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Abstract

Accurate calculation of the three dimensional shape of an
object is one of the classic research areas of computer vi-
sion. Many of the existing methods are based on surface
normal estimation, and subsequent integration of surface
gradients. In general, these methods do not produce valid
surface due to violation of surface integrability. We intro-
duce a new method for shape reconstruction by integration
of valid surface gradient maps. The essence of the new ap-
proach is in the strict enforcement of the surface integra-
bility via belief propagation across graphical model. The
graphical model is selected in such a way to extract in-
formation from underlying, possibly noisy, surface gradient
estimators, utilize the surface integrability constraint, and
produce the maximum a-posteriori estimate of a valid sur-
face. We demonstrate the algorithm for two classic shape
reconstruction techniques; shape-from-shading and photo-
metric stereo. On a set of real and synthetic examples the
new approach is shown to be fast and accurate, in the sense
that shape can be rendered even in the presence of high lev-
els of noise and sharp occlusion boundaries.

1 Intr oduction

Recaorering 3D shapeof objects,classifiedas shape-from-
X techniquesis a classicandfundamentatomputervision
researctarea.Shape-from-Xefersto therecovery of shape
from stereo,motion, texture, shading,etc. In this paper
we focusour attentionon the shaperecovery from images
of a staticobjectmadeunderdifferentlighting conditions,
alsoknown as photometricstereo(PMS) and shape-from-
shading(SFS).

Shape-from-shadingasfirst studiedby Horn[9] in the
early 70’s andsincethentherehasbeena substantialiter-
aturedealingwith the problem. The principalideain SFS
and PMS algorithmsis to invert the mappingfrom surface
gradientso imageintensity The mappingis referredto as
the reflectancamap. The reflectancanap combinesinfor-
mationaboutthelight source surfacematerialandviewing
geometryto form the generallynon-linearrelationshipbe-
tweenthe imageintensity and surfacegradients. Because

themappings notinvertiblelocally usingasinglemeasure-
mentof imageintensity SFSalgorithmssolve for the sur
facegradientsisingseveraldifferentmethods A classof al-
gorithmsuseadditionalconstraintson the surfaceandmin-
imize anenegy function[10, 6, 22]. Otheralgorithmsuse
propagatiorof shapeinformationfrom referencepointsto
iteratively solve for the surfacegradients)ocal surfaceas-
sumptionsor linearapproximationgo the reflectancenap.
A goodreferenceeomparinganddescribingdifferentmeth-
odscanbefoundin [21].

Photometricstereds ashape-from-shadirglgorithmus-
ing severalimageso invertthereflectancenap. It hasbeen
first introducedby Woodhamin 1980[19], and hasbeen
an ongoingresearchproblemin the computervision com-
munity. The basicalgorithmfor PMS estimateshe surface
gradientslocally for eachpixel without using global con-
straints.Amongthe moreadvancedmethodsarethosethat
uselocal confidenceneasureso accountfor surfaceinter
reflectionsandshadaeving [20, 11].

Not all SFSmethodsarebasedn surfacenormalrecon-
structionfollowed by gradientintegration. Therearemeth-
odsthatdirectly estimatethe absoluteheight[4]. For these
methodsthereis no needto estimatethe normal, and no
needto enforceintegrability. However, normalbasedneth-
odsarestill beingused,andwe think thatproblemof accu-
ratereconstructiorstill remainedunsolhedatlarge.

In this paperwe describethe useof belief propagation
in factorgraphsto enforceintegrability on valid surfaces.
Belief propagationin factorgraphshasbeenshown to be
successfuin dealingwith complicatedproblemsinvolving
functionsof mary variableghatcouldbefactorednto local
functions.Themessaggassingn factorgraphsyeferredto
asthe sum-productalgorithm, is an efficient algorithmfor
computingmaminalsor posteriorof variablesin the graph.
Variousalgorithmssuchastheforward-backvardalgorithm,
the Viterbi algorithm, Kalman filtering, and Pearls belief
propagationin Bayesiametworkscanbeviewedasinstances
of thesum-producalgorithm[14]. In caseof loopy factor
graph,the mamginalizationis not guaranteedo corvergeto
thecorrectmarginal or maximuma-posteriori (MAP) of the
variablesof interest. However, belief propagatiorin loopy
factorgraphsshoved promisingresultsin severalproblems



suchas turbo-codesmplementation[13, 3, 2], 2D phase
unwrapping[12], supefresolution[7] andothers[15]. Al-
thoughthe successfukexperimentalresultshase not been
rigorouslyexplainedyet, recentstudieshave begunto theo-
retically analyzeandprove corvergencepropertieof belief
propagationn loopy graphg17, 18, 1].

The integrability constraintin mary SFSandmostPMS
algorithmsis not strictly enforced. One exceptionis the
work of Frankot andChellappd6], in which theintegrabil-
ity is enforcedat eachiterationof theHornandBrooksSFS
algorithm[10] by orthogonalprojectionto the subspacef
valid integrablesurfaces. This methodis not easily appli-
cableto a large classof SFSproblemsandis highly depen-
denton the choiceof basisfunctions. Enforcingthe con-
straintusing factor graphspropagategprobabilitiesacross
the loopy graphto find a valid integrable surface, which
is the MAP solutiongiven the estimatedsurfacegradients
and constraints. Enforcing integrability constraintsacross
graphawasfirst introducedoy Koetteretal. [12] for solving
the 2D phaseunwrappingproblem.For phaseunwrapping,
themostlik ely discretgumpsin the phaseareestimatedn
suchmannetto satisfyintegrability constraint.For SFSand
PMS, we are enforcingintegrability on continuoussurface
gradients.

The restof this paperis organizedas follows: in Sec-
tion 2, we give a brief descriptionand notationsof shape-
from-shadingandphotometricsteregroblems.n Section3,
we describeand analyzethe factor graphsand messages
passingschedulaisedto enforcetheintegrability constraint
on surfacegradients. In Section4, we shov experiments
for bothPMS andSFSalgorithmson realandsyntheticim-
ages.Finally we summarizeour contributionsanddiscuss
directionsfor futurework.

2 Photometric stereoand Shape-Fiom-
Shading- Description and Notation

Shapeeconstructioiin PMSandSFSalgorithmss achieved
by estimatinghe surfacegradientsn the z andy direction,
notedasp = 52 andg = 5= respectiely, from theimage(s)
pixel intensities. To recover the depthmap z(z, y), esti-
matedgradientsare integratedfor each(z, y) alongsome
pathstartingfrom (xo, y0). Figurel1 shawvs the basiccon-
figurationof the surface,light andimageplaneusedin the
SFSand PMS algorithms. Normally, the image planeis
assumedo be parallelto the z — y planeandthe image
projectionis orthographicalthoughthis assumptiorcanbe
relaed.
Theimageirradianceis givenasa functionof p andg,

I(z,y) = R(p,q), 1)
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Figure 1: Basic configurationof the image acquisitionin
SFSandPMSalgorithms

where R(p, q) is the reflectancemap, combiningall infor-
mation aboutthe surface material,illumination and view-
ing geometryinto a mappingfrom the surfaceorientation
to imageintensity In mary casesthe surfaceis assumed
to be Lambertian the lighting to be diffusedandthereare
nointer-reflectionshetweersurfaceelementsUsingthere-
flectancemapbasedon theseassumptiongeadsto the fol-
lowing equationfor imageintensity:

whereg(z,y) = p(z,y)N(z,y), k is a known constant,
p(x,y) is the albedoof the surface, N (z, y) is the surface
unitlengthnormalands is thedirectionof thelight source.
Note that N (z,y) = ”%” is the surfacenormal at point

(x,y). Thesurfacenormalis relatedto the partial deriva-

tives 92 and 2= throughtheformula:
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The problemin PMSis to estimateg givenmultiple im-
agesl (z, y). Becausave areableto controlthedirectionof
thelight sourcesS, with sufficient numberof light sources
(two or threedependingon the prior knowledgeof albedo),
we would be ableto estimateg using a leastsquares(LS)
solutionfor over-constrainedsystem[5]. This is doneby
stackingEg. 2 for all light sourcesn matrix form:

I(rhy) = ng(.Z’,y)., (4)

wherel(z,y) = [I1(z,y), ..., [(z,y)]T,andV isan x 3

matrix whoseit" row is S;, andn is the numberof light

sources.Given noiselesdlata, this solutionis expectedto

give a good approximationof the surface. Forsytheand
Poncg5] describeaaslightly modifiedrepresentationf Eq.4
thattakescareof singularpoints(pointsin whichtheinten-
sity is zerofor all images).In our experimentswve usethe
modifiedequations.



For the SFSproblem,Eq. 2, or its equivalentunderdif-
ferent reflectancemap assignmentsplacesa single con-
strainton the two degreesof freedomof the problem. Typ-
ically, this problemis overcomeby imposingsomeform of
smoothnessonstrainton thefield of surfacenormals.

Let usdenotethepartialderivative with respecto avari-
ablewith thevariablenamein thesubscript.If atsomepoint
py # g theline integral along ary contouraroundthat
point will give nonzerovalue,which s, in termsof vector
fields,aviolation of 'zero curl’ of agradientfield. A direct
consequencis thatthe reconstructedurface,z(x, y), will
dependon theintegrationpath. We will referto the equal-
ity of thesecondrderpartialderivativesastheintegrability
constraintj.e.,

op 0
oy  Ox
p(z,y) —plr,y+1) = qz,y) —qz+1,y). (5)

or,

For mostof the SFSand PMS algorithmsthe estimated
surfacegradientsp andg, neednot satisfythe integrability
constraint. However, for mostalgorithms,the true surface
gradientcannotbetoo farfrom theseestimated/alues.Be-
lief propagatiorin the factorgraphwould try to correctall
zerocurl violations, while taking into accountthe original
estimates.We will demonstratehatimposingthe integra-
bility overelementaryoopsin thegraphicaimodelwill cor
rectthe irregularitiesin the datacausedy eithershadaev-
ing, occlusionboundarie®r noise.

For all practicalpurposesve will assumehatintegrabil-
ity constraintat the point is satisfiedwheneer Eq. 5 holds
with anerrorsmallerthane.

Although we describethe algorithm for the PMS and
SFSproblemsonly, thereare no formal reasonsvhy our
approachwould notbe usedin ary shapereconstructioral-
gorithmthatestimatesurfacegradientsandintegratesover
thegradientdo recoverthe surface.

3 UsingFactor Graphsto Enforceln-
tegrability for Surface Reconstruc-
tion

Factorgraphis a graphicalrepresentationf afunctionthat
could be factoredinto productof simplerterms. Factor
graphconsistf two typesof nodes:functionnodegblack
circlesin Figure 2), and variable nodes. Variable nodes,
in turn, could be hidden(white circles)or obsenable(gray
circles). Obsenable nodesare surfacegradientestimates
obtainedfrom a shape-from-Xalgorithm(A,,, A,), which
might not satisfy the integrability constraint. The hidden
nodesrepresenthe unknawn true valuesof partial deriva-
tives (gradients)of the surface height. We will refer to

themasthe gradientnodes.Eachhiddennodeis connected
to his obsenable node via a function node, which is the
conditional probability density function (pdf) of the hid-
dennodegiventhe obsenation. The conditionalpdf is es-
timatedfrom training data, knowledgeof the problem,or
previous experience. The function nodesconnectingfour
hiddennodesenforcethe zero curl constraintof eachel-
ementaryloop. They areindicatorswhetherEq. 5 is satis-
fied. Hence we namethemchecknodesthetermborronved
from error correctingcodesliterature. The taskis to infer
the valuesof gradientnodes,given the obsenable nodes,
andknown constraintsInferenceis carriedout by iterative
propagatiorof messagebetweercheckandgradientnodes.
Thisgraphicaimodelrepresentthejoint probabilityden-
sity function of all unknownn surfacegradientsgiven their
intial noisy estimatesandindicatorswhethertheintegrabil-
ity constraintis satisfiedfor the whole surface. The sum-
productalgorithmprovidesan efficient way to estimatethe
mauginalsoverthegradientnodes.

partial derivatives over x gradient estimates (evidence)

partial derivatives over y

integrability constraint (check nodes)

Figure 2: Factor graph used for surface reconstruction.
White nodesare the hidden variablesrelated to partial
derivatives(gradients)o be estimated.Gray nodesarethe
obsenednodes inputsfrom PMSor SFSalgorithm.Black
nodesn theinterior of thegrid arethe checknodes.

3.1 MessagePassingin the Factor Graphs

All messagepassedn the factorgrapharein the form of
conditionalprobability densityfunctions. The sum-product
algorithmprovidestwo simpleruleshow the messageare
handledn thevariableandchecknode.For thechecknode
with m neighboringvariablenodes(Figure 3(a)) messages
fromm — 1 variablenodesaremultiplied mutuallyandmul-



tiplied with thevalueof functionnodefor the givenconfig-
urationof variables.This productis thensummedover all
configurationsof m — 1 variablesandthe resultis sentto
remainingm!” variablenode.For the variablenodewith n
neighboringchecknodes(Figure 3(b)) messagefrom n-1
checknodesaremultiplied, normalizedandsentto remain-
ing nt" checknode.In thelastiterationall messagearriv-
ing to variablenodearecombined(Figure3(c)).

Initially, all gradientnodesreceve a singlemessagey,
from their obsenablenodes. Obsenable nodesdo not re-
ceiveary messageandtheirvaluesdonoalterbecausé¢hey
areobsened. Themessagpassedrom anobsenablenode
to its gradientnodeis the conditional probability density
function of the hiddenvariablegivenits local obsenation.
For easeof notation,we referto eitherp or ¢ ash, andto
local obsenationasio. We assumésaussiardensityi.e.,

vo = f(hllo) ~ N(h; puo = (Ag or Ay), 0f,) (6)

whereoy, is level of uncertaintyequal for all obsenations.

At eachiterationof the sum-productlgorithm,the gra-
dientnodessendtheir messaget all the checknodesthey
areconnectedo. As shavn in Figure 3(a), the checknode
receves messages, v, and vz from its three neighbors
and, after processing sendsthe message/, to its fourth
neighbor This processs repeatedor eachof the gradi-
ent nodesconnectedo a checknode. The messagee-
ing passedo the fourth gradientnode can be thought of
asanevidenceof the valueof the fourth variablegiventhe
valuesof otherthreevariableswhenthe integrability con-
straintis satisfiedn theelementaryoop,i.e.,p(z,y+1) =
—q(z,y) + p(z,y) +q(z +1,y). Becausehe pdf of asum
of independentandomvariableds corvolution of the pdfs,
the messagesentfrom the checknodeto the fourth node
isvy = v * 1y * v3, Where“x” denotescornvolution. The
convolution of Gaussianss a Gaussianleadingto the fol-
lowing updateformulae

e = —p1 + p2 + p3
2

o :af2+0;2+0§2, (7
where(u;, 0;) aremeanandvarianceof a Gaussiany;.

The variablenodesreceve two typesof messages(1)
messagérom theirlocalobsenation,and(2) messagesom
neighboringchecknodes.In eachiterationof sum-product
algorithm, apartfrom the last, the gradientnodesmultiply
themessag&om onechecknodewith thelocal obsenation
and sendthe normalizedproductto the other checknode
(Figure 3(b). This messageassingscheduleforcesmes-
sagedo traversea long pathbeforeeventuallyreturningto
originatingnode. Becausehe productof two Gaussianss
againa Gaussianjn eachiteration of the sum-productal-
gorithm all messagesre Gaussians.In the final iteration
of the sum-productlgorithmall messagesentto a gradi-

entnodeare multiplied (Figure 3(c)). The posteriorof the
gradientnodein termsof threefinal messages

f(hlall observations) = vy - v1 - V2 =
f(h|all observations) ~ N (un, o) where,
1
M = (M—l; + u;hl + M;hz) c— — — and,
90 Ochy Tchy T + Ochy + Ochy
1
0']% = —92 (8)

0-1702 + 0;L21 + Uchg
andwherelo relatesto vy, andchy, cho relateto vq, 5. The
meanof aresultingGaussianyuy,, is the MAP estimateof
theunknown surfacegradient.
Thecomputationatomplexity of eachiterationin O(n),
wheren is the numberof pixelsin theimage. Becausahe
numberof iterationsis normally muchsmallerthann, the
total compleity is againlinearin n. This makesthe al-
gorithm practicalfor real time implementation. From the
natureof thefactorgraphsit is alsopossibleto parallelize
themessag@assinghusfurtherimproving performance.

p(xy+1)

@ (b) (©)

Figure 3: Messagepassingfor an elementaryloop. (a)
shavs the messagesentfrom threegradientnodesto the
checknode,andthe messag@assedo thefourth node.(b)
shavs the messagesentfrom local obsenation and one
checknode,andthe messag@assedo secondchecknode.
(c) shavs combinationof all messagem thefinal iteration.

4 Experiments

To illustratethe advantage®of our methodwe show results
for shape-from-shadingnd photometricstereo. Because
thereis alargevarietyof algorithmsfor bothPMSandSFS,
we decidedto choosegust onealgorithmfor eachmethod.
The main purposeof the experimentsis to illustrate how
post-processinthe outputof shape-from-Xalgorithmsus-
ing belief propagatiorsuccessfullyenforceshe integrabil-
ity. The experimentsalso demonstratehat enforcingthe
constraintyields a bettersurfacereconstructionboth visu-
ally andanalytically



4.1 Photometric Stereo Experiment

We usedepthmapimagesof threeobjectsavailablefrom [8]
to generateghreeimagesof eachobject using differentil-
luminants,and add significantamountof white Gaussian
noiseto the original noiselessdepth map (approximately
10% noisevariance).The 3D reconstructiorof the objects
from the noiselesslepthmapscanbe seenin Figure5(a).

The basicalgorithmfor estimatingthe surfacenormals
and albedois describedn [5] andin Eg. 4. Becausehe
least-squarestimationdoesnot necessarilyproduceavalid
smoothsurface, the estimatedirst order derivatives sene
asthe local obsenationsto the gradientnodes,as shavn
in Figure2. Integratingthefinite differencegrom the pixel
(1,1)yieldsthereconstructedurfacesasseerin Figure5(b).
Becausehedirectionof integrationis fixed,theerrorsprop-
agateand accumulateand the reconstructedurfacesare
noisy. The first column of Table 1 shaws the percentage
of elementaryoopsviolating the integrability. An elemen-
tary loop violatestheintegrability constraintf the absolute
value of the integral of the four neighboringgradientsis
greaterthane.

Figure 4 shows, as images,the valuesof the integra-
tion alongeachfour pixel patchfor the Sombreraexample.
Ideally, all of the integrals shouldbe zero. Initially (Fig-
ure4(a)), mary arefar from satisfyingthe constraintwith
e =5-1073. After 27 iterationsall of the elementaryoop
integrals satisfy the constraint(Figure 4(b)). The recon-
structedsurfaceof eachobjectaftertheiterationsis shavn
in Figure5(c). Thevideosincludedassupplementaryna-
terial visualizehow the numberof violations decreasédor
eachiteration and the visual impact on the reconstructed
surface.

Thenumberof iterationsneededo achieve zeronumber
of curl violationsis shavn in theleft columnof Tablel. For
the Sombreroand Mozart surfaces,it takesfew iterations,
dueto thefactthatthe surfaceis very smooth.The Mozart
surfaceis more comple, asit includesa sharpocclusion
boundaryandfine surfacedetails. At closeinspection,it is
apparenthat discontinuitiesare maintained andthereis a
minimal loss of the detailsin the surface. This is a com-
pelling featureof the method- at eachiterationthe value
of the original measuremeris alwaysusedasthelocal ob-
senation,andits effect doesnot fadeaway. For the Penry
examplemoreiterationsareneededo correctthe curl vio-
lations. The Penry examplehassharpboundariesandthe
bowl shapeof the depthmap causeocclusions.Neverthe-
less,mosterrorsarecorrectedn thefirst few iterations(see
supplementarynovies),anda small percentagef errorsat
theouterregion of the surfacerequirefurtheriterating.

The advantageof using syntheticimagesis thata com-
parisorbetweerthegroundtruthandthereconstructedepth
mapcanbe carriedout. We computethe meansquarecer-
ror (MSE) for eachexample. Table 2 shavs the MSE and

Object Initial % violations | Numberof iterations
Sombrero 95% 27
Mozart 94% 28
MovieMoz.mpg
ErrMovMoz.mpg
Penry 81% 124
MoviePenny.mpg
ErrMovPenny.mpg
Lenna 96% 59
Mask 97% 27

Tablel: Initial percentagef elementaryoopsviolatingthe
curl constraintand numberof iterationsneededo achiere
zeroviolations
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Figure4: Integrationerrorimagesbeforeandafterthe en-
forcementof the constraintfor the Sombreraexample.The
headingshowv thenumberof pixelsviolatingtheconstraint,
the numberof pixelsnotin violation, andthe numberof it-
erations. The color bar shavs valuescorrespondingdo the
colorintensity Flatgrayis zeroandblackandwhite arethe
maximumandminimumviolation.

thevarianceof theMSE for thereconstructedurfacebefore
andafterthebeliefpropagationTheMSEwascomputedn
anormalizedversionof the depthmaps,i.e., the maximum
heightof the objectwasnormalizedto 1, sothe MSEsbe-
tweendifferentobjectsare comparable.As expectedfrom
thevisualinspectionthe surfacequality is significantlyim-
proved. The biggestimprovementwas for the Sombrero
example. This is not surprisingbecausdor the Sombrero
examplelarge regions were shadeved with differentlight
sources,making the estimationinaccurate. However, the
surfaceis smoothandthe correctionhada large effect. The
Mozartexamplehadthemostsingularitiesgspeciallyaround
the noseandsomearoundthe chin, which is the reasorfor
the MSE varianceremaininghigh after the correction. In
fact,while 37% of the pointsexceededhis errorbeforethe
correction,lessthan 4% of the points had a squarederror
largerthan10—2 afterthereconstructionFor the Penry ex-
ample,mostof the problemsoccurredaroundthe edgesof
the coin, because®f the large differencein the height. The
final resultis improved both in termsof the MSE andthe



MSE variance. This exampleshaws the capabilitiesof the
methodto handleerrorsdueto sharpocclusionboundaries

while preservingsubtledetails.

Object Initial MSE + o5 | FinalMSE+ 055
Sombrero 3.4-1073, 0.48 -1073,
c=68-10"3 c=17-10"3
Mozart 1.7-1073, 0.7-1073,
c=5-10"3 c=5-10"3
Penry 5.103, 0.95- 103,
0c=181-10"3 0c=0.78-10"3

Table2: MeanSquareerrorof surfacereconstructiorior the
PMSsyntheticexamples.o ;s isthestandardleviation of
theMSE

4.2 Shape-from-shadingExperiment

We use an algorithm proposedand implementedby Tsai
andShah[16]. The codeandimagedataare availableon
the web [8], andthereforethe resultsare invariantto ary
implementationor datasetchoices. For the tests,we use
two realphotos | ennaandMask. Figure6 shavstheresult
of theexperiment.Theinitial reconstructiorhasa high per
centageof integrability violationson the surface(Table 1).
Neverthelessthe initial results,shovn in Figure 6(b), are
visibly goodbecausehe constraintviolationsarenot large
in magnitude Only a few iterationswereneededo achieve
avisibly betterreconstructionshovn in Figure6(c).

5 Summary and Conclusions

In this papemwe shav how enforcemenbf theintegrability
constrainbn estimate®f surfacegradientss efficiently ap-
plied usingbelief propagatioracrossactorgraphs.Thisis
animportantstepin surfacereconstructionbothfor visual-
izationandrecognitionapplicationsusing 3D objectinfor-
mation.

We demonstratéhealgorithmfor two relatedshape-from-

X methods,namely shape-from-shadingnd photometric
stereo. Goodresultsare shownn for real and syntheticim-
ages.For thesyntheticexamples)argenoiseis addedo the
images,yielding noisy outputfor the standardPMS algo-
rithm. Enforcingtheintegrability handleshenoisewithout
smoothingoutfine details. Theresultis alsoreflectedn the
significantimprovementof the MSE betweenthe original
surfaceandthe reconstructedne. For realimages,a SFS
methodis appliedandusedasinputto the factorgraphap-
proach. As in the syntheticexamples theinitial estimates
violate the integrability, effecting the visual quality of the
reconstructedbject. Apartfrom thevisualimprovementt
is fair to assumehat patternrecognitionalgorithmswould

benefitrom amoreaccuratesurfaceestimatealthoughthis
is justaconjectureat this point.

Somefutureresearchlirectionsareonthelevel of appli-
cationsand on the basicfactorgraphlevel. On the appli-
cationlevel, it remainsto be seenif similar resultscanbe
achievedby applyingthe methodto othershape-from-Xal-
gorithms(suchasshap&rom motion),andif therewouldbe
significantimprovementfor various3D patternrecognition
algorithms.In termsof thebasicfactorgraphmodel,several
changesnight be usefulin differentsettings.Learningthe
varianceof the local obsenation pdf from the datawould
assignhighervarianceto areasthat have larger violations.
Anotherimprovementis enforcingthe constraintnot only
on elementanfoops,but on additionallargerloops,adding
asmary layersin thefactorgraphasdesired.

Although the empiricalresultsin this paperare further
evidenceof the correctnes®f the sum-productalgorithm
for loopy graphsof arbitrarystructure amathematicgbroof
of theconjecturestill remainsan openresearclissue.
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