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Second, we evaluate the third term in the RHS of (A.1). Choose aft5] E. D. Tung, G. Anwar, and M. Tomizuka, “Low velocity friction com-
arbitrary constant > 0. Then, define the setB., V., andS, as pensation and feedforward solution based on repetitive con&8IME

. A A lnd (4 Ar A . d J. Dynamic Syst., Meas. Contvol. 115, pp. 279-284, 1993.
follows: P = {t € [0, T][i°(t) > e}, Ne = {t € [0, T][a"(1) < [16] S.H.Han, Y. H. Kim, and I. J. Ha, “Iterative identification of state-de-

—e}, andS. 2 {t €[0,T]| |#%(t)| < €}. By Proposition 3.24 in [1] pendent disturbances torque for high precision velocity control of servo
along with (15), a subsét of [0, 7] and an integeiV exist such that motors,”|IEEE Trans. Automat. Contwol. 43, pp. 724-729, May 1998.
[17] 1. J.Haand S. J. Kim, “A frequency-domain approach to the identifica-
W& < e |wiq— ;;jf’| < e VHE[0,T]—E&, Vi>N. tion of mechanical systems with friction,” IEEE Trans. Automat. Contr.,
i - (A.3) to be published.

Furthermore, it follows from (A.3) and the definition 5f that, ifi >
N, t € B; implies thatt ¢ (P. — &) U (N. — &) and, hence, that
t € Sc U &. Therefore, we conclude that

B, CS. UE  Yi>N. (A.4) N
Large Bursts Do Not Cause Instability
On the other hand, we see from (13) that._o x(S.) = 0. By (A.3)

and (A.4), this result implies thaitn; .. u(B;) = 0. Therefore, we Bruce Hajek
have
. R N _ Abstract—t is shown that stability of networks with fluid traffic implies
,lini /B (Fi(7) = Fiza(7)) d7 = 0. (A5) stability of networks with deterministically constrained traffic.

. 7 . Index Terms—Fluid traffic, queueing network, stability.
Finally, we evaluate the last term in the RHS of (A.1). The above func- a 9 Y

tion F'; — F;_, is continuous at eagh¢ ;. Therefore, forany > 0,
an integerN exists such thatF';(¢t) — F;—1(t)] < eVt € G, I. INTRODUCTION

; > N. Thi i i . . .
Vi 2 N. This result implies that Fluid models of queuing networks are among the simplest models

to analyze, owing to the fact that calculus can be applied. At the same
time, wider classes of network models are more flexible for modeling
real traffic. It is thus useful to reduce questions about the more realistic
models to questions about related fluid models. Such a reduction was
achieved by Dai [4], who showed that stability of a fluid model implies
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lim /C (Fi(r)—F;_i(7))dr = 0. (A.6)
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Now, (28) is the immediate consequence of (A.2), (A.5), and (Asb).
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differences in terminology. The arrival constraints imposed by Gamarik
are more general, in that they are imposed on sums of path arrival pro-
cesses, one constraint for each link in the network, whereas we assume
. // each individual arrival stream is constrained. On the other hand, the
Station 1 j type of constraint we impose is somewhat more general than that of

Station 2

Gamarik, in that the Cruz type contraints used here are more general
than constraining the number of arrivals in fixed length windows. Also,
the service times for packets on a given path can be different at different
Station 3 stations.

Fig. 1. Sample network. I1l. SUFFICIENT CONDITIONS FORSTABILITY

_ _ ) _ Definition 1: The network (C,P,m) is totally stable for
that E:(0) = 0 and thatE; is nondecreasing and right-continuouspc(q, o) traffic if a finite constantT' exists so that whenever
Traffic of class/ can be served [at statior{k)] at a maximum rate (g 4. 0, T, I) satisfy (1)—(7), therlim sup, ___|Q(#)| < T,
pu = 1/mq, wherem; > 0. Let M = diag(mi,---,mx),andlete  where|Q(t)| = 3, |Qi(t)]- We use the word “totally” in the above
denote a column vector of all ones (with dimension depending on thgfinition because the constraints do not indicate an order of service
context). The flow of traffic in the network is assumed to satisfy thg; the stations.
following equations and conditions: A subclass of DCu, o) traffic is DC(a, 0) traffic, obtained by set-
ting the vectorr = 0. DC(«, 00) traffic can be considered to be fluid

1 —1
Q) =g¢+E()+ (P =DM T(1) (1) traffic with arrival ratesboundeddy «. The special cas€(t) = ta is
the fluid arrival function with arrival rate vect@aqualto «. For fluid
arrivals, we adopt a different definition of stability, though it is not dif-
I(t) = et — CT() @) ficult to show that it is equivalent to the one above.

Definition 2: The network C, P, m) is totally stable for traffic with
arrival rates bounded by (respectively, exactly equal to) if a finite
constantr; exists so that whenevé®, ¢, Q, T, I) satisfies (16),

Q(t) >0, fort>0 @3) lal < 1, andE is DC(«, 0) traffic (respectively,E(f) = at). then
‘ Q) = 0fort > ty.
Two propositions are given below. The first reduces the question of
- stability for DG(«, o) traffic to a question of stability for fluid traffic
/ (CQ(t)Ae)dI(t)=0 (4) with arrival rate vector bounded ky, and the second proposition fur-

0 ther reduces it to a question of the stability for fluid traffic with arrival
rate vector equal te. The proofs are found in the Appendix. Proposi-
tion 2, basically a “monotonicity” result, is a special case of Proposition

T(0) =0, T isright-continuous and nondecreasing (58.6 in [3]. Not all details are provided in the proof here.
Proposition 1: If the network (C, P, m) is totally stable for
DC'(«,0) traffic, then it is totally stable foDC'(«, o) traffic, for any
vectoro.
I(0) =0, [Iisright-continuous and nondecreasing.  (6) proposition 2: If the network(C, P, m) is totally stable for fluid

o ) traffic of ratea, then it is totally stable foDC'(«, 0) traffic.
The following interpretations hold.

* Qi(t) is the amount of clasktraffic in the network at time, and
Qi(0) = go.

» Ti(t) is the amount of work (where work is measured in units of This work was originally motivated by the juxtaposition of two inter-
time) done on clasa traffic during [0,¢]. A unit increment of7;  esting results: an ingenious but complex proof of Tassiulas and Geor-
corresponds tp, units of clasg traffic served at statios(!), which ~ giades [8] of total stability for deterministically constrained traffic on
becomes clask traffic if I — ['. a unidirectional ring network, on the one hand, and an ingenious and

» (CT(t)):, whereCT(t) is simply the matrixC' times the vector Simple proof later obtained by Dai and Weiss [5] that the same network
T(t), is the amount of work (where work is measured in units of stable for fluid traffic, on the other hand. A unidirectional ring net-

IV. CONCLUSIONS

time) done at station during [0, ¢]. work is characterized by the constraint that> I’ only if I’ =1+ 1
« I;(¢) is the amount of idleness (measured in units of time) of thwod K. Propositions 1 and 2 combined with the stability of ring net-
server at station accumulated durin), ¢]. works with fluid traffic whenevep = M(I — P)"'a < e yields
* (CQ(t)); is the amount of traffic at statiohat timet. another proof of part of the result in [8]. The result in [8] is stronger,
The exogenous traffi& is said to satisfy deterministic constraintshowever, in that it provides a simple explicit bound on the lim sup of
with parametersy = (a;) ando = (o). abbreviated to E is the maximum queue length. (It also allows for nonzero transmission
DC(a, o) traffic,” if delays, but it assumes that processor speeds are all one.) The proof of

stability for fluid traffic in [5] for the ring network offers a clean bound
0 < Ei(t)— Ei(s) < ayt — 5) + oy 0<t<s < occ. (7) ontherate of evacuation. It would be desirable if Proposition 1 could
be strengthened to allow us to translate bounds for evacuation rates in
This work was completed independently of the work of Gamarnilluid models to bounds on asymptotic queue lengths with determinis-
[7], which is remarkably similar. Some differences exist, aside fromically constrained traffic.
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Propositions 1 and 2 can apparently be generalized to cover ngt= 0 for all «. Hence S® = (E°,Q%, ¢, T, I*) satisfies (1H7)
works with specified classes of service orders, which are represengedl the additional constraint®” (7|¢*|)| > §|¢”| and|¢®| > a.
by additional constraints. For example, it is known that fluid networks Next, a space-time rescaling is used. E&t(¢) = E*(t|¢"])/|¢"],
with FIFO service order are stableif < ¢ andmy m; when- and defineQ*, T*, andI*, similarly. Also, set7, = ¢4/|¢«|. Note
evers(k) = s(I) [1]. If this conjecture is proved, an extension ofthat [Q*(0)| = |g*| = 1 and|Q“(7)| > 6 for all a. The scaled
Proposition 1 could show that such networks are stable for determirrsions(E®, 7*, Q“, T, I*) again satisfy (£X6), and (7) is sat-
istically constrained traffic as well. In order to extend Proposition 1 tisfied with o replaced by /||, which is at most /a. The family
hold when the networks are restricted to a class of networks usingfdunctions(E*).>o is thus asymptotically uniformly equicontinuous
specified service order, the constraint on order of service should beasa« — oo, and|E“(t)| < |ajt + |o| for all a > 1, so the family
herited under u.o.c. convergence &f, ¢, @, T, I) and other functions is also asymptotlcally uniformly bounded on compact intervals. The
that may be needed to model the network with a specific order of séunctions|T"| are Lipschitz continuous uniformly im with common
vice constraints. value zero at the origin. Thus, continuous limit functions exist such that,
along a subsequence of— oo, the following limits hold:g* — ¢,
E™ = E uniformly on compact intervals (u.o.c.) add = T u.o.c.
Note that|q| = 1. With @) andI defined in terms off' andT by
(1) and (2), it also follows thatQ*, I*) — (Q,I) u.o.c. along the
The two propositions are proved in this Appendix. A key to theame subsequence. The liniit, ¢, Q, T, I) satisfies the conditions
proof of Proposition 1 is that, i£ is DC(«, o) traffic, then for any (1)«6). [To verify condition (4) use the fact that(fz., y.)) is a se-
v > 0 the rescaled functioh — E(~t)/~ is DC(w, 0 /7) traffic. quenceinDz[0, c0) x Dr[0, o), .. in nondecreasing for eaeh and
Moreover, the conditions (2f6) are invariant under a similar rescaling(;,,,u,,) — (z,¥) u.o.c. then for any bounded continuous functton
of (E,Q,T,I). The proposition is proved after the following Iemmaﬂ] h(zn(s)) dyn(s) = jg f(z(s) dy(s) u.o.c.[6, Lemma 2.4].] The
is proved. fact thatE“ is DC(«, ¢ /a) traffic for eacha yields in the limit that®
Lemma 1: Let f € Dy+[0,00) such that for some nonnegativeis DC(«, 0) traffic. Finally, becaus¢Q“(7)| > 6 for all «, the limit
constants, 8, a, b, ¢, with § < 1 satisfiesQ(7) > 6.
To summarize, it has been shown tha{ d, P, m) is not totally
stable for DQ«, o) traffic, then for anyr > 0 and anys with 0 <

APPENDIX

FE4+7F() <6f(1), ff(t) > a (8) ¢ < 1,asolution(E,q,Q,T,I) to (1)H6) exists such that' is
DC(«, 0) = |¢| = 1, and|Q(7)| > 6. Therefore,
(C, P,m) is not totally stable for DG, 0) traffic. The contrapositive
~ . of the proposition, and, hence, the proposition itself, is proved..
i) — ) < ; 5,0 > 0, -, h .
fe4s) = fls) <btet, ifst>0 ©) Proof of Proposition 2:1t suffices to show that given
Then,f(s) < (a+b) (14 er/(1=8)) fors > £(0) (+/(1 = §)). § = (B,q,Q,T,I) satisfying (1+6), whereE is DC(«, 0), another

solutionS = (E/q, Q. T,I), can be found W|trE(t) = at such that
Q(t) < Q(¢) for allt. Intuitively, becausé (1) — E(s) < E(t)—E(s)
whenevers < ¢, the traffic forS can be viewed as the sum of two
traffic types: original traffic and “ghost” traffic. The servers simply
give priority to original traffic. The solutiorS is easy to construct
by induction if the functions comprising are piecewise linear, and

Proof: If f(¢) > «a,thenby (8)).f(t+ 7f(¥)) < f(¢t)— (1 —
&/7) (7f(t)). Graphically, iff(t) > a,then(t+7f(t), f(t+7f(t)))
lies below the line througky, f(¢)) with slope—(1—6) /7. Therefore,
defining the sequence of points,, f(t.)) by to = ¢ andt,41 =
t, + 7f(t,), and IettlngA = min{n > 0: f(t,) < a}, the points
of the sequence), ,tn alllie below the line througlot, F(t)) with
slope—(1-46)/7. Therefore,f(t)—(m—t) ((1=6)/7) > f(tn) >0

sothatty < -+ £() (r/(1 — 8)). Thus, if f(+) > a. thenf(s) < a The details are similar to those in the proof of Proposition 1 and are

forsomes € [¢,t+ f(t) (7/(1—16))]. In particular, the time* defined omitted. =
byt* = min{s > 0: f(s) < a}isatmostf(0)(7r/(1—4)). Tofinish
the proof, a bound oif restricted to the intervdt™, o) needs to be
found. Leta’ > a. If f(t—) < o' < f(t), then by condltlon 9), REFERENCES
o !
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