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Abstract— In this paper we deal with two problems which
are of great interest in the field of distributed decision making
and control. The first problem we tackle is the problem of
achieving consensus on a vector of local decision variables in
a network of computational agents when the decision variables
of each node are constrained to lie in a subset of the Euclidean
space. Such constraints arise out of consideration of local
characteristics of each node. We assume that the constraint
sets for the local variables are private information for each
node. We provide a distributed algorithm for the case when
there is communication noise present in the network. We show
that we can achieve almost sure convergence under certain
assumptions. The second problem we discuss is the problem
of distributed constrained optimization when the constraint
sets are distributed over the agents. Furthermore our model
incorporates the presence of noisy communication links and the
presence of stochastic errors in the evaluation of subgradients
of the local objective function. We establish sufficient conditions
and provide an analysis guaranteeing the convergence of the
algorithm to the optimal set with probability one.

I. INTRODUCTION

There has been a sustained effort in the research com-
munity over the years to develop algorithms for distributed
decision making and control. Recently two strands of this
broad problem has garnered special attention. These are the
problem of reaching consensus in a network of computational
agents [4], [14], [15] and the problem of fair allocation
of resources in a network. The algorithms for reaching
consensus have proven useful in a wide variety of contexts
from formation control [4], distributed parameter estimation
[12], [5], load balancing [6], to synchronization of kuramoto
oscillators [1]. The problem of fair allocation of resources
has been thoroughly studied in the area of microeconomic
[7]. Recent interest in the resource allocation problem has
arisen in the context of utility maximization in communica-
tion networks [11]. One of the most important characteristics
of the network utility maximization problem is the fact that
the objective function to be minimized has a separable form.
Under this structure various primal or dual decomposition
methods can be applied to make the problem amenable to a
distributed solution.

In this paper we deal with both the consensus problem and
the problem of distributed optimization when the objective
function has a separable structure. Most of the work on the
consensus problem deals with the unconstrained case when
the variables on which the nodes need to agree are free to
lie in the Euclidean space. We deal with the case when the
variables which are local to nodes are, also, constrained to
lie in closed convex sets. The constraint set for each local
variable is private information to the node. The objective is
to design an algorithm which is adapted to the time varying

nature of the underlying communication graph between
nodes and guarantees asymptotic consensus on the local
variables while maintaining the feasibility of each variable
with respect to its constraint set. A distributed algorithm for
this problem was proposed in [8]. In this paper, we consider
the case when there is noise present in the communication
channel. In this case we extend the algorithm proposed
in [8] by introducing a step size sequence that attenuates
the communication noise. Next we consider a distributed
constrained optimization problem. A distributed optimization
algorithm for such a problem has been proposed in [8], but its
convergence analysis was limited to two special cases: when
the local constraint sets are identical and when the network is
fully connected (requiring the nodes to use uniform weights).
This present paper considers a more general problem than
[8], by combining the presence of local constraint sets and
noisy communication along with the presence of stochastic
errors in the evaluation of subgradients. In this case we need
to introduce two step size sequences to damp out communi-
cation noise and subgradient errors. We prove that if the step
size damping the subgradient error decays fast enough when
compared to the step size attenuating the communication
noise, then the algorithm converges to a common point in the
optimal set with probability one. Consensus over noisy links
in the lack of constraint sets has been studied in [13], [3] and
[5] among others. In [10], the authors studied the distributed
optimization problem in the presence of subgradient errors.
However, the paper assumes a common constraint set and
the absence of communication noise.

The rest of the paper is organized as follows. In section II
we discuss the problem of constrained consensus with noisy
communication and present our algorithm for this problem.
We describe the network model used in the paper and state
various assumptions on the noise process. We provide an
analysis demonstrating the convergent behavior of the algo-
rithm almost surely. In section III we introduce the problem
of distributed optimization with noisy communication and
subgradient error. We provide an analysis proving almost
sure convergence of our algorithm to the optimal set. Finally
in section IV we provide the concluding remarks.
Notation. The jth component of a vector x is denoted by xj .
For an m×m real valued matrix A ∈ Rm×n, we denote the
element in the ith row and jth column of A by Aij . We write
Ir for the r× r dimensional identity matrix. Given a convex
set X ⊂ Rn, the projection operator PX [·] maps a vector x ∈
Rn to the closest point in X under the Euclidean norm. Given
a connected graph G = (V,E), a path p = (i1, . . . , im) is
a sequence of visits to the nodes of the graph G such that
all the nodes are visited at least once and (ik−1, ik) ∈ E for



all k. Given any graph G, and a function F : V × V → R,
we use

∑
G F (i, j) to denote the sum where the function

F (i, j) is evaluated for all (i, j) in the edge set of graph G.
We assume that, when the graph G has bidirectional links,
the sum

∑
G F (i, j) is evaluated at every edge only once.

II. CONSTRAINED CONSENSUS

We consider a setup where we are give a set of m agents,
which can be viewed as the node set V = {1, . . . ,m}. We
use terms node and agent interchangeably. At each time k,
the communication pattern among the agents is represented
by a time varying directed graph G(k). At each instant, each
node receives information from a subset of nodes and, also,
broadcasts its information to a subset of nodes. The subset
of nodes from which a node receives information at any
instant are termed as the neighboring nodes of the node at
that instant. Such information exchanges are characterized
by the edge set E(k) of the graph. For the scope of this
paper we deal with synchronous algorithms. This implies
that each agents local clocks are synchronized and time
proceeds in discrete steps k = 0, 1, . . . . Let xi(k) ∈ Rn

denote the local variable at node i at instance k. The
local variables xi(k) are constrained to lie in convex sets
Xi ⊆ Rn for all i = 1, . . . ,m. Each local constraint set
is private and local information to node i. The objective
of the network is to achieve consensus among the agents
on their local decision variables i.e., x1 = . . . = xm only
through information exchanges between neighboring agents.
Clearly, since the local variables are constrained to lie in local
constraint sets, the above problem is feasible only when the
set X = ∩m

j=1Xj is nonempty.
Alternatively, the problem can be casted as a quest for a

distributed algorithm for the following optimization problem:

minimize
∑m

i=1 ‖x− PXi [x]‖2

subject to x ∈ Rn.

A solution to the above problem is given by any vector x
which lies in the constraint set X . Clearly, in this case the ob-
jective function value is zero, which is also the optimal value.
An algorithm is said to solve the problem if it generates agent
estimates xi(k) that converge to a common value x∗, and x∗

satisfies the constraint x∗ ∈ X . A distributed algorithm for
this problem was proposed in [8]. In the algorithm agent i
local variables xi(k) evolves as follows:

xi(k + 1) = PXi

 m∑
j=1

aij(k + 1)xj(k)

 , (1)

where aij(k + 1) denotes the weight assigned by node i
to the estimate coming from node j. A crucial assumption
needed in the analysis in [8] was the requirement that if
agent i receives data from agent j then aij(k) ≥ η > 0. We
are interested in the case when the communication links are
noisy and hence node i has access to a noise corrupted value
of its neighbor’s local estimate. In this case it is detrimental
to impose the requirement that aij(k) ≥ η since we need to

asymptotically damp the impact of noise. To this effect we
propose the following distributed algorithm for the problem:

xi(k + 1) = PXi

[
xi(k)− α(k + 1)

∑
j∈Ni(k)

rij(k + 1)[xi(k)

−(xj(k) + ξij(k + 1))]

]
.

Here α(k + 1) > 0 is a step size, rij(k + 1) is a weighting
parameter, ξij(k + 1) is a random variable denoting the
additive noise in communication, and Ni(k) denotes the set
of agents communicating with agent i at instance k. Let us
define rii(k + 1) = −

∑
j∈Ni(k) rij(k + 1), and ξi(k + 1) =∑

j∈Ni(k) rij(k + 1)ξij(k + 1). Then, the algorithm can be
re-written as

xi(k + 1) = PXi

[
xi(k) + α(k + 1)

m∑
j=1

rij(k + 1)xj(k)

+ α(k + 1)ξi(k + 1)

]
. (2)

The matrix R(k), where Rij(k) = rij(k), is thus a weighted
graph Laplacian matrix and it satisfies

∑n
j=1 rij(k) = 0 for

all i. We impose the following assumptions on the graph
G(t) and the weight sequence.

A. Model Assumptions

Assumption 1: 1) (Bi-directional communication) We
assume that the communication is bi-directional; i.e
if at any instant k, rij(k) > 0 then rji(k) > 0.

2) (Symmetric weights) The neighboring agents use sym-
metric weights, i.e., rij(k) = rji(k).

3) (Connectedness) We assume that the graph G(t) is
connected at every instance, though it is free to be
time varying.

4) We assume that if rij(k) 6= 0 at any instant, then it
satisfies η ≤ rij(k) ≤ η′.

Let us assume that all the associated random processes
are adapted to the filtration Fk. We impose the following
assumptions on the spatio-temporal noise process.

Assumption 2: 1) The process {ξij(k)} is a martingale
difference sequence, i.e., E[ξij(k + 1)|Fk] = 0 for all
i, j and k ∈ N.

2) At any fixed instance k, the noise on link e = (i, j)
is independent of the noise on link e′ = (i′, j′) for
e 6= e′.

3) The noise process is uniformly bounded in the mean
square sense, i.e., there is a deterministic scalar µi > 0
such that E[‖ξi(k + 1)‖2 |Fk] ≤ µ2

i for all k ∈ N.
From assumption 2.3, it follows that E[‖ξi(k + 1)‖ |Fk] ≤√
E[‖ξi(k + 1)‖2 |Fk] ≤ µi for all k ∈ N and all i. Let

us also define µ2 =
∑m

j=1 µ2
j . Furthermore we impose the

following assumption on the step size sequence {α(k)}.
Assumption 3: 1) α(k) > 0,

∑∞
k=1 α(k) = ∞, and∑∞

k=1 α2(k) < ∞.



B. Preliminary Results

In this section we provide various results which will be
useful in proving our main results. The following lemma
from [8] gives some relations regarding the projection oper-
ator on a convex set.

Lemma 1: [8] Let X be a nonempty closed convex set
in Rn. Then, we have for any x ∈ Rn,

1) (PX [x]−x)′(x−y) ≤ −‖PX [x]− x‖2 for all y ∈ X .
2) ‖PX [x]− y‖2 ≤ ‖x− y‖2−‖PX [x]− x‖2 for y ∈ X .
3) ‖PX [x]− PX [y]‖ ≤ ‖x− y‖ for any y ∈ Rn.
The following known theorem, which is a generalization

of the supermartingale convergence theorem will be instru-
mental in proving our results.

Theorem 1: ( [9], page 50) Let {Xt}, {Yt}, {Zt} and
{g(t)} be sequences of random variables and let Ft, t =
0, 1, 2, . . . , be a filtration such that Ft ⊂ Ft+1 for t ≥ 0.
Suppose that:

1) The random variables Yt, Xt, Zt and g(t) are nonneg-
ative, and are adapted to the filtration Ft.

2) For each t, we have almost surely

E[Yt+1|Ft] ≤ (1 + g(t))Yt −Xt + Zt. (3)

3) There holds
∑∞

t=0 Zt < ∞ and
∑∞

t=0 g(t) < ∞
almost surely.

Then, almost surely, we have
∑∞

t=0 Xt < ∞ and the
sequence Yt converges to a nonnegative random variable Y .

Now, we establish certain relations for algorithm (2). Let

vi(k + 1) = xi(k) + α(k + 1)
∑m

j=1 rij(k + 1)xj(k)
+α(k + 1)ξi(k + 1).

Then, we have

xi(k + 1) = vi(k + 1) + ei(k + 1),

where the error term is given by

ei(k+1) := PXi [vi(k+1)]−vi(k+1) = xi(k+1)−vi(k+1).

Lemma 2: When the set X = ∩m
i=1Xi is nonempty, we

surely have for all i ∈ V , k ≥ 0, and for all x ∈ X ,

‖xi(k + 1)− x‖2 ≤ ‖vi(k + 1)− x‖2 − ‖ei(k + 1)‖2

Proof: By the definition of xi(k + 1) we have

‖xi(k + 1)− x‖2 = ‖PXi
[vi(k + 1)]− x‖2 .

Now, applying Lemma 1, we get along every sample path

‖PXi
[vi(k + 1)]− x‖2 ≤ ‖vi(k + 1)− x‖2−

‖PXi [vi(k + 1)]− vi(k + 1)‖2

= ‖vi(k + 1)− x‖2 − ‖ei(k + 1)‖2 .

Let us define x(k) = (x′1(k), . . . , x′m(k))′ as the joint state
vector and, similarly, e(k+1) = (e′1(k+1), . . . , e′m(k+1))′,
and ξ(k+1) = (ξ′1(k+1), . . . , ξ′m(k+1)). Define the mn×

mn matrix R(k + 1) = R(k + 1)⊗ In. The joint state space
representation of algorithm (2) can be given as:

x(k + 1) = [Imn + α(k + 1)R(k + 1)]x(k)
+ α(k + 1)ξ(k + 1) + e(k + 1).

Before we state the next lemma for notational convenience
let us define H(k + 1) = 1 + α2(k + 1)σ2

m(R(k + 1)). Here
σ2

m(R(k + 1)) denotes the square of the maximum singular
value of the matrix R(k + 1). For any vector z ∈ X let us
denote z = z⊗1m, where 1m is the m-dimensional vector of
ones. Also, let us denote the conditional expectation operator
Ek[·] = E[·|Fk]. Since we assume that the communication
graph is connected at every instant (cf. Assumption 1.3),
there exists a spanning tree S(k) such that the edge (i, j)
belongs to the tree if and only if rij(k + 1) > η.

Lemma 3: Let Assumptions 1 and 2 hold. Also, assume
that the set X = ∩m

j=1Xj is nonempty. Then, the following
relation holds for any z ∈ X:

Ek[‖x(k + 1)− z‖2] ≤ H(k+1) ‖x(k)− z‖2+α2(k+1)µ2

− 2ηα(k + 1)
∑
S(k)

‖xi(k)− xj(k)‖2 .

Proof: Note that from Lemma 2 we have

Ek[‖x(k + 1)− z‖2] ≤ Ek[‖v(k + 1)− z‖2]
− Ek[‖e(k + 1)‖2], (4)

where

v(k+1) = [Imn +α(k+1)R(k+1)]x(k)+α(k+1)ξ(k+1).

Hence,

Ek[‖v(k + 1)− z‖2] = ‖[Imn+α(k+1)R(k+1)]x(k)−z‖2

+ α2(k + 1)Ek[‖ξ(k + 1)‖2] + 2α(k + 1)
× ([Imn + α(k + 1)R(k + 1)]x(k)− z)′Ek[‖ξ(k + 1)‖].

By our Assumption 2.1 Ek[ξ(k + 1)] = 0, so that

Ek[‖v(k + 1)− z‖2] = ‖[Imn+α(k+1)R(k+1)]x(k)−z‖2

+ α2(k + 1)Ek[‖ξ(k + 1)‖2].

Since R(k + 1) is symmetric and has zero-row sums, we
have

‖[Imn + α(k + 1)R(k + 1)]x(k)− z‖2 =

[x(k)− z]′ [Imn + α(k + 1)R(k + 1)]′

[Imn + α(k + 1)R(k + 1)] [x(k)− z]
= [x(k)− z]′[Imn + α2(k + 1)R′(k + 1)R(k + 1)][x(k)− z]

+ 2α(k + 1)[x(k)− z]′R(k + 1)[x(k)− z]. (5)

We also have

[x(k)− z]′ R(k + 1)′R(k + 1) [x(k)− z] ≤
σ2

m(R(k + 1)) ‖x(k)− z‖2 , (6)



where σm(R(k + 1)) is the maximum singular value of the
matrix R(k + 1). Since R(k + 1) = R(k + 1)⊗ In, we have
σm(R(k + 1)) = σm(R(k + 1)). Hence,

[x(k)− z]′[Imn + α2(k + 1)R′(k + 1)R(k + 1)][x(k)− z]
≤ H(k + 1) ‖x(k)− z‖2 ,

with H(k + 1) = 1 + α2(k + 1)σ2
m(R(k + 1)).

Now, consider the term [x(k)−z]′R(k+1)[x(k)−z] in (5).
Since R(k+1) has row sum zero and R(k+1) is symmetric,
we have R(k + 1)z = 0 and z′R(k + 1) = 0. Thus,

[x(k) − z]′R(k + 1)[x(k) − z] = x′(k)R(k + 1)x(k).

By definition R(k+1) = R(k+1)⊗Im, where Rij(k+1) =
rij(k + 1) and Rii(k + 1) = −

∑m
j=1,j 6=i rij(k + 1). Thus,

we see that

x′(k)R(k + 1)x(k) =

−
m∑

i=1

x′i(k)
m∑

j=1,j 6=i

rij(k + 1)(xi(k)− xj(k)).

Since, the matrix R(k + 1) is symmetric we have

−
m∑

i=1

x′i(k)
m∑

j=1,j 6=i

rij(k + 1)(xi(k)− xj(k))

= −
∑
i<j

rij(k + 1) ‖xi(k)− xj(k)‖2

≤ −η
∑
S(k)

‖xi(k)− xj(k)‖2 .

Using the preceding and the bound Ek[‖ξ(k + 1)‖2] ≤ µ2

we arrive at

Ek[‖v(k + 1)− z‖2] ≤ H(k+1) ‖x(k)− z‖2+α2(k+1)µ2

− 2α(k + 1)η
∑
S(k)

‖xi(k)− xj(k)‖2

By substituting back in Eq. (4) we get

Ek[‖x(k + 1)− z‖2] ≤ H(k + 1) ‖x(k)− z‖2 + α2(k + 1)µ2

−2α(k + 1)η
∑
S(k)

‖xi(k)− xj(k)‖2 − Ek[‖e(k + 1)‖2].

Neglecting the error term we have the desired result.

C. Almost sure convergence

In this section we state out main convergence result for
the constrained consensus problem.

Theorem 2: Assume that X = ∩m
j=1Xj is nonempty, and

let Assumptions 1 and 2 hold. Let the step size sequence
{α(k)} in algorithm (2) satisfy Assumption 3. Then, there
exists a random variable x∗ taking values in the set X such
that almost surely limk→∞ ‖xi(k)− x∗‖ = 0 for all agents i.

Proof: First, we consider the term H(k + 1) = 1 +
α2(k+1)σ2

m(R(k+1)) in Lemma 3. The entries of the matrix
R(k +1) are uniformly bounded, implying σ2

m(R(k +1)) ≤
C for some scalar C and all k. By our assumption on the
step size, we have

∑∞
k=1 α2(k) < ∞. Since all the terms

appearing in Lemma 3 are non-negative, we can apply the
result of Robbins-Siegmund (Theorem 1) to deduce that, with
probability one, ‖x(k)− z‖2 converges for any z ∈ X and

∞∑
k=1

α(k + 1)
∑
S(k)

‖xi(k)− xj(k)‖2 < ∞. (7)

By
∑∞

k=1 α(k) = ∞, relation (7) implies that there
is a subsequence such that limk→∞

∑
S(nk) ‖xi(nk) −

xj(nk)||2 = 0. Now, since the number of spanning
trees on a finite graph is finite, there exists a span-
ning tree S which appears infinitely often in the se-
quence {S(nk)}. Let us pick a further subsequence such
that S(n1

k) = S, then we have along this subsequence
limk→∞

∑
S

∥∥xi(n1
k)− xj(n1

k)
∥∥2 = 0 for all i and j. The

spanning tree S is in the connected graph, so the preceding
relation yields limk→∞

∥∥xi(n1
k)− xj(n1

k)
∥∥2 = 0 for all i, j.

Now since ‖x(k)− z‖2 converges almost surely for any
z ∈ X , the subsequence {x(n1

k)} is bounded almost surely.
Again, we can extract a convergent subsequence x(n2

k) such
that limk→∞

∥∥xi(n2
k)− x∗i

∥∥ = 0 almost surely for some ran-
dom vector x∗i for all i. Since limk→∞

∥∥xi(n2
k)− xj(n2

k)
∥∥ =

0 almost surely for all i, j, it follows that x∗i = x∗j = x∗

almost surely for all i, j. The sets Xi are closed, so that
x∗ ∈ Xi almost surely for all i, which in turn implies that
x∗ ∈ X almost surely. Therefore, limk→∞ ‖x(n2

k)− x∗‖2 =
0 almost surely. But, we know that limk→∞ ‖x(k)− z‖2
converges almost surely for all z ∈ X . Hence, by looking
at the sample paths, we can conclude that the limit of
any subsequence is also the sequential limit, implying that
limk→∞ ‖x(k)− x∗‖ = 0 almost surely.

III. DISTRIBUTED OPTIMIZATION

We next consider solving the distributed optimization
problem when the objective function is a sum of m local
convex objective functions corresponding to m agents. The
objective of the agents is to cooperatively solve the following
constrained optimization problem:

minimize
m∑

i=1

fi(x)

subject to x ∈ X =
m⋂

i=1

Xi,

where each fi : Rn → R is a convex function, representing
the local objective function of agent i, and each set Xi ⊆ Rn

is a compact and convex set, representing the local constraint
set of agent i. Since the objective function is continuous and
the set X is compact, we know that by Weirstrass theorem
that the optimal set is nonempty. Let us denote the optimal
set by X∗. We assume that the local constraint set Xi and
the objective function fi are known to agent i only. The



proposed projected subgradient algorithm is given by:

xi(k+1) = PXi

[
xi(k)−α(k+1)

∑
j∈Ni(k)

rij(k+1)xi(k)

− (xj(k)+ξij(k+1))]−γ(k+1)[di(k+1)+εi(k+1)]

]
.

Here, the vector di(k) is a subgradient of the local objective
function fi and εi(k +1) is the error in the evaluation of the
subgradient of fi(x) at x = vi(k + 1), where vi(k + 1) is
given by (4). The step size γ(k +1) > 0 is used to attenuate
the subgradient error. Proceeding similarly to the consensus
part let us re-write this as follows.

xi(k + 1) = PXi

[
xi(k) + α(k + 1)

m∑
j=1

rij(k + 1)xj(k)

+ α(k + 1)ξi(k + 1)− γ(k + 1)[di(k + 1) + εi(k + 1)]

]
.

(8)

We denote the noisy subgradient by d̃i(k) = di(k)+εi(k).
Recalling the definition of vi(k+1) of Eq. (4), the algorithm
can be re-written as:

xi(k +1) = vi(k +1)− γ(k +1)d̃i(k +1)+ ei(k +1), (9)

where ei(k + 1) = PXi

[
vi(k + 1) − γ(k + 1)d̃i(k + 1)

]
−

vi(k + 1) + γ(k + 1)d̃i(k + 1).

A. Assumptions

Let ∂fi(x) denote the set of subgradients of the objective
function fi(x). We impose the following assumptions on the
subgradients and the constraint sets.

Assumption 4: 1) The subgradient errors εi(k) when
conditioned on the point of evaluation of the subgra-
dient di(k) are mean zero, i.e., E[εi(k)|vi(k)] = 0 for
all i and k > 0.

2) The subgradient errors further satisfy the bound
E[‖εi(k)‖2 |vi(k)] ≤ c for all i and k > 0.

3) The local constraint sets Xi are compact and convex.
4) The intersection set X has a nonempty interior, i.e.,

there exists a point z̄ ∈ X such that the ball Bδ :=
{x ∈ X : ‖x− z̄‖ ≤ δ} ⊂ X .

In addition to the above assumptions on the model, we use
the following assumptions on the step sizes α(k) and γ(k).

Assumption 5: 1) (non-summability) The step sizes
satisfy

∑∞
k=1 α(k) = ∞ and

∑∞
k=1 γ(k) = ∞.

2) (square summability)
∑∞

k=1 α2(k) < ∞ and∑∞
k=1 γ2(k) < ∞.

3)
∑∞

k=1 α(k)γ(k) < ∞ and
∑∞

k=1
γ2(k)
α(k) < ∞.

4)
∑∞

k=1 min(α(k), γ(k)) = ∞.
The assumptions 5.1 and 5.2 are standard in the stochastic

approximation literature. The square summability is needed
to damp out the noise terms. In addition to these conditions,
our analysis relies on assumptions 5.3 and 5.4 on the cross
terms involving the step sizes. To verify that the set of

step sizes satisfying these conditions is non empty, we can
assume that the step sizes are of the form α(k) = 1

kθ1
and

γ(k) = 1
kθ2

. Then conditions 5.1 and 5.2 imply that 1/2 <
θ1, θ2 ≤ 1. It is clear that in this case

∑∞
k=1 α(k)γ(k) < ∞.

The condition
∑∞

k=1
γ2(k)
α(k) < ∞ implies that θ2 > 1+θ1

2 .
Also, since when θ2 > θ1, we have min(α(k), γ(k)) = γ(k);
Assumption 5.4 holds by Assumption 5.1.

B. Origin of subgradient errors

The consideration of subgradient error in our model
enables us to include cases where the function fi(x) is
given as E[gi(x,Zi)]. Here Zi is a random variable and the
expectation is taken with respect to the unknown distribution
of the random variable. Thus the function fi(x) is not known
to agent i. The agent i however has access to samples
of Zi. Let ∇xf(x) denote a subgradient of the objective
function f(x) then under some broad assumptions we have
∇xfi(x) = E[∇xgi(x,Zi)]. Hence, we can write ∇xfi(x) =
∇xgi(x, ω) + [E[∇xgi(x, ω)]−∇xgi(x, ω)]. Denoting εi :=
E[∇xgi(x, ω)]−∇xgi(x, ω), we can see that it is a martingale
difference sequence. Thus, we can see that the stochastic
optimization problem fits in our framework.

C. Preliminary Results

The subgradient sets of each fi are bounded over the sets
Xi, i.e., there is a scalar L > 0 such that for all i, ‖d‖ ≤ L
for all d ∈ ∂fi(x) and all x ∈ Xi.

In this section we provide some results which will be use-
ful in deriving our main result. The first result provides a way
to bound an error term of the form ‖xi(k)− PXi [xi(k)]‖.
The bound is established by using some of the techniques
in [2] for the alternating projection method.

Lemma 4: Let Assumptions 4.3 and 4.4 hold, and let xi ∈
Xi be variables belonging to local constraint sets Xi. Then,
we have the following bound:

‖xi − PX [xi]‖ ≤
B

δ

m∑
j=1

‖xi − xj‖ for all i,

where B is a uniform upper bound on the norms of the vec-
tors in the sets Xi and δ is the radius from Assumption 4.4.

Proof: Let i be arbitrary. Define λi =
∑m

j=1 ‖xi −
PXj [xi]‖ and the variable si as follows:

si =
λi

λi + δ
z̄ +

δ

λi + δ
xi,

where z̄ is the interior point of the set X from Assump-
tion 4.4. Then, we can write

si =
λi

λi + δ

[
z̄ +

δ

λi

(
xi − PXj

[xi]
)]

+
δi

λi + δ
PXj

[xi].

From definition of λi, it is clear that
∥∥xi − PXj [xi]

∥∥ ≤ λi

for any j, implying by the interior point assumption that the
vector z̄ + δ

λi

(
xi − PXj [xi]

)
lies in the set X and hence, in

set Xj for any j. Since the vector si is a convex combination
of two vectors in the set Xj , by the convexity assumption



on the set Xj , we have that si ∈ Xj for any j. Therefore,
we have si ∈ X . Now, we can see that

‖xi − si‖ ≤
λi

λi + δ
‖xi − z̄‖

≤ ‖xi − z̄‖
δ

m∑
j=1

∥∥xi − PXj [xi]
∥∥

By our assumption the sets Xi are compact, so ‖xi− z̄‖ ≤ B
for B > 0. Since xj ∈ Xj , by the properties of the projection
operator it follows

∥∥xi − PXj [xi]
∥∥ ≤ ‖xi − xj‖. Thus,

‖xi − PX [xi]‖ ≤ ‖xi − si‖ ≤
B

δ

m∑
j=1

‖xi − xj‖ .

Let us define s(k) = 1
m

∑m
j=1 PX [xj(k)], which belongs

to the set X since X is convex. The following lemma is
crucial in proving our convergence result in the next section.

Lemma 5: Let Assumptions 1, 2 and 4 hold. Then, for the
algorithm proposed in Eq. (8) the following relation holds for
any z∗ in the optimal set X∗,

Ek[‖x(k)− z∗‖2] ≤ H(k+1) ‖x(k)− z∗‖2+α2(k+1)µ2

− α(k + 1)η
∑
S(k)

‖xi(k)− xj(k)‖2 + m(c + L2)γ2(k + 1)

+
K2γ2(k + 1)
ηα(k + 1)

− 2γ(k + 1)[f(s(k))− f(z∗)]

+2Lγ(k+1)α(k+1)
m∑

i=1

∥∥∥∥∥∥
m∑

j=1

rij(k + 1)xj(k)

∥∥∥∥∥∥ ,

where L is a uniform bound on subgradient norms of fi over
the sets Xi, K = L(m−1)(mB+δ

δ ) and f(x) =
∑m

i=1 fi(x).
Proof: By definition we have xi(k + 1) = PXi [vi(k +

1)−γ(k +1)d̃i(k +1)]. From Lemma 1.3 and the definition
of ei(k + 1) in (9), we see that for any z∗ ∈ X∗ ⊆ X ,

‖xi(k + 1)− z∗‖2

≤
∥∥∥vi(k + 1)− z∗ − γ(k + 1)d̃i(k + 1)

∥∥∥2

= ‖vi(k + 1)− z∗‖2 + γ2(k + 1)
∥∥∥d̃i(k + 1)

∥∥∥2

−2γ(k + 1)d̃′i(k + 1)(vi(k + 1)− z∗).

Taking conditional expectation, we obtain for any z∗ ∈ X∗,

Ek[‖xi(k + 1)− z∗‖2] ≤ Ek[‖vi(k + 1)− z∗‖2]
+ 2γ2(k + 1)Ek[‖di(k + 1)‖2 + ‖εi(k + 1)‖2]
− 2γ(k + 1)Ek[d′i(k + 1)(vi(k + 1)− z∗)]
− 2γ(k + 1)Ek[ε′i(k + 1)(vi(k + 1)− z∗)].

Since, Ek[ε′i(k + 1)(vi(k + 1) − z∗)] = Ek[(vi(k + 1) −
z∗)′E[εi(k + 1)|vi(k + 1)]] and E[εi(k + 1)|vi(k + 1)] = 0
and di(k + 1) is a subgradient of fi at vi(k + 1), we have

Ek[‖xi(k + 1)− z∗‖2] ≤ Ek[‖vi(k + 1)− z∗‖2]
+2γ2(k+1)(c+L2)−2γ(k+1)Ek[fi(vi(k+1))−fi(z∗)],

where we have used ‖di(k)‖ ≤ L and Ek[‖εi(k + 1)‖2] ≤ c.
Now, since fi is a convex function, by Jensen’s inequality
−Ek[fi(vi(k + 1))] ≤ −f(Ek[vi(k + 1)]). By the definition
of vi(k+1) in (4) and Ek[ξij(k)] = 0 of Assumption 2.1, we
have Ek[vi(k+1)] = xi(k)+α(k+1)

∑m
j=1 rij(k+1)xj(k).

Letting wi(k+1) := xi(k)+α(k+1)
∑m

j=1 rij(k+1)xj(k),
we obtain

Ek[‖xi(k + 1)− z∗‖2] ≤ Ek[‖vi(k + 1)− z∗‖2]
+ 2γ2(k + 1)(c + L2)
− 2γ(k + 1)[fi(wi(k + 1))− fi(z∗)].

Summing over all i and using vector notation yield

Ek[‖x(k + 1)− z∗‖2] ≤ Ek[‖v(k + 1)− z∗‖2]
+ 2mγ2(k + 1)(c + L2)

− 2γ(k + 1)
m∑

i=1

[fi(wi(k + 1))− fi(z∗)].

As seen in the proof of Lemma 3, we have

Ek[‖v(k + 1)− z∗‖2] ≤ H(k + 1) ‖x(k)− z∗‖2

+ α2(k + 1)µ2 − 2α(k + 1)η
∑
S(k)

‖xi(k)− xj(k)‖2 .

Let s(k) ∈ X be as defined earlier. Adding and subtracting
fi(s(k)), and using f(x) =

∑m
i=1 f(x) and the above two

relations, we obtain

Ek[‖x(k + 1)− z∗‖2] ≤ H(k + 1) ‖x(k)− z∗‖2

+ mγ2(k + 1)(c + L2)− 2γ(k + 1)[f(s(k))− f(z∗)]

− 2γ(k + 1)
m∑

i=1

[fi(wi(k + 1))− fi(s(k))] + α2(k + 1)µ2

− 2α(k + 1)η
∑
S(k)

‖xi(k)− xj(k)‖2 .

By the convexity and subgradient boundedness of each fi,
|fi(wi(k+1))−fi(s(k))| ≤ L ‖wi(k + 1)− s(k)‖, implying

Ek[‖x(k + 1)− z∗‖2] ≤ H(k + 1) ‖x(k)− z∗‖2

+ mγ2(k + 1)(c + L2)− 2γ(k + 1)[f(s(k))− f(z∗)]

+ 2γ(k + 1)L
m∑

i=1

‖wi(k + 1)− s(k)‖+ α2(k + 1)µ2

− 2α(k + 1)η
∑
S(k)

‖xi(k)− xj(k)‖2 . (10)

We now estimate the term with ‖wi(k + 1)− s(k)‖. Since
wi(k + 1) := xi(k) + α(k + 1)

∑m
j=1 rij(k + 1)xj(k), it

follows that

2Lγ(k + 1)
m∑

i=1

‖wi(k + 1)− s(k)‖

≤ 2Lγ(k + 1)
m∑

i=1

‖xi(k)− s(k)‖

+ 2Lγ(k + 1)α(k + 1)
m∑

i=1

∥∥∥∥∥∥
m∑

j=1

rij(k + 1)xj(k)

∥∥∥∥∥∥ . (11)



Next, we focus on the term
∑m

i=1 ‖xi(k)− s(k)‖. Substitut-
ing for s(k) = 1

m

∑m
j=1 PX [xj(k)], adding and subtracting

the term PX [xi(k)] inside the norm and using the convexity
of norm, we have

m∑
i=1

‖xi(k)− s(k)‖ =
m∑

i=1

∥∥∥∥∥∥xi(k)− 1
m

m∑
j=1

PX [xj(k)]

∥∥∥∥∥∥
≤

m∑
i=1

‖xi(k)− PX [xi(k)]‖

+
1
m

m∑
i=1

m∑
j=1

‖PX [xi(k)]− PX [xj(k)]‖ .

By Lemma 4 we have that

‖xi(k)− PX [xi(k)]‖ ≤ B

δ

m∑
j=1

‖xi(k)− xj(k)‖ ,

and by the non-expansiveness property of projection
‖PX [xi(k)]− PX [xj(k)]‖ ≤ ‖xi(k)− xj(k)‖. Hence,

m∑
i=1

‖xi(k)− s(k)‖ ≤ mB + δ

mδ

m∑
i=1

m∑
j=1

‖xi(k)− xj(k)‖

= 2
mB + δ

mδ

∑
i<j

‖xi(k)− xj(k)‖ . (12)

For any two nodes i and j, there is a path from node
i to node j in the spanning tree S(k). By suppressing the
dependence on time, we represent such a path by pij =
(i1, . . . , i`), where i1 = i, i` = j and {iτ , iτ+1} is edge
in the spanning tree for 1 ≤ τ ≤ ` − 1. Therefore, we
have ‖xi(k) − xj(k)‖ ≤

∑`−1
τ=1 ‖xiτ+1(k)(k) − xiτ (k)(k)‖.

Let all the (undirected) edges in the tree S(k) be enu-
merated by es = {is, is+1} for 1 ≤ s ≤ m − 1. By
summing over i and j with i < j we get

∑
i<j ‖xi(k) −

xj(k)‖ ≤
∑

es∈S(k) κi

∥∥xis(k)− xis+1(k)
∥∥ , where κi de-

notes the number of times the edge es appears in the
collection of the paths {pij , i < j}. A simple upper bound
on the number κi is given by

(
m
2

)
. Thus,∑

i<j

‖xi(k)− xj(k)‖ ≤
(

m

2

) ∑
S(k)

‖xi(k)− xj(k)‖ ,

where the summation on the right hand side is over all edges
{i, j} in S(k). Using the preceding estimate in relation (12),
we obtain
m∑

i=1

‖xi(k)− s(k)‖ ≤ mB + δ

δ
(m− 1)

∑
S(k)

‖xi(k)− xj(k)‖

Multiplying the preceding relation by 2γ(k+1)L and letting
K = L(m− 1)mB+δ

δ , we have

2γ(k + 1)L
m∑

i=1

‖xi(k)− s(k)‖

≤ 2γ(k + 1)K
∑
S(k)

‖xi(k)− xj(k)‖ . (13)

By using the identity 2ab ≤ a2 + b2, we obtain

2γ(k + 1)K
∑
S(k)

‖xi(k)− xj(k)‖

=
2γ(k + 1)K
√

η
√

α(k + 1)

∑
S(k)

√
ηα(k + 1) ‖xi(k)− xj(k)‖

≤ γ2(k + 1)K2

ηα(k + 1)
+ ηα(k + 1)

∑
S(k)

‖xi(k)− xj(k)‖2 .

Substituting the preceding inequality in relation (13), and
then combining the resulting relation with Eq. (11), we obtain
the following estimate:

2γ(k + 1)L
m∑

i=1

‖wi(k + 1)− s(k)‖

≤ γ2(k + 1)K2

ηα(k + 1)
+ ηα(k + 1)

∑
S(k)

‖xi(k)− xj(k)‖2

+ 2Lγ(k + 1)α(k + 1)
m∑

i=1

∥∥∥∥∥∥
m∑

j=1

rij(k + 1)xj(k)

∥∥∥∥∥∥
Substituting the preceding relation in Eq. (10), we arrive at
the desired result.

D. Almost sure convergence

In this section we prove our main convergence result for
the projected subgradient algorithm.

Theorem 3: Let Assumptions 1, 2 and 4 hold. Then if the
step size sequences {α(k)} and {γ(k)} in the algorithm (8)
are chosen to satisfy the conditions in Assumption 5, then
almost surely the iterate sequences {xi(k)} converge to a
common (random) point in the optimal set X∗.

Proof: Referring to Lemma 5, if the step size sequences
are chosen to satisfy Assumption 5.2 we have

∞∑
k=1

[
α2(k + 1)µ2 + m(c + L2)γ2(k + 1)

]
< ∞. (14)

By Assumption 5.3 we have
∑∞

k=1
K2γ2(k+1)

ηα(k+1) < ∞. The

term
∑m

i=1

∥∥∥∑m
j=1 rij(k + 1)xj(k)

∥∥∥ is bounded since the
sets Xi are compact by Assumption 4.4 and rij(k +1) ≤ η′

by Assumption 1.4. Also, we have
∑∞

k=1 α(k)γ(k) < ∞ by
Assumption 5.3, so we can conclude that

2L

∞∑
k=1

γ(k + 1)α(k + 1)
m∑

i=1

∥∥∥∥∥∥
m∑

j=1

rij(k + 1)xj(k)

∥∥∥∥∥∥ < ∞.

(15)
Now, since H(k + 1) = (1 + α2(k + 1)σ2

m(R(k + 1))) and
the elements of matrix R(k) are uniformly bounded, we have
σ2

m(R(k+1)) ≤ C. Hence
∑∞

k=1 α2(k+1)σ2
m(R(k+1))) ≤

C
∑∞

k=1 α2(k + 1) < ∞. Also since z∗ belongs to the
optimal set X∗ and s(k) ∈ X , we have f(s(k))−f(z∗) ≥ 0
for all k. Thus, we can apply the result of Robbins-Siegmund
(Lemma 1) to conclude that ‖x(k + 1)− z∗‖2 converges



almost surely for any z∗ ∈ X∗ and the following holds
almost surely:

∞∑
k=1

[
ηα(k + 1)

∑
S(k)

‖xi(k)− xj(k)‖2

+ γ(k + 1)(f(s(k))− f(z∗))

]
< ∞.

Letting θ(k) = min(α(k), γ(k)), we can conclude that

∞∑
k=1

θ(k + 1)

[
η

∑
S(k)

‖xi(k)− xj(k)‖2

+ (f(s(k))− f(z∗))

]
< ∞,

with
∑∞

k=1 θ(k) = ∞ (Assumption 5.4). Therefore, there
is a subsequence such that limk→∞

∑
S(nk) ‖xi(nk) −

xj(nk)‖2 = 0 and limk→∞ f(s(nk)) = f(z∗) almost surely.
Since the number of spanning trees on a finite graph

is finite, there exists a spanning tree S which appears
infinitely often in the sequence {S(nk)}. Let us pick a further
subsequence such that S(n1

k) = S, then we have along
this subsequence limk→∞

∑
S

∥∥xi(n1
k)− xj(n1

k)
∥∥2 = 0 and

limk→∞ f(s(n1
k)) = f(z∗) almost surely. Since S is a

spanning tree of a connected graph we can conclude that
limk→∞

∥∥xi(n1
k)− xj(n1

k)
∥∥ = 0 for all nodes i and j almost

surely. Using the earlier proven bound in equation (12) and
taking limit along the time subsequence {n1

k}, we obtain

lim
k→∞

m∑
i=1

∥∥xi(n1
k)− s(n1

k)]
∥∥

≤ lim
k→∞

2
(

mB + δ

mδ

) ∑
i<j

∥∥xi(n1
k)− xj(n1

k)
∥∥ = 0,

implying that we have almost surely

lim
k→∞

∥∥xi(n1
k)− s(n1

k)
∥∥ = 0 for all nodes i. (16)

Since limk→∞ f(s(n1
k)) = f∗ and the function f is con-

tinuous we conclude that there exists a subsequence along
which s(n1

k) converges almost surely to a (random) point
x∗ that lies in the set X∗. Without any loss of generality
we can assume that the sequence s(n1

k) itself converges
to the limit point x∗ almost surely. From equation (16)
we conclude that xi(n1

k) converges to x∗ for all i almost
surely. However from our conclusion earlier we know that
‖x(k)− z∗‖2 converges almost surely for any z∗ ∈ X∗.
We can consider sample paths for which both ‖x(k)− z∗‖2
converges for any z∗ ∈ X∗ and xi(n1

k) converges to the
corresponding realization x̃∗ ∈ X∗ of the random point
x∗. Then, by letting z∗ = x∗, we can conclude that for
each such realization, the realization of the sequence {xi(k)}
converges to the corresponding realization x̃∗ of the random
point x∗ ∈ X∗. Hence, the sequences {xi(k)},i = 1, . . . ,m,
converge almost surely to a common (random) point in the
set X∗.

IV. CONCLUSION

In this paper we consider distributed algorithms for the
constrained consensus and constrained optimization problem
in the presence of noisy communication links and stochastic
subgradient errors. We provide the analysis showing almost
sure convergence of the algorithms in both of these cases.
In our analysis we assumed that the communication graph
is connected at every instant. However, our analysis can be
generalized to the case when the union of communication
graphs over a finite time interval is connected.
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