 4, a con-
contourlet functionsx satisfy the condition in Lemma 1, andtourlet compression system that uses embedded zero-trdes a
the scaling function 2 CP has accuracy of order 2. Then forbit plane coding achieves
a functionf that is 92 away from aC? discontinuity curve, D(R) C(logR)°R 2: 48)
the M -term approximation by this contourlet frame achieves

ki fconteuetez  CllogM )M 2 (45) VI. NUMERICAL EXPERIMENTS
All experiments in this section use a wavelet transform

Remark 2: The approximation rate for contourlets in (45) igVith “9-7" biorthogonal lters [37], [38] and 6 decompositn
the same as the approximation rate for curvelets, which w&¥€!S- For the contourlettransform, in the LP stage we atso

derived in [5] and [35]. For comparison, the approximatioH1e “9-7" lters. We choose “9'7,” biorthogonal lters bec_aa
error of the same functioh by wavelets decays liké1 1 they have been shown to provide the best results for images,

(see for example [2]). Because the “complexity’fois at least partly because they are linear phase and are clpse to being
equal to the “complexity” of the discontinuity curve, whitsha orthogonal. In the DFB stage we use the “23-45" biorthogonal

C2 curve, no other approximation scheme can achieve a befifncunx lters designed by Phoong et al. [39] and modulate
rate thanM 2 [1]. In this sense, the contourlet expansiortr'em to obtain the biorthogonal fan lters. Apart from also

achieves the optimal approximation rate for piecewise smo@e'”g linear p_)hase aqd nearly orthogonal, these fan ltees a
functions withC2 contours. close to having the ideal frequency response and thus can

approximate the directional vanishing moment conditiome T

drawback is that they have large support which creates a larg

number of signi cant coef cients near edges. As mentioned
So far, we consider the approximation problem of corbefore, designing optimized contourlet Iters is a topickie

tourlets by keeping thé/1 largest coef cients. For the com- studied further.

pression problem, we have to account for the cost to encodéfhe number of DFB decomposition levels is doubled at

guantized coef cients, as well as the cost to index the netdi every other ner scale and is equal to 5 at the nest scale.

coef cients. Fortunately, as can be seen from the last subs®lote that in this case, both the wavelet and the contourlet

tion, theM retained contourlet coef cients are well organizedransforms share the same detail subsp&éesas de ned in

in tree structures. Speci cally, from coarse to ne scalesSection IV-A. The difference is that each detail subspége

D. Contourlet compression
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in the wavelet transform is represented by a basis with thrBe Nonlinear approximation

directions, whereas in the contourlet transform it is repréed  Next we compare the nonlinear approximation (NLA) per-

by a redundant frame with many more directions. Figure ¥3rmances of the wavelet and contourlet transforms. Inethes

shows examples of the contourlet transform. We notice thgt o experiments, for a given valudl , we select theM -

only contourlets that match with both location and direttioy,ost signi cant coef cients in each transform domain, and

of image contours produce signi cant coef cients. then compare the reconstructed images from these séfs of
coef cients. Since the two transforms share the same detalil
subspaces, it is possible to restrict the comparison inethes
subspaces. We expect that most of the re nement happens
around the image edges.

Figure 15 shows sequences of nonlinear approximated im-
ages at the nest detailed subspatg using the wavelet and
the contourlet transforms, respectively, for the inpeppers
image. The wavelet scheme is seen to slowly capture contours
by isolated “dots”. By contrast, the contourlet scheme kjyic
re nes by well-adapted “sketches”, in much the same way as
the new scheme shown in Figure 1.

Figure 16 shows a detailed comparison of two nonlinear
approximated images by the wavelet and contourlet tramsfor
using the same number of coef cients on tBarbaraimage.
Contourlets are shown to be superior compared to wavelets in
capturing ne contours (e.g., directional textures on et In
addition, there is a signi cant gain of 1.46 dB in peak signal
to-noise ratio (PSNR) for contourlets.

C. Denoising

The improvement in approximation by contourlets based on
keeping the most signi cant coef cients will directly leat
improvements in applications, including compression,aien
ing, and feature extraction. As an example, for image denois

Fig. 13. Examples of the contourlet transform on Beppersand Barbara  ing, random noise will generate signi cant wavelet coeéats

images. For clear visualization, each image is only dec@®ganto two ; i i i g
pyramidal levels, which are then decomposed into four agttadirectional Just like true edges, but is less “kely to generate sigmta

subbands. Small coef cients are shown in black while largefcients are contourlet coef cients. Consequently, a simple thresingd

shown in white. scheme [40] applied on the contourlet transform is more
effective in removing the noise than it is for the wavelet
transform.

A. Wavelets vs. Contourlets Figure 17 displays a “zoom-in” comparison of denoising

when applying wavelet and contourlet hard-thresholding on
theLenaimage. The contourlet transform is shown to be more
effective in recovering smooth contours, both visually aslw

as in PSNR. A more sophisticated denoising scheme that takes
into account the dependencies across scales, directiahs an
locations in the contourlet domain using statistical modgl

of contourlet coef cients is presented in [41] and showsHer
improvements.

VII. CONCLUSION

In this work, we constructed a discrete transform that
Fig. 14. Comparing a few actual 2-D wavelets (5 on the left) eontourlets Provides a sparse expansion for typical images having dmoot
(4 on the right). contours. Using recent results from harmonic analysis and
vision, we rst identi ed two key features of a new image

To highlight the difference between the wavelet and comepresentation that improves over the separable 2-D wavele
tourlet transform, Figure 14 shows a few wavelet and cotransform, namely directionality and anisotropy. Basedhis
tourlet basis images. We see that contourlets offer a muehservation, we developed a new Iter bank structure, the
richer set of directions and shapes, and thus they are moreatourlet lter bank, that can provide a exible multiseal
fective in capturing smooth contours and geometric stmestu and directional decomposition for images. The developed
in images. discrete lter bank has a precise connection with the asdedi

250] 250
50 100 150 200 250 50 100 150 200 250
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M=4 M =16 M =64 M = 256

(a) Using wavelets

M=4 M =16 M = 64 M = 256

(b) Using contourlets

Fig. 15. Sequence of images showing the nonlinear appraxinsaof thePeppersmage usingM most signi cant coef cients at the nest detailed subspace
Wi , which is shared by both the wavelet and contourlet transfor

Original image Wavelet NLA: PSNR = 24.34 dB Contourlet NLASIRR = 25.70 dB

Fig. 16. Nonlinear approximations (NLA) by the wavelet anditourlet transforms. In each case, the original imBgebaraof size512 512 is reconstructed
from the 4096-most signi cant coef cients. Only part of images are shofan detail comparison.

continuous-domain contourlet expansion. This connecison APPENDIX

de ned via a directional multiresolution analysis that proprgof of Lemma 1

vides successive re nements at both Spatial and diredtiona':or Convenience, we make a Change to a new coordinate
resolution. With parabolic scaling and suf cient directal (x;y) as shown in Figure 18, wher ¢ has vanishing mo-

vanishing moments, the contourlet expansion is shown #gents along the direction. We drop the location index as
achieve the optimal approximation rate for piecewi8é it is irrelevant here. Notice that since. 2i=2g(P 1=(p+1)

smooth images witfC? smooth contours. Experiments withpi=2g  the length of the intersection of the-axis with the

real images indicate the potential of contourlets in sdvergpport of g is  d... Also, for the same order, we can

image processing applications. A Matlab contourlet torlbgyarameterize the discontinuity line gs= x .

is freely available for download from the Matlab Central The support of . ¢ below the liney = x can be divided

(www.mathworks.com/matlabcentral ) into two regionsB andC as shown in Figure 18. In region
B, for a x vy, locally around the support ofj; g We can use
the Taylor expansion of along thex-direction as (we write

@f for the n-order partial derivative of with respect tax)
Acknowledgments. The authors would like to thank Em-_, = ) ) ) 2.
manuel Candes, Laurent Demanet, and Hart Smith for trﬁéx’y) - f(XO’y)+R(?f (o Y)(x xo)* @ (;y)(x X0)*=2
fruitful discussions. Substitute this into ; f (x;y) i r(X;y)dx, then because of
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Now expand ik using the Taylor expansion along tlye

direction as

i R(X;y) = j;k(X; 0)+:::+ @ ! j;k(X; O)yp l:(p 1)!
+ @ i k(X )yP=pi: (51)

ForO g p 1, because ik has (p + 2) vanishing
moments along th& direction, we have
z
(a+ bx+ Cy)@ j;k(X; 0)y*
ch» z X
5K

= @ ;«(x0) (a+ bx+ cy)y9dydx

Zol 0
= @ (6 0)(ex™T + ex ¥ )dx

1 Z 1
=@ (ROGY)(ex T+ cox ' )dx
; y=o0

=0:

Therefore, only the last term in (51) remains, and thus

Fig. 17. Denoising experiments. From left to right, top tdtbm are: original
image, noisy image (PSNR = 24.42 dB), denoising using wes¢RSNR =
29.41 dB), and denoising using contourlets (PSNR = 30.47 dB)

y

The last expression k j.kkl

z
(a+ bx+ cy) ik
z dj;k z X

k@ gk (1+ x + y)yPdydx

k @ ik

0
p+l gp+2 .
dj_k :

d?k because of (50), (34),

and the assumption (36)'. This completes the proof.

Fig. 18. Interaction between of a contourlet with a line digmuity.

the rst two vanishing moments ofj; ¢ along thex direction,
the rst two terms are canceled. With only the third term Jeft
because of the support size qfk, we get

Z szzzzdj_R

f ik k i;kkl

: x?dxdy . k ki d
B 0 0

s K-
(49)
In the regionC, expandf using the Taylor expansion as
f(x;y) = a+ bx+ cy+ R, whereR; contains second order
termsx?, xy, andy?. Thep similar to (49), because of the
support size oC W(ﬁhavej c Rz il K gk dj?;k. Thus,
it remains to check(a+ bx+ cy) ;.
Since . is a linear combination of scaling functions
i 1n atscale2 ! asdenedin (22);i.e.

ik (1) = wg[m]2 1 (2 11t
m 222

given 2 CP we also have . 2 CP. Moreover, by taking
the derivatives of the last equation we get

K@ ,eki - k jeka (2 1)

m);

(50)
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