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Abstract

Accurate calculation of the three dimensional shape of an
object is one of the classic research areas of computer vi-
sion. Many of the existing methods are based on surface
normal estimation, and subsequent integration of surface
gradients. In general, these methods do not produce valid
surface due to violation of surface integrability. We intro-
duce a new method for shape reconstruction by integration
of valid surface gradient maps. The essence of the new ap-
proach is in the strict enforcement of the surface integra-
bility via belief propagation across graphical model. The
graphical model is selected in such a way to extract in-
formation from underlying, possibly noisy, surface gradient
estimators, utilize the surface integrability constraint, and
produce the maximum a-posteriori estimate of a valid sur-
face. We demonstrate the algorithm for two classic shape
reconstruction techniques; shape-from-shading and photo-
metric stereo. On a set of real and synthetic examples the
new approach is shown to be fast and accurate, in the sense
that shape can be rendered even in the presence of high lev-
els of noise and sharp occlusion boundaries.

1 Intr oduction

Recovering3D shapeof objects,classifiedasshape-from-
X techniques,is a classicandfundamentalcomputervision
researcharea.Shape-from-Xrefersto therecoveryof shape
from stereo,motion, texture, shading,etc. In this paper
we focusour attentionon the shaperecovery from images
of a staticobjectmadeunderdifferentlighting conditions,
alsoknown asphotometricstereo(PMS) andshape-from-
shading(SFS).

Shape-from-shadingwasfirst studiedby Horn [9] in the
early70’s andsincethentherehasbeena substantialliter-
aturedealingwith the problem. The principal ideain SFS
andPMSalgorithmsis to invert themappingfrom surface
gradientsto imageintensity. Themappingis referredto as
the reflectancemap. The reflectancemapcombinesinfor-
mationaboutthelight source,surfacematerialandviewing
geometryto form the generallynon-linearrelationshipbe-
tweenthe imageintensityandsurfacegradients.Because

themappingis not invertiblelocally usingasinglemeasure-
mentof imageintensity, SFSalgorithmssolve for the sur-
facegradientsusingseveraldifferentmethods.A classof al-
gorithmsuseadditionalconstraintson thesurfaceandmin-
imize anenergy function [10, 6, 22]. Otheralgorithmsuse
propagationof shapeinformationfrom referencepointsto
iteratively solve for the surfacegradients,local surfaceas-
sumptionsor linearapproximationsto thereflectancemap.
A goodreferencecomparinganddescribingdifferentmeth-
odscanbefoundin [21].

Photometricstereoisashape-from-shadingalgorithmus-
ing severalimagesto invert thereflectancemap.It hasbeen
first introducedby Woodhamin 1980 [19], and hasbeen
an ongoingresearchproblemin the computervision com-
munity. Thebasicalgorithmfor PMSestimatesthesurface
gradientslocally for eachpixel without usingglobal con-
straints.Amongthemoreadvancedmethodsarethosethat
uselocal confidencemeasuresto accountfor surfaceinter-
reflectionsandshadowing [20, 11].

Not all SFSmethodsarebasedonsurfacenormalrecon-
structionfollowedby gradientintegration.Therearemeth-
odsthatdirectly estimatetheabsoluteheight[4]. For these
methodsthereis no needto estimatethe normal, and no
needto enforceintegrability. However, normalbasedmeth-
odsarestill beingused,andwe think thatproblemof accu-
ratereconstructionstill remainedunsolvedat large.

In this paperwe describethe useof belief propagation
in factorgraphsto enforceintegrability on valid surfaces.
Belief propagationin factorgraphshasbeenshown to be
successfulin dealingwith complicatedproblemsinvolving
functionsof many variablesthatcouldbefactoredinto local
functions.Themessagepassingin factorgraphs,referredto
asthe sum-productalgorithm,is an efficient algorithmfor
computingmarginalsor posteriorof variablesin thegraph.
Variousalgorithmssuchastheforward-backwardalgorithm,
the Viterbi algorithm,Kalmanfiltering, andPearl’s belief
propagationin Bayesiannetworkscanbeviewedasinstances
of thesum-productalgorithm[14]. In casesof loopy factor
graph,themarginalizationis not guaranteedto convergeto
thecorrectmarginalor maximuma-posteriori (MAP) of the
variablesof interest.However, belief propagationin loopy
factorgraphsshowedpromisingresultsin severalproblems



suchas turbo-codesimplementation[13, 3, 2], 2D phase
unwrapping[12], super-resolution[7] andothers[15]. Al-
thoughthe successfulexperimentalresultshave not been
rigorouslyexplainedyet,recentstudieshavebegunto theo-
reticallyanalyzeandproveconvergencepropertiesof belief
propagationin loopy graphs[17, 18, 1].

Theintegrability constraintin many SFSandmostPMS
algorithmsis not strictly enforced. One exceptionis the
work of Frankot andChellappa[6], in which theintegrabil-
ity is enforcedateachiterationof theHornandBrooksSFS
algorithm[10] by orthogonalprojectionto thesubspaceof
valid integrablesurfaces.This methodis not easilyappli-
cableto a largeclassof SFSproblemsandis highly depen-
denton the choiceof basisfunctions. Enforcing the con-
straint using factorgraphspropagatesprobabilitiesacross
the loopy graphto find a valid integrablesurface,which
is the MAP solutiongiven the estimatedsurfacegradients
andconstraints.Enforcing integrability constraintsacross
graphswasfirst introducedby Koetteretal. [12] for solving
the2D phaseunwrappingproblem.For phaseunwrapping,
themostlikely discretejumpsin thephaseareestimatedin
suchmannerto satisfyintegrability constraint.For SFSand
PMS,we areenforcingintegrability on continuoussurface
gradients.

The rest of this paperis organizedas follows: in Sec-
tion 2, we give a brief descriptionandnotationsof shape-
from-shadingandphotometricstereoproblems.In Section3,
we describeand analyzethe factor graphsand messages
passingscheduleusedto enforcetheintegrability constraint
on surfacegradients. In Section4, we show experiments
for bothPMSandSFSalgorithmsonrealandsyntheticim-
ages.Finally we summarizeour contributionsanddiscuss
directionsfor futurework.

2 PhotometricstereoandShape-From-
Shading- Description and Notation

Shapereconstructionin PMSandSFSalgorithmsisachieved
by estimatingthesurfacegradientsin the � and� direction,
notedas��� ������ and 	
� ������ respectively, from theimage(s)
pixel intensities. To recover the depthmap 
�� ��� ��� , esti-
matedgradientsare integratedfor each � ��� ��� alongsome
pathstartingfrom � ����� � � � . Figure1 shows the basiccon-
figurationof thesurface,light andimageplaneusedin the
SFSand PMS algorithms. Normally, the imageplane is
assumedto be parallel to the ��� � planeand the image
projectionis orthographic,althoughthis assumptioncanbe
relaxed.

Theimageirradianceis givenasa functionof � and 	 ,
� � ��� �������
��� � 	 � � (1)
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Figure 1: Basic configurationof the imageacquisitionin
SFSandPMSalgorithms

where �
��� � 	 � is the reflectancemap,combiningall infor-
mationaboutthe surfacematerial,illumination andview-
ing geometryinto a mappingfrom the surfaceorientation
to imageintensity. In many cases,the surfaceis assumed
to be Lambertian,the lighting to be diffusedandthereare
no inter-reflectionsbetweensurfaceelements.Usingthere-
flectancemapbasedon theseassumptionsleadsto the fol-
lowing equationfor imageintensity:

� � ��� ���!� "�#�� ��� ���%$&� ��� ���(' )
� "+*�� ��� ���(',) � (2)

where *�� ��� �����-#.� ��� ���/$0� ��� ��� , " is a known constant,
#.� ��� ��� is thealbedoof thesurface,$0� ��� ��� is the surface
unit lengthnormaland ) is thedirectionof thelight source.
Note that $0� ��� ���1� 23 2 3 is the surfacenormal at point
� ��� ��� . The surfacenormal is relatedto the partial deriva-
tives

������ and
������ throughtheformula:
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Theproblemin PMSis to estimate* givenmultiple im-
ages

� � ��� ��� . Becauseweareableto controlthedirectionof
thelight sources) , with sufficient numberof light sources
(two or threedependingon theprior knowledgeof albedo),
we would be able to estimate* usinga leastsquares(LS)
solution for over-constrainedsystem[5]. This is doneby
stackingEq.2 for all light sourcesin matrix form:

> � ��� ���?� "A@B*�� ��� ��� � (4)

where
> � ��� ���C�ED ��F � ��� ��� � =G=G= � ��H � ��� ���%I < , and @ is a JLKNM

matrix whoseOQP%R row is )TS , and J is the numberof light
sources.Given noiselessdata,this solutionis expectedto
give a good approximationof the surface. Forsytheand
Ponce[5] describeaslightlymodifiedrepresentationof Eq.4
thattakescareof singularpoints(pointsin which theinten-
sity is zerofor all images).In our experimentswe usethe
modifiedequations.



For theSFSproblem,Eq. 2, or its equivalentunderdif-
ferent reflectancemap assignments,placesa single con-
strainton thetwo degreesof freedomof theproblem.Typ-
ically, this problemis overcomeby imposingsomeform of
smoothnessconstrainton thefield of surfacenormals.

Let usdenotethepartialderivativewith respectto avari-
ablewith thevariablenamein thesubscript.If atsomepoint
� �&U�V	 � the line integral along any contouraroundthat
point will give nonzerovalue,which is, in termsof vector
fields,a violation of ’zero curl’ of a gradientfield. A direct
consequenceis that the reconstructedsurface, 
W� ��� ��� , will
dependon the integrationpath. We will refer to theequal-
ity of thesecondorderpartialderivativesastheintegrability
constraint,i.e.,

: �
: � � : 	

: �YX Z �
�(� ��� ��� � �(� ��� � 6L5 �[� 	 � ��� ��� � 	 � � 6L5 � ��� = (5)

For mostof the SFSandPMSalgorithmstheestimated
surfacegradients,� and 	 , neednot satisfytheintegrability
constraint.However, for mostalgorithms,the true surface
gradientcannotbetoo far from theseestimatedvalues.Be-
lief propagationin thefactorgraphwould try to correctall
zerocurl violations,while taking into accountthe original
estimates.We will demonstratethat imposingthe integra-
bility overelementaryloopsin thegraphicalmodelwill cor-
rect the irregularitiesin the datacausedby eithershadow-
ing, occlusionboundariesor noise.

For all practicalpurposeswewill assumethatintegrabil-
ity constraintat thepoint is satisfiedwhenever Eq. 5 holds
with anerrorsmallerthan \ .

Although we describethe algorithm for the PMS and
SFSproblemsonly, thereare no formal reasonswhy our
approachwould not beusedin any shapereconstructional-
gorithmthatestimatessurfacegradientsandintegratesover
thegradientsto recover thesurface.

3 UsingFactor Graphs to EnforceIn-
tegrability for SurfaceReconstruc-
tion

Factorgraphis a graphicalrepresentationof a functionthat
could be factoredinto product of simpler terms. Factor
graphconsistsof two typesof nodes:functionnodes(black
circles in Figure 2), and variablenodes. Variablenodes,
in turn,couldbehidden(white circles)or observable(gray
circles). Observablenodesare surfacegradientestimates
obtainedfrom a shape-from-Xalgorithm( ]^ � , ]^ � ), which
might not satisfy the integrability constraint. The hidden
nodesrepresentthe unknown true valuesof partial deriva-
tives (gradients)of the surface height. We will refer to

themasthegradientnodes.Eachhiddennodeis connected
to his observable nodevia a function node,which is the
conditionalprobability density function (pdf) of the hid-
dennodegiventheobservation. Theconditionalpdf is es-
timatedfrom training data,knowledgeof the problem,or
previous experience. The function nodesconnectingfour
hiddennodesenforcethe zero curl constraintof eachel-
ementaryloop. They areindicatorswhetherEq. 5 is satis-
fied. Hence,wenamethemchecknodes,thetermborrowed
from error correctingcodesliterature. The taskis to infer
the valuesof gradientnodes,given the observablenodes,
andknown constraints.Inferenceis carriedout by iterative
propagationof messagesbetweencheckandgradientnodes.

Thisgraphicalmodelrepresentsthejoint probabilityden-
sity function of all unknown surfacegradientsgiven their
intial noisyestimatesandindicatorswhethertheintegrabil-
ity constraintis satisfiedfor the whole surface. The sum-
productalgorithmprovidesanefficient way to estimatethe
marginalsover thegradientnodes.
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Figure 2: Factor graph used for surface reconstruction.
White nodesare the hidden variablesrelated to partial
derivatives(gradients)to beestimated.Graynodesarethe
observednodes- inputsfrom PMSor SFSalgorithm.Black
nodesin theinteriorof thegrid arethechecknodes.

3.1 MessagePassingin the Factor Graphs

All messagespassedin the factorgrapharein the form of
conditionalprobabilitydensityfunctions.Thesum-product
algorithmprovidestwo simpleruleshow themessagesare
handledin thevariableandchecknode.For thechecknode
with _ neighboringvariablenodes(Figure3(a))messages
from _ � 5

variablenodesaremultipliedmutuallyandmul-



tiplied with thevalueof functionnodefor thegivenconfig-
urationof variables.This productis thensummedover all
configurationsof _ � 5

variables,andthe resultis sentto
remaining_1P%R variablenode.For thevariablenodewith J
neighboringchecknodes(Figure3(b)) messagesfrom n-1
checknodesaremultiplied,normalizedandsentto remain-
ing J�P%R checknode.In thelast iterationall messagesarriv-
ing to variablenodearecombined(Figure3(c)).

Initially, all gradientnodesreceive a singlemessage,` �
from their observablenodes.Observablenodesdo not re-
ceiveany messagesandtheirvaluesdonoalterbecausethey
areobserved.Themessagepassedfrom anobservablenode
to its gradientnodeis the conditionalprobability density
functionof the hiddenvariablegiven its local observation.
For easeof notation,we refer to either � or 	 as a , andto
localobservationas bdc . We assumeGaussiandensity, i.e.,

` � �fe��ga�hibjc ��kmlE�na(oqp�rts
�u�v]^ � cxwY]^ � � �zy 8rts � (6)

where y rts is level of uncertaintyequal for all observations.
At eachiterationof thesum-productalgorithm,thegra-

dientnodessendtheir messagesto all thechecknodesthey
areconnectedto. As shown in Figure3(a), thechecknode
receives messages̀

F � ` 8 and `|{ from its threeneighbors
and, after processing,sendsthe messagè|} to its fourth
neighbor. This processis repeatedfor eachof the gradi-
ent nodesconnectedto a check node. The messagebe-
ing passedto the fourth gradientnodecan be thoughtof
asanevidenceof thevalueof thefourth variablegiventhe
valuesof other threevariableswhenthe integrability con-
straintis satisfiedin theelementaryloop, i.e., �(� ��� � 6~5 ���� 	 � ��� ��� 6 �(� ��� ��� 6 	 � � 6�5 � ��� . Becausethepdf of asum
of independentrandomvariablesis convolutionof thepdfs,
the messagesentfrom the checknodeto the fourth node
is `|}���` F�� ` 8 � `z{ , where“

�
” denotesconvolution. The

convolution of Gaussiansis a Gaussian,leadingto the fol-
lowing updateformulae

p } � � p F 6 p 8 6 p {y�� 8} � y�� 8F 6 y�� 88
6 y�� 8{ � (7)

where ��p�S ��y Sx� aremeanandvarianceof a Gaussiaǹ�S .
The variablenodesreceive two typesof messages:(1)

messagefromtheirlocalobservation,and(2)messagesfrom
neighboringchecknodes.In eachiterationof sum-product
algorithm,apartfrom the last, the gradientnodesmultiply
themessagefrom onechecknodewith thelocalobservation
andsendthe normalizedproductto the other checknode
(Figure3(b). This messagepassingscheduleforcesmes-
sagesto traversea long pathbeforeeventuallyreturningto
originatingnode.Becausetheproductof two Gaussiansis
againa Gaussian,in eachiterationof the sum-productal-
gorithm all messagesareGaussians.In the final iteration
of thesum-productalgorithmall messagessentto a gradi-

ent nodearemultiplied (Figure3(c)). Theposteriorof the
gradientnodein termsof threefinal messagesis

e��na�h���bjb�c��|���Qw������nO|cxJC�+���f` � '�` F '�` 8 �e��ga�hi��bjb�c��|���Qw������nO|cxJC�+��k�lE�Gp R ��y 8R ���7��� Z � �
p R ��� p rtsy 8rts

6 p�� RW�y 8� R �
6 p�� R��y 8� R �

�('
5

y�� 8rts 6 y�� 8� R �
6 y�� 8� R �

� ��� �

y 8R �
5

y�� 8r�s 6 y�� 8� R �
6 y�� 8� R �

� (8)

andwherebjc relatesto ` � , and �za F � �|a 8 relateto ` F � ` 8 . The
meanof a resultingGaussian,p R , is the MAP estimateof
theunknown surfacegradient.

Thecomputationalcomplexity of eachiterationin ����J�� ,
whereJ is thenumberof pixels in the image.Becausethe
numberof iterationsis normally muchsmallerthan J , the
total complexity is againlinear in J . This makes the al-
gorithm practicalfor real time implementation.From the
natureof thefactorgraphs,it is alsopossibleto parallelize
themessagepassingthusfurtherimproving performance.
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Figure 3: Messagepassingfor an elementaryloop. (a)
shows the messagessentfrom threegradientnodesto the
checknode,andthemessagepassedto thefourth node.(b)
shows the messagessent from local observation and one
checknode,andthemessagepassedto secondchecknode.
(c) showscombinationof all messagesin thefinal iteration.

4 Experiments

To illustratetheadvantagesof our methodwe show results
for shape-from-shadingand photometricstereo. Because
thereis alargevarietyof algorithmsfor bothPMSandSFS,
we decidedto choosejust onealgorithmfor eachmethod.
The main purposeof the experimentsis to illustrate how
post-processingtheoutputof shape-from-Xalgorithmsus-
ing belief propagationsuccessfullyenforcesthe integrabil-
ity. The experimentsalso demonstratethat enforcingthe
constraintyieldsa bettersurfacereconstruction,bothvisu-
ally andanalytically.



4.1 Photometric StereoExperiment

Weusedepthmapimagesof threeobjectsavailablefrom[8]
to generatethreeimagesof eachobjectusingdifferent il-
luminants,and add significantamountof white Gaussian
noiseto the original noiselessdepthmap (approximately
10%noisevariance).The3D reconstructionof theobjects
from thenoiselessdepthmapscanbeseenin Figure5(a).

The basicalgorithmfor estimatingthe surfacenormals
andalbedois describedin [5] and in Eq. 4. Becausethe
least-squareestimationdoesnotnecessarilyproduceavalid
smoothsurface,the estimatedfirst orderderivativesserve
as the local observationsto the gradientnodes,as shown
in Figure2. Integratingthefinite differencesfrom thepixel
(1,1)yieldsthereconstructedsurfacesasseenin Figure5(b).
Becausethedirectionof integrationis fixed,theerrorsprop-
agateand accumulate,and the reconstructedsurfacesare
noisy. The first column of Table 1 shows the percentage
of elementaryloopsviolating theintegrability. An elemen-
tary loop violatestheintegrability constraintif theabsolute
value of the integral of the four neighboringgradientsis
greaterthan \ .

Figure 4 shows, as images,the valuesof the integra-
tion alongeachfour pixel patchfor theSombreroexample.
Ideally, all of the integralsshouldbe zero. Initially (Fig-
ure4(a)),many arefar from satisfyingtheconstraint,with
\��L v' 5¢¡ � { . After 27 iterationsall of theelementaryloop
integrals satisfy the constraint(Figure 4(b)). The recon-
structedsurfaceof eachobjectafter theiterationsis shown
in Figure5(c). Thevideosincludedassupplementaryma-
terial visualizehow the numberof violationsdecreasefor
eachiteration and the visual impact on the reconstructed
surface.

Thenumberof iterationsneededto achievezeronumber
of curl violationsis shown in theleft columnof Table1. For
the SombreroandMozart surfaces,it takesfew iterations,
dueto thefact that thesurfaceis very smooth.TheMozart
surfaceis morecomplex, as it includesa sharpocclusion
boundaryandfine surfacedetails.At closeinspection,it is
apparentthatdiscontinuitiesaremaintained,andthereis a
minimal lossof the detailsin the surface. This is a com-
pelling featureof the method- at eachiteration the value
of theoriginal measurementis alwaysusedasthelocal ob-
servation,andits effect doesnot fadeaway. For thePenny
examplemoreiterationsareneededto correctthecurl vio-
lations. ThePenny examplehassharpboundaries,andthe
bowl shapeof thedepthmapcausesocclusions.Neverthe-
less,mosterrorsarecorrectedin thefirst few iterations(see
supplementarymovies),anda smallpercentageof errorsat
theouterregionof thesurfacerequirefurtheriterating.

The advantageof usingsyntheticimagesis that a com-
parisonbetweenthegroundtruthandthereconstructeddepth
mapcanbecarriedout. We computethemeansquareder-
ror (MSE) for eachexample. Table2 shows the MSE and

Object Initial % violations Numberof iterations
Sombrero 95% 27
Mozart 94% 28

MovieMoz.mpg
ErrMovMoz.mpg

Penny 81% 124
MoviePenny.mpg

ErrMovPenny.mpg
Lenna 96% 59
Mask 97% 27

Table1: Initial percentageof elementaryloopsviolatingthe
curl constraintandnumberof iterationsneededto achieve
zeroviolations

(a) Initial errorimages (b) Final errorimages

Figure4: Integrationerror imagesbeforeandafter theen-
forcementof theconstraintfor theSombreroexample.The
headingsshow thenumberof pixelsviolatingtheconstraint,
thenumberof pixelsnot in violation,andthenumberof it-
erations.The color bar shows valuescorrespondingto the
color intensity. Flatgrayis zeroandblackandwhitearethe
maximumandminimumviolation.

thevarianceof theMSEfor thereconstructedsurfacebefore
andafterthebeliefpropagation.TheMSEwascomputedon
a normalizedversionof thedepthmaps,i.e., themaximum
heightof the objectwasnormalizedto 1, so the MSEsbe-
tweendifferentobjectsarecomparable.As expectedfrom
thevisualinspection,thesurfacequality is significantlyim-
proved. The biggestimprovementwas for the Sombrero
example. This is not surprisingbecausefor the Sombrero
examplelarge regionswereshadowed with different light
sources,making the estimationinaccurate. However, the
surfaceis smoothandthecorrectionhada largeeffect. The
Mozartexamplehadthemostsingularities,especiallyaround
thenoseandsomearoundthechin, which is thereasonfor
the MSE varianceremaininghigh after the correction. In
fact,while 37%of thepointsexceededthis errorbeforethe
correction,lessthan4% of the pointshada squarederror
largerthan

5¢¡ � { afterthereconstruction.For thePenny ex-
ample,mostof theproblemsoccurredaroundthe edgesof
thecoin, becauseof the largedifferencein theheight. The
final result is improvedboth in termsof the MSE andthe



MSE variance.This exampleshows thecapabilitiesof the
methodto handleerrorsdueto sharpocclusionboundaries
while preservingsubtledetails.

Object Initial MSE + y�£¥¤�¦ Final MSE+ y�£¥¤�¦
Sombrero M = § ' 5¢¡ � { , ¡¨= § © ' 5¢¡ � { ,y �«ª = © ' 5¢¡ � { y � 5�=%¬ ' 5¢¡ � {
Mozart

5+=�¬ ' 5¢¡ � { , ¡¨=%¬ ' 5¢¡ � { ,y �« ­' 5|¡ � { y �« ­' 5¢¡ � {
Penny  ­' 5|¡ � { , ¡¨= ®  
' 5¢¡ � { ,y � 5¢©¨=%5 ' 5¢¡ � { y � ¡¨=%¬¢© ' 5|¡ � {

Table2: MeanSquareerrorof surfacereconstructionfor the
PMSsyntheticexamples.y £¥¤�¦ is thestandarddeviationof
theMSE

4.2 Shape-from-shadingExperiment

We usean algorithm proposedand implementedby Tsai
andShah[16]. The codeandimagedataareavailableon
the web [8], and thereforethe resultsare invariant to any
implementationor datasetchoices. For the tests,we use
two realphotos,LennaandMask.Figure6 showstheresult
of theexperiment.Theinitial reconstructionhasahighper-
centageof integrability violationson thesurface(Table1).
Nevertheless,the initial results,shown in Figure6(b), are
visibly goodbecausetheconstraintviolationsarenot large
in magnitude.Only a few iterationswereneededto achieve
avisibly betterreconstruction,shown in Figure6(c).

5 Summary and Conclusions

In this paperwe show how enforcementof theintegrability
constraintonestimatesof surfacegradientsis efficiently ap-
plied usingbelief propagationacrossfactorgraphs.This is
animportantstepin surfacereconstruction,bothfor visual-
izationandrecognitionapplicationsusing3D objectinfor-
mation.

Wedemonstratethealgorithmfor tworelatedshape-from-
X methods,namely, shape-from-shadingand photometric
stereo. Goodresultsareshown for real andsyntheticim-
ages.For thesyntheticexamples,largenoiseis addedto the
images,yielding noisy output for the standardPMS algo-
rithm. Enforcingtheintegrability handlesthenoisewithout
smoothingoutfinedetails.Theresultis alsoreflectedin the
significantimprovementof the MSE betweenthe original
surfaceandthe reconstructedone. For real images,a SFS
methodis appliedandusedasinput to thefactorgraphap-
proach.As in the syntheticexamples,the initial estimates
violate the integrability, effecting the visual quality of the
reconstructedobject.Apart from thevisualimprovement,it
is fair to assumethatpatternrecognitionalgorithmswould

benefitfrom amoreaccuratesurfaceestimate,althoughthis
is just aconjectureat this point.

Somefutureresearchdirectionsareonthelevel of appli-
cationsandon the basicfactorgraphlevel. On the appli-
cationlevel, it remainsto be seenif similar resultscanbe
achievedby applyingthemethodto othershape-from-Xal-
gorithms(suchasshapefrom motion),andif therewouldbe
significantimprovementfor various3D patternrecognition
algorithms.In termsof thebasicfactorgraphmodel,several
changesmight beusefulin differentsettings.Learningthe
varianceof the local observation pdf from the datawould
assignhighervarianceto areasthat have larger violations.
Another improvementis enforcingthe constraintnot only
on elementaryloops,but on additionallargerloops,adding
asmany layersin thefactorgraphasdesired.

Although the empirical resultsin this paperare further
evidenceof the correctnessof the sum-productalgorithm
for loopy graphsof arbitrarystructure,amathematicalproof
of theconjecturestill remainsanopenresearchissue.
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