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• Examples of ILP problems - modeling aspect

• Chapter 9.1 of the book
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Example: Project Selection

Five projects are being evaluated over a 3-year planning horizon. The

following table gives the expected returns for each project and the associated

yearly expenditures.

Project Expenditures 1 2 3 Return

1 5 1 8 20

2 4 7 10 40

3 3 9 2 20

4 7 4 1 15

5 8 6 10 30

Available funds 25 25 25

Which projects should be selected to maximize the return?
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ILP Model

Let xj be a decision variable for project j, j = 1, . . . ,5, defined by

xj =

{
1 if we select project j

0 otherwise

The project selection problem can be formulated as follows:

maximize 20x1 + 40x2 + 20x3 + 15x4 + 30x5

subjec to 5x1 + 4x2 + 3x3 + 7x4 + 8x5 ≤ 25

x1 + 7x2 + 9x3 + 4x4 + 6x5 ≤ 25

8x1 + 10x2 + 2x3 + x4 + 10x5 ≤ 25

xj ∈ {0,1} for all j

The three inequality constraints come from the yearly budget of $25 in years

1, 2, and 3
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Suppose that due to the nature of the projects we have the following

additional instructions

• At most one of projects 1, 3, and 5 can be selected

• Mutually exclusive decisions

• Project 2 cannot be selected unless both projects 3 and 4 are selected

• Dependent decisions
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If we relax the ILP to an LP, namely, replace xj ∈ {0,1} by 0 ≤ xj ≤ 1

for all j, then the optimal solution is x1 = 0.5789, x2 = x3 = x4 = 1,

x5 = 0.7368. This solution is not suitable for this “yes-no” decision.

If we round the fractional values, we get all variables equal to 1. BUT this

is not a feasible solution.

Therefore, the rounding procedure is not a good idea.
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Set Covering problem
To promote on-campus safety, the U of A Security Department is in the process of installing

cameras at selected locations. The department wants to install the minimum number of

cameras while providing a surveillance coverage for each of the campus main streets. It is

reasonable to place the cameras at street intersections so that each camera serves at least

two streets. The eight candidate locations are given in the figure, indexed by 1 through 8.

Application: Set Covering
To promote on-campus safety, the U of A Security Department
is in the process of installing emergency telephones at selected
locations. The department wants to install the minimum number
of telephones, provided that each of the campus main streets is
served by at least one telephone. It is reasonable to place the
telephones at street intersections so that each telephone will
serve at least two streets. In the following picture, the eight
candidate locations are denoted by numbers 1 to 8.

 

7

Provide an ILP formulation of the problem.
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Let xj be a decision variable for the placement of a camera at location j,

j = 1, . . . ,8, defined by

xj =

{
1 if location j is selected for a camera placement

0 otherwise

We want to minimize the sum of these variables. We have a constraint per

street (a requirement that each street has to be covered).
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The surveillance coverage problem can be formulated as follows:

maximize
∑8

j=1 xj

subject to 5x1 + 4x2 + 3x3 + 7x4 + 8x5 ≤ 25

x1 + x2 ≥ 1, x2 + x3 ≥ 1 streets A and B
x4 + x5 ≥ 1, x7 + x8 ≥ 1 streets C and D
x6 + x7 ≥ 1, x2 + x6 ≥ 1 streets E and F
x1 + x6 ≥ 1, x4 + x7 ≥ 1 streets G and H
x2 + x4 ≥ 1, x5 + x8 ≥ 1 streets I and J
x3 + x5 ≥ 1 street K
xj ∈ {0,1} for all j
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Modeling Fixed Charge

In some applications, we have two types of costs: an initial and a cost per

unit of time. The initial cost (“set-up” cost, fixed charge ) is incurred only

at the start the activity/service. The cost per unit of time is incurred during

the period of the activity/service.

Mathematically, given the fixed charge Fj and the unit cost cj of some

activity j, the cost of activity j over a period of time xj is given by

Fj + cjxj if xj > 0 and 0 otherwise
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Fixed Charge Example

There are three mobile-phone service providers in a given area, ABell, BBell

and CBell.

ABell charge a flat fee of $16 per month plus $.25 per minute.

BBell charges $25 per month and $.21 per minute.

CBell charges $18 per month and $.22 per minute.

A customer needs to sign up for a service for an average of 200 minutes

of monthly calls. Which company should the customer subscribe for the

service to minimize the cost of the monthly phone bill?

Formulate the problem as ILP.
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The indices 1 = 1,2, and 3 correspond to ABell, BBell and CBell respec-

tively. Introduce a decision variable yj per phone company, i.e.,

yj =

{
1 if company j is selected

0 otherwise

Also, introduce a variable xj indicating the amount of the service time, i.e.,

xj = number of call minutes with provider j

The fact that the customer will choose among the three providers for total

of 200 minutes can be modeled as

x1 + x2 + x3 = 200.

The maximum subscribed time xj is 200 minutes for provider j only if the

provider is selected for the service

0 ≤ xj ≤ 200yj for all j
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The objective is to minimize

16y1 + 0.25x1 + 25y2 + 0.21x2 + 18y3 + 0.22x3

Putting these all together, we obtain the following ILP formulation:

minimize 16y1 + 0.25x1 + 25y2 + 0.21x2 + 18y3 + 0.22x3

subject to x1 + x2 + x3 = 200

xj − 200yj ≤ 0 for all j

xj ≥ 0 for all j

yj ∈ {0,1} for all j
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Either-Or Requirement Modeling

Suppose you have two constrains and you can choose only one of them.

For example, the constraints may represent two alternative resource con-

sumption relations.

Specifically suppose a company wants to introduce two new products 1 and

2, which can be made on two different machines.

The machine production times is given by

3x1 + 2x2 ≤ 250 machine 1

x1 + 4x2 ≤ 600 machine 2

The company needs to purchase a machine and can afford to buy only one

machine. Model this requirement within ILP setting.
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