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Abstract— It has been widely recognized that providing a
simple priority to short flows in Internet routers can dramatically
reduce their mean delay while having little impact on the long
flows which carry the bulk of Internet traffic. In this paper,
we present simple fluid models which can be used to quantify
the above observation. Further, we justify these fluid models by
showing that stochastic models of resource-sharing among TCP
flows converge to the fluid models when the router capacity and
the number of users are large, which is the typical scenario of
interest.

I. INTRODUCTION

Numerous studies have shown that most of the files trans-
ferred over the Internet are small in size (of the order of a
few tens of kilobytes) and only a small fraction of the files are
large. It is estimated that 10-20% of the flows (that correspond
to large files) carry about 80-90% of the Internet traffic. These
rough statistical observations are a consequence of the fact that
the file size distribution in the Internet is heavy tailed (see, for
example, [7]).

As the short-flows have a small amount of data to be
transmitted, they never leave the slow-start phase of the TCP.
Any packet loss seen by these flows can lead to a significant
loss in the throughput since the window size is reset to 1. A
natural solution to the above problem is to provide priority
to the short-flows in accessing the available bandwidth in the
network. It has been shown in [12] that the Shortest Remaining
Processing Time (SRPT) policy can dramatically improve the
performance of short flows while having little impact on the
long flows in the network.

However, in the current Internet, SRPT cannot be imple-
mented very easily since the routers do not have access to
per-flow information. It is easier to implement a simple priority
scheme whereby packets from short flows are enqueued in a
higher priority queue which the router serves whenever it has
any packets. When the high priority queue does not have any
packets, then the packets from long flows which are stored
in a low priority queue are served. Such schemes have been
studied through simulations in [1], [6].

The above priority scheme requires the router to estimate
whether a flow is a short flow or a long flow. It, it has been
shown that by using simple sampling techniques [9], one can
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identify with a high degree of confidence whether a flow is a
long-flow or a short-flow.

In this paper, we evaluate the performance of such priority-
based schemes in the Internet via a fluid model and then
strengthen our observations via simulations. Without priorities,
the nature of bandwidth sharing favors the long-flows in the
current Internet. Such a sharing discipline can be approxi-
mated by a discriminatory processor sharing (DPS). Stochastic
analysis of DPS is extremely hard and closed-form solutions
exist only for exponentially distributed service times [14], [10],
[19]. However, in a system which has a large number of files
and a large server capacity (such as the Internet), some form
of law of large numbers holds and the resulting stochastic
system can be approximated by a deterministic system which
can be modeled by a set of differential equations. In the
earlier papers [16], [17] we had considered less accurate fluid
models to model the resource sharing of the TCP flows. In
this paper, we consider more accurate fluid models which
consider the impact of the access bandwidth constraints of
TCP flows. More importantly, for the first time, we justify
the fluid approximation by showing that a stochastic model
of DPS converges to the fluid limit in a large system limit.
Finally we also characterize the speed of convergence of the
fluid limit to its equilibrium value.

The main contributions of this paper can be summed up as
follows:

• It has been shown earlier in [12] that under SRPT short-
flows have significant gains compared to priority sharing
without significant increase in the delays for the longer
flows. In this paper, we show that we can achieve similar
gains (qualitatively) with a much simpler priority scheme.

• The analysis carried out in [12] compares SRPT with
processor sharing. However, in the current Internet, the
nature of bandwidth sharing is “unfair” in the sense that
it favors longer flows. Despite this, our analysis seems to
indicate that, the longer flows do not suffer significantly
when priority is given to the short-flows.

• We show, under appropriate scaling, that the stochas-
tic process describing the DPS queue converges almost
surely (abbreviated henceforth as a.s.) to the fluid model
over large intervals of time.



We note that we do not address the problem of identifying
short and long-flows. We assume that such mechanisms exist
and they can be implemented without causing significant errors
[9], [1].

The rest of this paper is organized as follows. In Section II,
we develop the fluid model for the case of no priorities and
show that the system converges to the equilibrium exponen-
tially fast. In Section III, we evaluate the performance of the
system with priorities. The validity of the fluid model for the
case of no priorities is discussed in Section IV. In this section,
we show that, under appropriate scaling, the stochastic process
describing the number of backlogged short-flows and long-
flows, converges a.s. to the fluid model over large intervals
of time. The proof of validity of the fluid model for the case
of priorities is very similar and thus will be omitted in the
interest of space. Section V contains simulation results that
strengthen the observations made in Section III. Concluding
remarks are provided in Section VI.

II. FLUID MODELS WITH NO PRIORITIES

A. Model Description
We consider a single link accessed by many flows. Short-

flows (long-flows) arrive into the system according to a Pois-
son process with mean rate λs(λl). We assume that the file-
size distributions belong to the class of Coxian distributions.
(Note that Coxian distributions form a dense subset of the set
of all distributions on the positive real line. We can therefore,
approximate any distribution arbitrarily closely by a Coxian
distribution) Coxian distributions are defined as follows.

Definition 1: Consider a Markov chain on the states
{1, 2, ...,m + 1}, where state m + 1 is an absorption state
and states {1, 2...,m} are all transient. The system starts at
state 1 w.p. 1. In each state i, the system spends a random
amount of time which is exponentially distributed with mean
1
µi

. At the end of this dwell time, it moves to state m+1 w.p.
(1 − pi) or moves to state i + 1 w.p. pi. At the end of the
dwell time in state m, the system moves to state m + 1 w.p.
1. A Coxian distribution of m phases is the distribution of the
time to absorption of the above described Markov chain.

The short-flows (respectively long-flows) are modeled by a
Coxian distribution with ms (ml) phases. In phase i, the flow
transmits a random amount of data which is exponentially
distributed with mean 1

µsi

( 1
µli

). With the exception of the
final phase, at the end of phase i, the flow leaves the system
with probability (1 − psi

) ((1 − pli)) and begins a new
exponential phase with probability psi

(pli). At the end of
the final phase, the flow leaves the system with probability
one. To ease the notation, we use S (L) to denote the index
set {1, 2...,ms} ({1, 2, ...,ml}). Define ps0

= 1 and pl0 = 1.
Let 1

µl
and 1

µs
denote the mean file-size of short-flows and

long-flows respectively. Then,

1

µs

=
∑

i∈S





i−1
∏

j=0

psj





1

µsi

, (1)

and
1

µl

=
∑

i∈L





i−1
∏

j=0

plj





1

µli

. (2)

For any flow accessing the bottleneck link, there are two
factors that determine the bandwidth available to that flow.
First, the maximum rate at which a flow can transmit is
constrained by the rate of its access link and due to TCP’s
maximum window size constraints. Second, the capacity of the
link is shared by many flows and thus, when the number of
flows is large, the link capacity will determine the bandwidth
received by each flow.

To model the access constraints, we assume that all the
short-flows (long-flows) accessing the link have an access
constraint of rs(rl). In the case of short-flows, this limit occurs
mainly due to the inherent nature of TCP itself (more on this
in Section III), while in the case of long-flows this will be
primarily due to the limitations in the access links.

It is well known that the data rate of a user, can be
approximated by window size divided by the RTT (round trip
time). Thus, at any given time, the data rate of a flow is roughly
proportional to window size. Since the short-flows never leave
the slow-start phase of TCP, the window sizes of the short-
flows will be very small. Thus, the bandwidth received by
short-flows will be small. As observed earlier, short flows
never leave the slow-start phase and hence their window sizes
are always small, leading to a small bandwidth share for
these flows. To model the effects on bandwidth sharing due
to sizable differences in the window sizes, we assume that
the capacity of the bottleneck link is shared in a proportional
manner with weights ws and wl (wl > ws). Relating these
weights to the actual window sizes seems very complicated
and we do not attempt to do so. Based on empirical evidence
from the simulations, we assume that ratio wl

ws
is roughly

around three. The precise value of this ratio is unimportant
for our analysis.

If nli denotes the number of long-flows in phase i and nsi

denotes the number of short-flows in phase i, then the data
rate of a short-flow is given by

xs = min









rs,
wsc

∑

i∈S

nsi
ws +

∑

j∈L

nlj wl









, (3)

where c denotes the capacity of the link. Similarly, the data
rate of a long flow is given by

xl = min









rl,
wlc

∑

i∈S

nsi
ws +

∑

j∈L

nlj wl









. (4)

Without loss of generality we assume c = 1. In this paper, we
refer to the above sharing policy as modified discriminatory
processor sharing (DPS). Such a policy tends to be unfair to
short-flows. Under heavy loading (when there are large number



of flows in the network, the access rate constraint becomes
redundant), it is easy to see that xs

xl
= ws

wl
. As ws < wl, the

bandwidth seen by short-flows is smaller than the bandwidth
seen by the large-flows.

Let us denote the total load on the system by

ρ =
λl

µl

+
λs

µs

= ρl + ρs. (5)

Throughout this paper, we will assume that the system is
critically loaded, i.e. ρ = 1.

The number of bits in the system at any given time t, is
denoted by W (t). If there is a short-flow in phase i, then
after the completion of phase i, it moves to phase i + 1 with
a probability psi

, and from phase i + 1 it moves to phase
i + 2 with probability psi+1

and so on. Thus if Xsi
denotes

the amount of data this file transmits before it exits the system,
then,

E[Xsi
] =

1

µsi

+
∑

k>i,i∈S

1

µsk

j=k−1
∏

j=i

psj

def
≡

1

νsi

.

Thus, if there are nsi
files in phase i, the average amount of

data that these files will transmit before exiting the system will
be nsi

νsi

. Summing over all phases of both short and long flows
, the average number of bits still remaining in the system is
given by,

W (t) =
∑

i∈S

nsi

νsi

+
∑

i∈L

nli

νli

.

B. Fluid Model Analysis
We will now consider a fluid model that appropriately

describes DPS system. It will be later shown (Section IV)
that the fluid model is valid over large intervals of time. The
evolution of the number of files in phase i is governed by the
following set of differential equations.

ṅli =

{

λl − µlinlixl i = 1,
pli−1

µli−1
nli−1

xl − µlinlixl i ∈ L, i 6= 1,

˙nsi
=

{

λs − µsi
nsi

xs i = 1,
psi−1

µsi−1
nsi−1

xs − µlsnlsxs i ∈ S, i 6= 1.
(6)

The stationary point of these equations (assuming ρ = 1) is
given by

nli
∗x∗

l =





j=i−1
∏

j=0

plj





λl

µli

∀i ∈ L,

nsi

∗x∗
s =





j=i−1
∏

j=0

psj





λs

µsi

∀i ∈ S,

(7)

where n∗
si

and n∗
li

denote the equilibrium values. The above
set of equations are however not enough to characterize
the equilibrium point completely. As the system is critically
loaded, the actual equilibrium point depends on the average
work in the system at equilibrium. It will be shown later
(Remark 1) that if the initial work load is high enough, then

the average work in the system is invariant with time. Under
this assumption, given the load at time t = 0, which we
denote by W (0), one can explicitly characterize the unique
equilibrium point. After some algebraic manipulations, we
get the following closed form expressions for the equilibrium
point:

n∗
li

= W (0)
ρli

∑

i∈S

ρsi

νsi

wl

ws

+
∑

i∈L

ρli

νli

,

n∗
si

= W (0)
ρsi

∑

i∈S

ρsi

νsi

+
∑

i∈L

ρli

νli

ws

wl

,

(8)

where

ρsi
=

λs

µsi

i−1
∏

j=1

psi
, ρli =

λl

µli

i−1
∏

j=1

pli .

The bandwidth received by short flows and long flows at
equilibrium is given by

x∗
s =

1

W (0)

(

∑

i∈S

ρsi

νsi

+
∑

i∈L

ρli

νli

ws

wl

)

,

x∗
l =

1

W (0)

(

∑

i∈S

ρsi

νsi

wl

ws

+
∑

i∈L

ρli

νli

)

.

(9)

Given the initial conditions (nsi
(0)i ∈ S, nli(0)i ∈ L) the

amount of work left in the system W (0) can be determined.
Thus, the unique equilibrium point is determined by these
initial conditions. However, for the equilibrium analysis to be
valid, the system has to be stable. In the rest of this section,
we show that for a large class of initial conditions that are
lower bounded, the system will converge to the equilibrium
value. We start with the following lemma.

Lemma 2: In the modified DPS which is critically loaded,
the amount of work left in the system is nondecreasing. i.e.
W (t) ≥ W (0) ∀t ≥ 0.

Proof: The proof follows from the fact that the system
is critically loaded and thus at any time t, the rate at which
bits enter the system is more than or equal to the maximum
rate at which the server can serve. More formally, to show that



W (t) ≥ W (0), it suffices to show that Ẇ (t) ≥ 0, ∀t ≥ 0.

Ẇ (t) =
d

dt

[

∑

i∈S

nsi

νsi

+
∑

i∈L

nli

νli

]

= λs

∑

i∈S





i−1
∏

j=0

psj





1

µsi

+ λl

∑

i∈L





i−1
∏

j=0

plj





1

µli

−

(

∑

i∈S

nsi
xs +

∑

i∈L

nlixl

)

= (
λs

µs

+
λl

µl

) − min



1, (
∑

j

nsj
rs +

∑

j

nlj rl)





≥ 0
(10)

Now we would like to develop conditions under which
the system will behave like a DPS queue i.e. ∀t ≥ 0
min(

∑

i nsi
rs +

∑

i nlirl, 1) = 1. Suppose,
∑

j nsj
(0) > 1

rs
∑

j nlj (0) > 1
rl

.

Then at time t = 0 the rate limit constraint is inactive.
Let W (0) denote the workload corresponding to the above
mentioned choice of initial number of flows. At any time
t > 0 as W (t) ≥ W (0), it follows that either

∑

j nsj
(t) ≥

∑

j nsj
(0) or

∑

j nlj (t) ≥
∑

j nlj (0). From this it follows
that the rate constraint still remains inactive. Thus ∀t ≥ 0 the
rate limit is inactive under the choice of initial conditions. As
a consequence we have the following lemma.

Lemma 3: If the initial conditions are such that,
∑

j nsj
(0) > 1

rs
,

∑

j nlj (0) > 1
rl

,

then the rate constraint is inactive ∀t ≥ 0.
Remark 1: If the initial number of flows in the system

satisfy the conditions in Lemma 3, then it follows that

min



1, (
∑

j

nsj
rs +

∑

j

nlj rl)



 = 1,

∀t ≥ 0. Therefore from Lemma 2 we have W (t) ≡ W (0)
∀t ≥ 0.

As the number of bits in the system is a constant, this means
that the number of flows in the system cannot be arbitrarily
large. If Yi is the number of customers in some phase i, and ηi

is the mean file size associated with the phase i, then W (t) >

Yiηi. Thus Yi(t) <
W (0)

ηi
,∀t. This upper bound is crucial in

establishing the existence of certain limits as we now show.
Theorem 4: Given any initial condition (nsi

(0)i ∈
S, nli(0)i ∈ L), there exists an unique equilibrium point
given by (8) where W (0) denotes the work associated with the
initial condition (nsi

(0)i ∈ S, nli(0)i ∈ L). Furthermore, if

(nsi
(0)i ∈ S, nli(0)i ∈ L), satisfy the assumptions of Lemma

3 then as t → ∞, nsi
(t) → n∗

si
∀i ∈ S and nli(t) → n∗

li

∀i ∈ L, exponentially.
The proof of this theorem relies on a specific mapping which

transforms the system into a simple processor sharing queue
where the bandwidth received by a flow does not depend on
whether the flow is a short-flow or a long-flow. Then we make
use of a result from [5]. To state the result we develop the
following preliminaries.

Consider a processor sharing queue operating at the critical
load i.e., ρ = 1. Let Q(t) denote the number of flows in the
system at time t. The flows arrive into the system according to
a Poisson process with mean rate λ. Let the file sizes of these
flows (denoted by v) be independent and identically distributed
according to a distribution function F. The mean file size of
these flows is denoted by 1

α
. The file-sizes of the flows that

are present in the system at time t = 0 are again i.i.d and are
distributed according to another distribution function G. The
mean file size of these flows is denoted by 1

β
. Let ζ(t) denote

the amount of data transferred by a flow by time t assuming
that the flow was present in the system at time t = 0. In other
order words,

ζ(t) =

∫ t

0

1

Q(s)
ds.

Let ξ(z) denote the minimum time required to transfer z bits
of data. In other words,

ξ(z) = inf{t|ζ(t) > z}.

It is clear from the above definitions that ξ is the inverse
function of ζ(t). Suppose that a flow has transmitted z bits of
data by time t. Then the time taken by the flow to transmit
an additional dz bits would be Q(t)dz. As the amount of data
transmitted by time t is equal to ζ(t), it follows that

ξ′(ζ(t)) = Q(t).

Let Fe (similarly Ge) denote the stationary excess distribution,
i.e.,

Fe(y) = α

∫ y

0

(1 − F (u))du.

It has been shown in [5] that the fluid model of the processor
sharing queue satisfies the following equation.

ξ′(z) = Q(0)Gc(z) + λ

∫ z

0

ξ′(z − u)dFe(u), (11)

where Gc(z) = 1 − G(z) represents the CCDF (Comple-
mentary Cumulative Distribution Function). Intuitively, we
can explain the equations in the following way. Substituting
z = ζ(t) and u = ζ(s), in (11) we get,

Q(t) = Q(0)Gc(ζ(t)) + λ

∫ t

0

F c(ζ(t) − ζ(s))ds. (12)

Any flow which initiates transmission at time 0 would have
transmitted ζ(t) bits of data by time t. Therefore, the fraction
of flows that are still in the system at time t would be those
whose files contain more than ζ(t) bits of data, i.e., Gc(ζ(t)).



Thus, we get the first term of (12). Now any flow which arrives
at time s, would have transmitted ζ(t) − ζ(s) bits of data by
time t (t > s). Thus the number of customers still remaining
in the system is F c(ζ(t)− ζ(s)), which gives the second term
of (12). So the total number of flows in the system at any time
t would be that fraction of flows which started transmitting at
time 0 and have a file size which is more than ζ(t) bits and
those which arrive at any time s < t and have more than
ζ(t) − ζ(s) bits to transmit.

Now we state the required result ([5, Proposition 5]).
Lemma 5: When ρ = 1,

lim
t→∞

Q(t) =
Q(0)

β

2α

1 + c2
v

, (13)

where c2
v = α2V ar(v). Further once the initial conditions

are specified, the system converges exponentially fast i.e., ∃
constants K, t0 and σ such that, ∀ t > t0

∣

∣

∣

∣

Q(t) −
Q(0)

β

2α

1 + c2
v

∣

∣

∣

∣

< Ke−σ(t−t0)

The proof of this theorem relies on the result from [18] which
we state below.

Theorem 6: A distribution defined on [0,∞) is a phase type
distribution if and only if

1) it has a point mass at zero, or
2) it has

a) a strictly positive density on (0,∞), and
b) has a rational Laplace Transform such that there

exists a pole of maximal real part −σ that is real,
negative, and such that −σ > <(−γ) where −γ is
any other pole.

Proof of Theorem 5: A proof of the statement (13) is
given in [5], but exponential stability is not characterized there.
In this paper, we prove the exponential stability using the final
value theorem of Laplace transforms. Exponential stability
is required to argue later (Section IV) that the fluid model
approximates the actual stochastic system well.

Let L denote the Laplace transform operator. Taking
Laplace transforms of (11), we get,

χ(s) =
Q(0)G(s)

(1 −F(s))
,

where, χ(s) = L(ξ′(x)),G(s) = L(Gc(x)) and F(s) =
L(αF c(x)). To make use of the final value theorem, one
should show that the poles of χ(s) are in the strict L.H.P
with the exception of a simple pole at the origin. A complex
number s is a pole of χ(s) if

• s is a pole G(s)
• s is a zero of (1 −F(s))

Let us first consider the zeroes of 1−F(s). For every s with
<(s) > 0,

|F(s)| =

∫ ∞

0

|αF c(x)||e−sx|dx <

∫ ∞

0

αF c(x)dx = 1

Thus it follows that there cannot exist a zero of 1−F(s) in the
strict R.H.P. Now suppose that for some ω 6= 0, F(jω) = 1.

Then,

F(jω) =

∫ ∞

0

αF c(x) cos(ωx)dx

+j

∫ ∞

0

αF c(x) sin(ωx)dx = 1

This implies that
∫∞

0
F c(x) sin(ωx)dx = 0 and

∫∞

0
αF c(x) cos(ωx)dx = 1. But the measure of the set

of points at which cos(ωx) = 1 is zero. As Phase type
distributions are non-arithmetic, we get

|

∫ ∞

0

αF c(x) cos(ωx)dx| < |

∫ ∞

0

αF c(x)dx| = 1

Thus it follows that for any ω 6= 0, jω cannot be a zero of
1 − F(s). Also note that the origin is a zero of 1 − F(s).
Thus the origin is a pole of χ(s). To show that the origin is
a simple pole, we can restrict ourselves to the real line. Now,
differentiating the denominator we get,

d

ds
(1 −F(s))

∣

∣

∣

∣

∣

s=0

= α

∫ ∞

0

xF c(x)dx > 0

It follows that the denominator cannot have multiple zeros at
the origin.

Consider the poles of G(s). For every s with <(s) ≥ 0,

|G(s)| = |

∫ ∞

0

Gc(x)e−sxdx| <

∫ ∞

0

Gc(x) =
1

β

Thus, for all s with <(s) ≥ 0, the value of G(s) is upper
bounded. This implies that all the poles of G(s) are in the
strict L.H.P. Further, as we have restricted ourselves to Phase
Type distributions in this paper, by Theorem 6 it is clear that
these poles will be bounded away from the jω axis. Therefore
χ(s) has all its poles bounded away from the jω axis in the
L.H.P, with the exception of a simple pole at the origin.

Using final value theorem, we get,
limt→∞ Q(t) = lim

t→∞
ξ′(ζ(t))

= lim
z→∞

ξ′(z)

= lim
s→0

sχ(s) =
Q(0)

β

2α

1 + c2
v

,

where the last equality follows from the fact that
1

β
=

∫ ∞

0

Gc(z)dz

and
lim
s→0

1 −F(s)

s
=

∫ ∞

0

F c
e (z)dz =

1 + c2
v

2α
.

Let Q∞ = Q(0)
β

2α
1+c2

v
. It is clear that ξ′(x) converges to

the equilibrium value exponentially fast. Thus by substituting
x = ζ(t) we get,

Q(ξ(x)) = ξ′(x) → Q∞,

exponentially. This implies that ∃ constants K, x0 and σ such
that ∀ x > t0,

|Q(ξ(x)) − Q∞| < Ke−σ(x−x0).



Substituting x = ζ(t) we get,

|Q(t) − Q∞| < K1e
−σζ(t).

∀ t > ξ(x0) As shown earlier, Q(t) → Q∞ as t → ∞, Thus
given any ε > 0, ∃ t0 such that ∀t > t0 Q∞ − ε < Q(t) <

Q∞ + ε. Therefore ∀ t > t0

ζ(t) =

∫ t

0

1

Q(s)
ds

> ζ(t0) +

∫ t

t0

1

Q(s)
ds

> ζ(t0) +
t − t0

Q∞ + ε

Thus we get,
|Q(t) − Q∞| < K2e

−σ2t

for some constants K2 and σ2. This implies that Q(t) con-
verges to its equilibrium exponentially fast.

Now we return to the proof of Theorem 4. To show that the
convergence is exponential, we need is classical result from
perturbation theory. The following lemma and its proof can be
found in [13, Theorem 5.8].

Lemma 7: Let
ẋ = f(x) + g(x)

be a non-linear system. Suppose that x = 0 be an exponen-
tially stable equilibrium point of the nominal system

ẋ = f(x)

Then if

|g(x(t))|

exp
t→∞
−→ 0,

the perturbed system

ẋ = f(x) + g(x)

is also exponentially stable.
Proof of Theorem 4: To begin with, we make the follow-

ing transformation,
ñsi

= nsi
ws,

ñli = nliwl.

The system of equations is now changed to,
˙̃nli = λlwl − (wlµli)ñli x̃l i = 1,

= pli−1
(wlµli−1

)ñli−1
x̃l − wlµli ñli x̃l , i 6= 1,

˙̃nsi
= λsws − (wsµsi

)ñsi
x̃s i = 1,

= psi−1
(wsµsi−1

)ñsi−1
x̃s − (wsµls)ñsi

x̃s i 6= 1.

where
x̃s =

1
∑

i∈S ñsi
+
∑

j∈L ñlj

,

x̃l =
1

∑

i∈S ñsi
+
∑

j∈L ñlj

.

The transformation has produced a scaled version of the
original fluid model. In the new fluid model, the arrival rates of

the long-flows and short-flows have been scaled by factors wl

and ws respectively. Further, the mean file size of every phase
has been scaled appropriately. The load on the new system is
the same as before and thus the new fluid model is critically
loaded. The main difference between the models is that the
bandwidth received by a flow, now no longer depends on
whether the flow is a short-flow or a long-flow (x̃s = x̃l), i.e.,
the resulting fluid model represents the fluid model for simple
processor sharing at the router. Now therefore, by Lemma 5, it
follows that the number of customers in the system converges
to a constant as t → ∞ exponentially fast. Denote

ñtote
= lim

t→∞

∑

i∈S

ñsi
+
∑

i∈L

ñli

Consider the dynamics of ñl1 .

˙̃nl1 = λlwl − (wlµli)
ñli

ñtote

+ g(ñ(t)) (14)

where,

g(ñ(t)) = (wlµli)

(

ñli

ñtote

− ñli x̃l

)

= wlµli ñli

∑

i ñli +
∑

i ñsi
− ñtote

ñtote
(
∑

i ñli +
∑

i ñsi
)

It is easy to see that,

|g(ñ(t))|

exp
t→∞
−→ 0,

Therefore by Lemma 7, it follows that (14) is exponentially
stable. The same argument can be applied repeatedly, to each
of the phases to show that they converge exponentially fast.
As the number of phases is finite, it follows that the system
converges to its equilibrium point exponentially fast.

III. FLUID MODELS WITH PRIORITIES

In this section, we compare the equilibrium results of the
previous section to the equilibrium flow rates of a system
where short flows have priority over long flows. We first
develop a fluid model for the priority scheme and then perform
the comparison between the two schemes.

The short-flows transmit data while the underlying TCP is in
the slow-start phase. In the slow-start phase, the window size is
slowly increased from 1. The window size doubles each RTT
if all the acknowledgments are received. Thus, it is possible
that even though enforcing priority ensures that the short-flows
are served first, the short-flows may not end up utilizing all the
bandwidth since TCP is not designed for data transmissions
at such high rates in the slow-start phase. We model this by
imposing a limit rs on the maximum rate at which a short-flow
can transmit the data. This would ensure that the maximum
rate achieved by the short-flows cannot exceed the inherent
limit imposed by TCP. The simulations conducted show that
the bandwidth received by the short-flows is very close to this
limit.



In this section, we analyze two scenarios. In the first
scenario, we assume rs < ∞ and thus model the inherent
limit imposed by TCP. In the second scenario, we assume that
the underlying transmission protocol has the ability to transmit
at arbitrary rates (i.e. rs = ∞). In such a case, the bandwidth
of the link can be utilized completely by the short-flows. An
interesting result is that, even if rs = ∞, the degradation
suffered by long-flows is not significant.

As before, we assume that the arrival processes of the
short-flows (long-flows) is Poisson with rate λs(λl). The file-
sizes of the short-flows are distributed according to a Coxian
distribution with mean 1

µs
( 1

µl
). The bandwidth received by

short-flows at any time is given by

xs = min(rs,
1

∑

i∈S nsi

). (15)

Similarly, the bandwidth received by the long-flows is given
by,

xl = max(
1 −

∑

i∈S nsi
rs

∑

i∈L nli

,
I{
∑

i∈S
nsi

=0}
∑

i∈L nli

). (16)

Again, we resort to the fluid model analysis of the above
system under critical load. Using techniques similar to the one
described in Section IV, it is easy to show that the stochastic
model converges to the fluid model on compact intervals,
under appropriate scaling. Then, the evolution of the number
of flows in any phase i, is governed by (6) with xs and xl

given by. (15)-(16).
The stationary point of these differential equations is given

by
ρsi

= n∗
si

rs ρli = n∗
li
xl. (17)

Assuming that the initial conditions satisfy Lemma 3, the
equilibrium point can be determined uniquely, if the amount
of work left in the system at time t = 0 is given.

A. Equilibrium Analysis
At equilibrium, the transmission rates of the short-flows

would be equal to rs. If xswp
(xlwp

) denotes the bandwidth
received by short-flows (long-flows) when priorities are en-
forced and xswop

(xlwop
) denotes the bandwidth received by

short-flows (long-flows) when priorities are not enforced, then
it is easy to see that

xswp

xswop

=
rsW (0)

(

∑

i∈S

ρsi

νsi

wl

ws

+
∑

i∈L

ρli

νli

) .

The above analysis shows, that if the initial load on the system
is large, then when there are no priorities, the bandwidth
received by the short-flows is very small. With priorities, the
short-flows are guaranteed a rate rs at equilibrium. Thus one
can have arbitrarily large improvement in the performance of
the short-flows. We now calculate the degradation seen by the
long-flows. From (17) we have,

nsi
=

ρsi

rs

.

Define Wse to be the amount of work left in the system due to
the presence of short-flows. As the system is critically loaded,
it follows that W (t) is invariant with time. Thus,

W (0) −Wse =
∑

i∈L

nli





1

µli

+
∑

k>i:i∈L

1

µlk

j=k−1
∏

j=i

plj



 .

Defining W̃le =
∑

i∈L

ρli

νli

we get

nli =
(W (0) −Wse)ρli

W̃le

.

Therefore, the bandwidth received by the long-flows is given
by

xl =
W̃le

(W (0) −Wse)
.

Thus the degradation faced by the long-flows is given by

xlwp

xlwop

=
W̃leW (0)

(W (0) −Wse)
(

∑

i∈S
ρsi

νsi

wl

ws
+
∑

i∈L

ρli

νli

) .

To get a bound on this degradation, we now consider the
situation where rs → ∞. Clearly, if there is no transmission
rate limit on the short-flows, the long-flows are worse off.
Further, if rs = ∞, then we have

Ẇs(t) = ρs − min(
∑

i∈S

nsi
rs, 1) = ρs − 1.

It follows that Ws(t) is monotonically decreasing function and
Ẇs(t) = 0 if and only if nsi

= 0 ∀i ∈ S. Therefore, at
equilibrium, Wse = 0. Thus,

xlwp

xlwop

=

∑

i∈L

ρli

νli
(

∑

i∈S
ρsi

νsi

wl

ws
+
∑

i∈L

ρli

νli

) . (18)

Note that for a given W (0) the degradation suffered by the
long-flows when rs is finite is less than the degradation
suffered when the rs is infinite. Thus the degradation suffered
by long-flows is bounded and is actually independent of
W (0). We now provide some numerical insights into the
above expressions. Let us suppose that the short-flows and
the long-flows are modeled by a single exponential phase.
Approximating the mean behavior of the Internet traffic, we
assume 1

µl
= 10

µs
, ρs = 0.2, ρl = 0.8. Further, based on

simulation experiments, we take ws = 1 and wl = 3. Using
these numbers, we get xlwp

xlwop
= 0.909. Thus, the long-flows

see a reduction in bandwidth of only 10%, while the short-
flow performance can improve dramatically, especially if the
work in the system is very high. A 10% degradation might still
be considerable for some applications, but note that a single
exponential phase cannot capture the heavy tailed property of
the Internet. In Section V, we show via simulations that if the
file-size distribution is heavy tailed, the degradation will be
considerably less.



IV. CONVERGENCE TO THE FLUID MODEL

The validity of the fluid model is shown in two steps. Over
compact intervals, the validity follows from a celebrated result
by Kurtz [15]. We then make use of the fact that the fluid
model is stable to show convergence over larger intervals.

A. Convergence on Compact Intervals
As described earlier, the validity of the fluid model is

established from a theorem by Kurtz [15]. To state the result
we need the following preliminaries. For each N ∈ N ,

let XN (t) denote a continuous time Markov process on the
countable state space { k

N
: k ∈ Zm

+ } with transition rates
q k

N
,

k+p
N

≡ NfN
p ( k

N
). The functions fN

p are assumed to satisfy
the following properties.

|fN
p (x)| < εp(1 +

∥

∥x
∥

∥)

|fN
p (x) − fp(x)| <

Γεp

N
(1 +

∥

∥x
∥

∥),

(19)

for some Γ, ε such that 0 < Γ, ε < ∞. Then it can be shown
that XN (t) can be obtained as a solution of the following
stochastic equation.

XN (t) = XN (0) +
∑

p

1

N
pYp(N

∫ t

0

fN
p (XN (s))ds), (20)

where {Yp} are Poisson processes with unit mean (see [15] for
more details). Let X(t) denote the corresponding fluid model.

X(t) = X(0) +

∫ t

0

∑

p

pfp(X(s))ds (21)

We want to show that in some sense, for large N, the stochastic
process will have a sample path that would be very close to the
solution of the fluid model. The following theorem by Kurtz
shows that this is indeed true under some assumptions.

Theorem 8: Let

F (x) =
∑

p

pfp(x).

If

|F (x) − F (y)| ≤ M
∥

∥x − y
∥

∥

∑

p |p|εp < ∞,

and if
lim

N→∞
XN (0) = X(0),

then assuming (19) holds,

lim
N→∞

sup
t≤T

|XN (t) − X(t)| = 0 a.s,

on every compact interval [0, T ].
To make use of Kurtz’z lemma, one should define appro-

priate functions fN
p and show that the limiting function fp is

Lipshitz continuous. As discussed before, We assume that the
short-flows and the long-flows can transmit at maximum rates

rs and rl. Further we assume, that the rate limits satisfy the
following property.

rl

rs

=
wl

ws

.

Under these assumptions, the rates received by the short-flows
and long-flows are as follows:

xs = rs if
∑

j nsi
rs +

∑

j nlirl ≤ 1

=
ws

∑

j nsi
ws +

∑

j nliwl

otherwise

xl = rl if
∑

j nsi
rs +

∑

j nlirl ≤ 1

=
wl

∑

j nsi
ws +

∑

j nliwl

otherwise

(22)

We now describe the Markov process that dictates the
evolution of the queue under DPS. As the time spent by
a file in each phase is exponential, the number of files in
each phase i, would denote the Markov process. i.e. X1(t) =
({nsi

}, {nli}) (Here we use the convention that X1(t) is a
vector of dimension ms +ml and the number of files in short-
flow phases are in positions 1, 2...ms and the number of files
in long-flow phases are in positions ms+1, ....,ms +ml). The
functions f1

p (n) are given as follows :

f1
p (n) = λs p = e1

= λl p = ems+1

= µlinlixl p = ems+i+1 − ems+i

= µsi
nsi

xs p = ei+1 − ei

= µlml
nlml

xl p = −ems+ml

= µlms
nlms

xs p = −ems

= 0 otherwise

(23)

The Markov process X1(t) can be expressed as a solution
of the stochastic differential equation (20). The corresponding
fluid limit is given by the following set of differential equa-
tions.

ṅli =

{

λl − µlinlixl i = 1,
pli−1

µli−1
nli−1

xl − µlinlixl i ∈ L, i 6= 1,

˙nsi
=

{

λs − µsi
nsi

xs i = 1,
psi−1

µsi−1
nsi−1

xs − µlsnlsxs i ∈ S, i 6= 1.
(24)

To prove the fluid limit, we need the following lemma and
its corollary.

Lemma 9: Let Fi(x) be a function on p-dimensional vector
x defined as follows.

Fi(x) =

{

xir If r
∑

j xj ≤ 1
xi

∑

j
xj

otherwise

Then Fi(x) is Lipshitz continuous i.e. ∃ M < ∞ such that,

|Fi(x) − Fi(y)| < M
∥

∥x − y
∥

∥

where
∥

∥ ·
∥

∥ denotes the L2 norm.



Proof: Note that Fi is a scalar function. The gradient of
Fi is

∇F =











êi if
∑

j xj ≤ 1

êi

∑

j 6=i xj

(
∑

j xj)2
−
∑

j

êj

xi

(
∑

j xj)2
otherwise

where êx, êy denote the unit vectors in the directions x and y.

It follows that the gradient |∇F | is bounded ∀ x ∈ <ms+ml .

(Note: Where the function is not differentiable, gradient is
defined as that vector in which the directional derivative (sub
gradient) achieves the maximum norm. It is easy to show that
the directional derivatives are bounded.) Further, as F is a
scalar potential function, it follows that the line integral of
∇F is independent of the path chosen. Therefore, for a linear
path γ such that γ(0) = x and γ(1) = y

F (y) − F (x) =

∫

γ

∇F · dl

From this it follows that,

|F (x) − F (y)| ≤

∫

γ

|∇F ||dl| ≤ M
∥

∥x − y
∥

∥

Corollary 10: Suppose function Fi(x) is defined as fol-
lows:

Fi(x) =







xiri If
∑

j xjrj ≤ 1
xiwi

∑

j xjwj

otherwise

where, ri

wi

=
rj

wj

∀i, j. Then Fi(x) is Lipshitz continuous.
Proof: Substituting Ni = xiwi, it is easy to see that the

function Fi(·) satisfies the assumptions of Lemma 9. Thus we
have,

|F (x) − F (y)| ≤ M





∑

j

(xjwj − yjwj)
2





1
2

≤ M maxj |wj |
∥

∥x − y
∥

∥

We can now state the main result of this section in the form
of the following theorem.

Theorem 11: Consider the DPS queue described by (20)
with the functions fp(n), fN

p (n) given by (23). (In our model,
N can be thought of as the parameter that scales the arrival
rates of the flows and the link capacity) The corresponding
fluid model is (21) whose differential form is given by (24).
Then

lim
N→∞

sup
[0,T ]

∥

∥XN (t) − X(t)
∥

∥

N→∞
−→ 0 a.s.,

over every compact interval [0, T ].

Proof: To describe a DPS queue, the functions fN
p (n) ≡

f1
p (n) ≡ fp(n) ∀p. Thus (19) hold trivially. Further, as proved

in Lemma 9, fp(n) is Lipshitz continuous. Therefore, the
conditions of Theorem 8 are satisfied. Thus, the stochastic
model converges to the fluid limit (24) uniformly on compact
intervals.

B. Convergence of the Fluid Model on Larger Intervals
So far, we showed that the scaled stochastic system con-

verges to its fluid model on finite interval. In this section, we
show that the scaled stochastic system converges to the fluid
model over large intervals of time (of order N δ). Our work
is along the lines of [20], [8] in principle, though the proof
techniques are different.

The following lemma might be hidden in some textbook.
But we are unaware of this precise result. As this is needed to
prove Theorem 14, we present the lemma and its proof below.

Lemma 12: Consider the following non-linear system

ẋ = f(x), (25)

where x ∈ <n, f : D → <n is a continuously differentiable
map from a domain D ⊂ <n into <n. Further suppose that
the origin is exponentially stable. Then given any ε > 0 ∃
δ, δ1 > 0 such that if |g(t)| < δ and |x(0)| < δ1 then the
trajectories of the perturbed system

ẋ = f(x + g(t)) (26)

satisfy
∥

∥x(t)
∥

∥ ≤ ε, ∀ t > 0.
Proof: As (25) is exponentially stable, by the converse

Lyapunov theorem (see Theorem 3.12 in [13]) ∃ a Lyapunov
function V (x) that satisfies,

c1

∥

∥x
∥

∥

2
≤ V (x) ≤ c2

∥

∥x
∥

∥

2

∂V

∂x
f(x) ≤ −c3

∥

∥x
∥

∥

2

∥

∥

∥

∥

∂V

∂x

∥

∥

∥

∥

≤ c4

∥

∥x
∥

∥

for some positive constants c1, c2, c3, c4.

Fix δ1 < ∞ such that ∀ x s.t
∥

∥x
∥

∥ < δ1, x ∈ D. As the
system is exponentially stable, it follows that

∥

∥

∥

∥

∂f

∂x

∥

∥

∥

∥

x=0

= c < ∞

As f is continuously differentiable in D, it follows that

sup
∥

∥x

∥

∥≤δ1

∥

∥

∂f

∂x

∥

∥ = c6 < ∞.

Consider the perturbed system (26). By the Mean Value
Theorem, ∃ zi ∈ [x, x + g(t)] such that

fi(x + g(t)) = f(x) +
∂fi

∂x

∣

∣

∣

∣

x=zi

g(t)

Therefore, the perturbed system can be written as follows

ẋ = f(x) +
∂f

∂x

∣

∣

∣

∣

x=x

g(t) + h(x, t),



where

hi(x, t) =

(

∂fi

∂x

∣

∣

∣

∣

x=zi

−
∂f

∂x

∣

∣

∣

∣

x=x

)

g(t).

As f is assumed to be differentiable, it follows that as
∥

∥g(t)
∥

∥→ 0,
∣

∣hi(x, t)
∣

∣

∥

∥g(t)
∥

∥

→ 0.

This implies that for as
∥

∥g(t)
∥

∥→ 0,
∥

∥h(x, t)
∥

∥

∥

∥g(t)
∥

∥

≤
n
∑

i=1

∣

∣hi(x, t)
∣

∣

∥

∥g(t)
∥

∥

→ 0.

Consider the Lyapunov function V (x). Differentiating w.r.t t

we get,

V̇ =
∂V

∂x
f(x + g(t)) =

∂V

∂x
f(x) +

∂V

∂x

∂f

∂x
g(t) +

∂V

∂x
h(x, t)

Assuming
∥

∥g(t)
∥

∥ ≤ δ, we get,

V̇ ≤ −c3

∥

∥x
∥

∥

2
+ c4c6

∥

∥x
∥

∥δ + c4

∥

∥x
∥

∥

∥

∥h(x, t)
∥

∥δ

Therefore ∀ δ sufficiently small and ∀ x such that
∥

∥x
∥

∥ >
(

c4(c6+1)
c3

)

δ

V̇ < 0

Therefore, if
∥

∥x(0)
∥

∥ <
(

c4(c6+1)
c3

)

δ, it is clear that ∀t
∥

∥x(t)
∥

∥ <
(

c4(c6+1)
c3

)

δ. By making δ arbitrarily small, we
have the desired result.

Lemma 13: Let Yp denote a Poisson process with rate λ.

Then
sup

[0,NδT ]

∣

∣

∣

∣

Yp(Nt)

N
− λt

∣

∣

∣

∣

N→∞
−→ 0 a.s

for every δ ∈ [0, 1) and for every T ∈ [0,∞).
Proof: Let Z denote the inverse process of Yp(t) i.e.,

Z(n) = min{t|Yp(t) ≥ n}

Thus, we have

Z(n) =

n
∑

i=1

νi,

where νi are independent and exponentially distributed with
mean 1

λ
. if n is not an integer then an appropriate flooring

function will be used. Applying Chernoff bounds we get,

Prob

{

Z(Nt)

N
−

t

λ
> ε

}

= Prob



























bNtc
∑

i=1

νi −
Nt

λ

Nt
>

ε

t



























≤ Ke
−Ntl(

ε

t
)

where the error exponent l(a) satisfies,

l(a) =
(aλ)2

aλ + 1
+

(

aλ

aλ + 1
− log(1 + aλ)

)

.

Assuming a is small and expanding log(1 + aλ) around 1 we
get,

l(a) ≥
(aλ)2

aλ + 1
+

(

aλ

aλ + 1
− aλ +

(aλ)2

2
−

(aλ)3

3

)

=
(aλ)2

2
−

(aλ)3

3

Therefore by applying union bound we get,

Prob

{

sup
[0,NδT ]

Z(Nt)

N
−

t

λ
> ε

}

≤

bNδTc
∑

i=1

Prob

{

Z(Ni)

N
−

t

λ
> ε

}

≤ N δTKe−(N1−δT )l1(ε, T )

where,
l1(ε, T ) =

ε2λ2

2T 2
−

ε3λ3

3N δT 3
> 0

Therefore

Prob

{

sup
[0,NδT ]

Z(Nt)

N
−

t

λ
> ε

}

N→∞
→ 0,

exponentially fast. Similarly it is easy to show that,

Prob

{

sup
[0,NδT ]

Z(Nt)

N
−

t

λ
< −ε

}

exp

N→∞
−→ 0.

Therefore,

Prob

{

sup
[0,NδT ]

∣

∣

∣

∣

Z(Nt)

N
−

t

λ

∣

∣

∣

∣

> ε

}

exp

N→∞
−→ 0.

By Borel-Cantelli Lemma, it follows that

sup
[0,NδT ]

∣

∣

∣

Z(Nt)

N
−

t

λ

∣

∣

∣

N→∞
−→ 0 a.s

Now consider the Poisson process Yp(t). By definition,

Prob

{

sup
t∈[0,NδT ]

∣

∣

∣

∣

Yp(Nt) − λNt

N

∣

∣

∣

∣

> ε

}

≤ Prob

{

sup
[0,NδλT+ε]

∣

∣

∣

∣

Z(Nt)

N
−

t

λ

∣

∣

∣

∣

> ε

}

exp

N→∞
−→ 0.

Applying Borel Cantelli Lemma again, we get,

sup
[0,NδT ]

∣

∣

∣

∣

Yp(Nt)

N
− λt

∣

∣

∣

∣

N→∞
−→ 0 a.s

for every δ ∈ [0, 1) and for every T ∈ [0,∞).

Remark 2: If f(x) is any continuous bounded non-negative
function, then

sup
[0,NδT ]

∣

∣

∣

∣

Yp(
∫ t

0
f(s)ds)

N
− λ

∫ t

0

f(s)ds

∣

∣

∣

∣

N→∞
−→ 0 a.s



The proof is very similar to the proof of Lemma 13.
Theorem 14: Let {XN (t)} denote a sequence of scaled

stochastic systems representing the modified DPS queue. The
modified DPS queue is assumed to be critically loaded.
Further, suppose that the initial conditions of the stochastic
system and the fluid limit satisfy Lemma 3. Then,

sup
[0,NδT ]

|XN (t) − X(t)|
N→∞
−→ 0 a.s

for every T > 0 and for every δ ∈ [0.1).
Proof: The N th scaled system is given by

XN (t) = XN (0) +
1

N

∑

p

pYp(N

∫ t

0

fl(XN (s))ds)

Adding and subtracting
∑

p

∫ t

0
fp(XN (s))ds we get,

XN (t) = XN (0) +
∑

p

∫ t

0

fp(XN (s))ds + gN (t),

where

gN (t) =
1

N

∑

p

pYp(N

∫ t

0

fl(XN (s))ds)

−
∑

p

∫ t

0

fp(XN (s))ds

The function gN (t) is a perturbation about the nominal fluid
model. As the functions {fp(x)} are bounded uniformly, by
Lemma 13, it follows that

sup
[0,NδT ]

∣

∣gN (t)
∣

∣

N→∞
−→ 0 a.s

The fluid model is given by,

X(t) = X(0) +
∑

p

∫ t

0

fp(XN (s))ds

Defining ZN (t) = XN (t)− gN (t), and differentiating we get

ŻN = f(ZN + gN )

We have shown before that the fluid model
converges exponentially to its equilibrium deter-
mined by the initial conditions. Given W (0) and
{ns1

, ns2
...nsms

, nl1 , ., nli−1
, nli+1

, ...nlml
}, it is possible

to determine nli exactly. Therefore, using W(0), one can
eliminate nli from the equations. Therefore, we get a
modified fluid model whose state-space has only ms +ml −1
dimensions. As W (0) is fixed, this implies that this modified
dynamics will be exponentially stable. Also, since the
modified dynamics represent the same system as the fluid
limit, the trajectories of both the systems will be exactly
same.

Consider the modified fluid model and the modified stochas-
tic model with ms+ml−1 dimensions. The modified dynamics
would be denoted by Xmi(t), Xmi

N (t) and Zmi

N (t) respec-
tively. Similarly, the “perturbation” function in this smaller

dimensional state space would be denoted by gmi

N (t). To make
the notation simple, we will assume that the origin is the
equilibrium point.

By Lemma 12, it follows that if the |Zmi

N (0)| < δ1 and
∥

∥gN (t)
∥

∥ < δ2 then ∀t
∥

∥Zmi

N (t)
∥

∥ ≤ ε for any given ε > 0.
Thus, as Xmi(t) is exponentially stable, it follows that ∃ δ3

such that if
∥

∥Xmi(0)
∥

∥ < δ3,
∥

∥Xmi(t)
∥

∥ < ε ∀ t ≥ 0.
Let δ4 = 1

2 min(δ1, δ2, δ3, ε). Fix T > 0 and 0 < δ < 1.
By Lemma 13, ∃ N∗

1 large enough such that ∀ N > N∗
1 ,

∥

∥gN (t)
∥

∥ ≤ δ4 ∀ t ∈ [0, N δT ] a.s .

Also, as the fluid model is exponentially stable, it follows that
∃ t0 such that ∀ t > t0,

∥

∥Xmi(t)
∥

∥ ≤ δ3.

By Corollary 11, we know that the stochastic model converges
to the fluid model u.o.c. Therefore, ∃ N ∗

2 large enough such
that such that ∀ N > N2∗,

∥

∥X(t) − XN (t)
∥

∥ ≤ δ4 a.s

∀ t ∈ [0, t0]. Therefore it follows that
∥

∥Zmi

N (t0)
∥

∥ ≤ 2δ4 a.s

By Lemma 12, it therefore follows that ∀ N > max(N ∗
1 , N∗

2 )
and ∀ t ∈ [t0, N

δT ],
∥

∥Zmi

N (t)
∥

∥ ≤ ε a.s

Therefore, ∀t ∈ [0, N δT ], we have,
∥

∥Xmi(t) − Xmi

N (t)
∥

∥ ≤ 2ε a.s

So far we have shown that the trajectories in the ms + ml −
1 dimensions, stay “very close” to the fluid limit over large
intervals of time. Since the dimension that was eliminated was
arbitrary and due to the fact that N∗

1 and N∗
2 do not depend on

the dimension eliminated, it follows that ∀ N > max(N ∗
1 , N∗

2 )
∥

∥X(t) − XN (t)
∥

∥ ≤
∥

∥Xmi(t) − Xmi

N (t)
∥

∥

+
∥

∥Xmi−1(t) − X
mi−1

N (t)
∥

∥

≤ 4ε a.s

∀ t ∈ [0, N δT ].

V. SIMULATION RESULTS

In this section, we study the effect of priorities on the system
via NS-2 simulations. We consider a 100 Mb bottleneck link,
which is accessed by many flows (Fig. 1). All the flows are
TCP file transfers. The round trip time (RTT) of the flows are
uniformly distributed between 40ms to 60ms. Also, we fix the
packet size of all flows to be 1000 bytes.



Parameter Short-flows Long-flows
c 10kB 100kB
d 100kB 100MB
α 1.1 1.1

TABLE I
PARAMETERS OF THE BOUNDED PARETO DISTRIBUTION

It has been suggested that the traffic in the Internet is
approximately heavy tailed [7]. A heavy tailed distribution is
of the form

P (X > x) ∼ x−α 1 < α < 2.

In the case of the Internet, it is reasonable to assume that the
file-sizes have minimum and maximum values. Therefore, we
model the file-sizes to be i.i.d according to a distribution that
has heavy tail form, but has finite upper and lower bounds.
This truncated distribution is called a bounded Pareto (b.p)
distribution [4]. A random variable X distributed according
to a b.p distribution takes values in the interval [c d] with the
following CDF :

Prob(X < x) =
c−α − x−α

c−α − d−α
, 1 < α < 2.

In the current Internet, the short-flows are a few tens of
kilobytes long while the long-flows range from several hun-
dred kilobytes to a few megabytes. To capture this behavior,
we assume that short-flow file-sizes are distributed according
to a b.p. distribution and long-flow file-sizes are distributed
according to another independent b.p. distribution. The chosen
parameter values are given in Table I. As the b.p. distribution

100Mbps

Fig. 1. Simulated Topology

is not a phase-type distribution, we cannot directly compare
the simulation results with the results in the preceding sections.
So we approximate the b.p distribution by a 10-phase Coxian
distribution.

Fitting Coxian distributions to various distributions has
been well studied in the literature (For example, see [3], [2],
[11] and the references there in). In this section, we use
the EM (Expectation-Maximization) algorithm developed by
Asmussen et al [3]. The EMpht program [2], which is based
on EM algorithm, was used to fit phase type distributions. The
results of the fit are shown in Figures 2 and 3.

The files arrive into the system according to a Poisson
process. Measurements of the Internet have indicated that
around 70 − 90% of the flows in the Internet are short-
flows. Hence, in the simulations, we model each arrival to
be a short-flow with a probability p where p ∈ [0.7, 0.9].
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Fig. 2. Coxian fit for the Short Flow distribution
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Fig. 3. Coxian fit for the Long Flow distribution

The mean file-size of the short-flows is 25kB. The mean file-
size of the long-flows is 540kB. When the priorities are not
enforced, the buffer size is chosen to be 1000 packets. When
the priorities are enforced, 2 queues are formed at the router,
one containing the packets belonging to the short-flows and the
other containing the packets belonging to the long-flows. The
packets of the long-flows are served only when the there are
no packets belonging to short-flows in the queue. The buffer
size for these queues are chosen to be proportional to the
offered loads. In other words, if bs and bl denote the buffer
sizes of short-flow queue and long-flow queue then bs

bl

=
ρs

ρl

.

To make a fair comparison, the total buffer size is unchanged,
i.e., bs + bl = 1000 packets.

The load on the system is varied by varying the average
file arrival rate. The load offered by short-flows is varied by
varying the probability p. For p = 0.7, the load offered by
the short-flows is about 10% of the overall load. Similarly for
p = 0.9, the load offered by the short-flows is about 30% of
the overall load.

The file-sizes of long-flows (similarly short-flows) are ran-
domly generated according to the phase type distribution fit
to its b.p. distribution. After the transmission is complete, the



file leaves the system. By measuring the time between the
file’s arrival and departure, one can estimate the mean band-
width received by the file. Averaging this over all long-flows
(similarly short-flows) would give us the average bandwidth
received by the long-flows (similarly short-flows). The results
of these NS-2 simulations are given in Figures 4, 5 and 6. In
these simulations, the short-flows offer a total load of 0.3.
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Fig. 4. Bandwidth received by short-flows with and without priorities
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Fig. 5. Bandwidth received by long-flows with and without priorities

These results clearly indicate that by giving priorities one
can significantly improve the performance of short-flows while
the loss seen by long-flows is minimal. When no priorities are
enforced, at low system loads, the effect of priorities is not
significant due to inherent limitations of TCP. However, as the
load increases, the effects of congestion dominates and short-
flows receive inferior throughputs. With priority, the short-
flows do not see any congestion and therefore, their band-
widths are significantly improved. As Figure 6 demonstrates,
the short-flow bandwidths can be improved by a factor of
70% while the degradation seen by long-flows is almost non-
existent. Numerous experiments have been done at various
other loads and similar behavior is seen.

In the above results, we find that when priorities are
enforced the short-flows get about 84kB/sec. This result seems
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Fig. 6. The ratio of bandwidths received by short-flows and long-flows with
and without Priorities

to be independent of the system load and the load offered by
the short-flows. We conjecture that this behavior is due to
the inherent limitation of the TCP. To justify our conjecture
we do the following. We calculate a bound on the average
rate at which the short-flows can transmit when priorities are
enforced. To this end, we assume that since the short-flows
contribute to a very small fraction of the total load, they do
not see any losses when priorities are enforced. The short-
flows are in the slow-start phase of TCP and thus the window
size is exponentially increased starting from a window size of
1. Thus, if a particular flow has a file-size y kB, then the time
taken by that flow to transmit the entire file is,

T (y, t) = (dlog2(y + 1) − 1e + 2) · t,

where t denotes the RTT of the flow and d·e denotes the ceiling
function. The additional 2 RTTs appear in the equation do to
the fact that TCP uses one RTT to exchange the SYN messages
and another RTT to exchange FIN messages. The bandwidth
received by the flow is

Bs(y, t) =
y

T (y, t)

Assuming y is distributed according to a distribution F and
RTT is uniformly distributed between a and b, we have

rs =
1

b − a

∫ b

a

∫ ∞

0

y

T (y, t)
dF (y)dt

Assuming the file-sizes are distributed according to a heavy
tailed distribution with parameter values given in Table I, the
above expression can be numerically evaluated. From this we
get rs = 89kB/sec. From the simulation results we see that
the short-flows on average receive about 84 kB/sec which is
very close to the limiting rate rs.

VI. CONCLUSIONS

In this paper, we have introduced a simple fluid model to
study the performance of long and short-flows in the Internet.
We have shown that when the router is severely congested,
giving priority to short-flows will significantly enhance their



throughput without significantly degrading the data rates re-
ceived by the long-flows. The improvement seen by short flows
is more pronounced if the initial load on the system is large.
Further, irrespective of the average number of bits left in the
system, the long-flows suffer a only a very small degradation
due to the nature of the traffic distribution in the Internet.
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